Lz

-
o
C
c
.
-
O
ﬂ
D
-
-

Chemical Physics

AIP
Publishing

RESEARCH ARTICLE |

SEPTEMBER 04 2026

Hyperfine-resolved variational nuclear motion spectra of
homonuclear diatomic molecules

Yide Yin

; Sergei N. Yurchenko © ; Jonathan Tennyson &%

’ '.) Check for updates ‘

J. Chem. Phys. 165, 092501 (2026)
https://doi.org/10.1063/5.0346970

& B

View Export
Online Citation

Articles You May Be Interested In

AVS Quantum Science publishes original research and more in 2021
AVS Quantum Sci. (March 2021)
Seven nonstandard models coupling quantum matter and gravity

AVS Quantum Sci. (May 2022)

pay / A

\ / 77N

A ' Scanning Probe —_— a) Failure Analysis &
/M =

L

Optics & — Impedance Ve
——
Z, Analysis Microscopy — Sensors T Semiconductors

Phatonics AN

Nanotechnology &
Materials Science V

Unlock the Full Spectrum.
From DC to 8.5 GHz.

N/ Zurich
N\ Instruments

[HEMMN
|13l 121e

Z€L¥ZL 9202 Jequisydes 10


https://pubs.aip.org/aip/jcp/article/165/9/092501/3403908/Hyperfine-resolved-variational-nuclear-motion
https://pubs.aip.org/aip/jcp/article/165/9/092501/3403908/Hyperfine-resolved-variational-nuclear-motion?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0009-8151-1358
javascript:;
https://orcid.org/0000-0001-9286-9501
javascript:;
https://orcid.org/0000-0002-4994-5238
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0346970&domain=pdf&date_stamp=2026-09-04
https://doi.org/10.1063/5.0346970
https://pubs.aip.org/avs/aqs/article/3/1/010401/123529/AVS-Quantum-Science-publishes-original-research
https://pubs.aip.org/avs/aqs/article/4/2/025601/2835296/Seven-nonstandard-models-coupling-quantum-matter
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3866353&setID=1044501&channelID=0&CID=1691017&banID=524902508&PID=0&textadID=0&tc=1&rnd=5838034002&scheduleID=4137031&placementScheduleId=4137031&adItemScheduleId=0&adSize=1640x440&ip=128.40.5.140&metadata=%5B%5D&mt=1788525692104837&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjcp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0346970%2F21129976%2F092501_1_5.0346970.pdf&request_uuid=13ad37e4-9cf6-4c8e-8922-8b81890465ea&hc=ed7cec1435571387dba1236a72441e54b9520856&location=

The Journal

of Chemical Physics SOFTWARE

pubs.aip.org/aip/jcp

Hyperfine-resolved variational nuclear motion

spectra of homonuclear diatomic molecules

Cite as: J. Chem. Phys. 165, 092501 (2026); doi: 10.1063/5.0346970 @ iy @

Submitted: 7 June 2026 « Accepted: 3 August 2026 «
Published Online: 4 September 2026

Yide Yin, Sergei N. Yurchenko,

and Jonathan Tennyson®

AFFILIATIONS

Department of Physics and Astronomy, University College London, London WCIE 6BT, United Kingdom

2 Author to whom correspondence should be addressed: j.tennyson@ucl.ac.uk

ABSTRACT

The diatomic variational nuclear-motion program DUO is extended to calculate hyperfine-resolved spectra of homonuclear diatomic
molecules. The hyperfine interactions considered include five nuclear magnetic dipole terms and one nuclear electric quadrupole term.
Nuclear-exchange symmetry is explicitly incorporated, and the final hyperfine-resolved parity-adapted Hamiltonian is constructed in a com-
plete angular-momentum basis. After diagonalization of this Hamiltonian, hyperfine-resolved line lists can be generated using transition
electric dipole and quadrupole moment curves. To validate the implementation, we apply the extended program to H; and D3, as well as "N,
and "N73, and compare the calculated results with those from previous experimental and theoretical work and from the perturbative program

PGOPHER; good agreement is obtained in all cases.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0346970

I. INTRODUCTION

The nuclear spin of atoms in a molecule provides an additional
source of angular momentum, which has often been neglected in
theoretical treatments of infrared and vibronic spectra because the
resulting splittings can be small and hard to resolve experimen-
tally. However, in addition to new lines, hyperfine effects also lead
to changes in selection rules where the selection rule for the total
angular momentum quantum number including nuclear spin, F,
namely AF =0, +1, overrides the generally assumed selection rule
on the total angular momentum J, AJ = 0, +1. Indeed, when hyper-
fine effects are significant, transitions with AJ > 1 can be strong.! F
is related to J by the vector addition expression F = |J + I|. Further-
more, the increasing precision with which high resolution spectra
can be recorded has led to an increase in studies that are sensitive to
individual hyperfine lines either because they are fully resolved or,
at slightly lower resolution, because of their effect on the observed
line shape. Such experimental progress needs to be matched by
corresponding theoretical methods.

Qu et al” adapted the diatomic variational nuclear motion
program DUO’ to allow for the treatment of hyperfine effects in
a single atom. This development allows the calculation of fully
hyperfine-resolved rotational, rovibrational, and rovibronic spectra

of diatomic systems. The hyperfine-resolved version of DUO has
been extensively applied to vanadium monoxide, ' V'¢0;""” the *'V
nucleus has I = 2 and particularly strong hyperfine effects.

In this study, we extend the hyperfine methodology of Qu
et al.” to the important case of homonuclear diatomics compris-
ing atoms with non-zero nuclear spin. As discussed below, there
has been extensive theoretical work on this problem; see the com-
prehensive formulations by Cook and De Lucia,” Kato,” and Brown
and Carrington (BC),® for example. However, as far as we are aware,
all previous studies have confined themselves to treating hyperfine
effects as a perturbation; here we present a full formulation appro-
priate for use with a rigorous variational solution of the nuclear
motion problem.

There are several advantages to our approach: First, a per-
turbative treatment might fail when there is strong state mixing,
as in molecular Rydberg states.” Second, our variational method
requires fewer parameters, since the interactions are represented
by R-dependent coupling curves and their vibrationally averaged
matrix elements. It is therefore more suitable for molecules with
large nuclear spins and strong hyperfine interactions, such as VO
and V», where states with |AJ| up to eight could be mixed. Sim-
ilarly, as discussed below, our procedure automatically computes
transition intensities with full allowance for ] dependence.
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In addition to deriving and implementing all the relevant
matrix elements, we explicitly consider the important and funda-
mental hydrogen molecule in the form of H, and D>, as well as
molecular nitrogen '*N and its ion. Other species of interest for this
approach for which hyperfine-resolved spectra have been observed
include 2 Na,,'"!! 41K,,12 8Rb,, 1% 13Cs,,'* and 1.7

Ultra- hlgh accuracy spectroscopic studies of molecular hydro-
gen are being increasingly used to probe fundamental physics.'®
This has led to extensive theoretical studies of hyperfine effects
in both H, and D,," the construction of high accuracy beyond-
Born-Oppenheimer potential energy curves (PECs),”’ and careful
studies of electric field gradients.”’ We make use of all of these
studies below.

Similarly, for molecular nitrogen, there are careful theoreti-
cal studies of hyperfine structure,”>>’ accurate potential curves,**
and studies of fine structure effects in excited electronic states.”
Quantum-logic spectroscopy of forbidden vibrational transitions
in single nitrogen molecular ions (N3 ) is being used for poten-
tial applications in quantum computers, atomic clocks, and quan-
tum sensors.”® Again, theoretical models of this system require a
detailed understandlng of the hyperfine structure”** and accurate
potentials.””

Il. ALGORITHM OVERVIEW

The algorithm presented in this study extends the variational
method by Qu et al.” to solve the total Hamiltonian for homonuclear
diatomic molecules. The field-free Hamiltonian can be divided into
two parts as

Htot = Hrv + ths; (1)

where H,y is the rovibronic Hamiltonian used in the variational
nuclear motion program DUO,’ and Hps is the hyperfine structure
Hamiltonian considered in this study. Our algorithm first solves the
eigenvalue problem of #., to obtain parity-conserved rovibronic
eigenfunctions. These functions are then used as the basis for con-
structing and diagonalizing the hyperfine Hamiltonian. The details
are presented in Subsections II A and II B.

A. Solution of rovibronic Hamiltonian

As implemented in DUO,” the rovibronic Hamiltonian #,, can
be given as

Hrv = He + Hy + He + Hss, 2)

where H. is the electronic term, Hy is the vibrational term, H, is the
rotational term, and Hj includes the additional terms in the rovi-
bronic Hamiltonian caused by spin-orbit, spin-rotation, spin-spin,
and A-doubling interactions.

As introduced in Sec. 2.1 of Ref. 3, DUO first solves the radial
Schrodinger equation of each uncoupled electronic potential energy
curve Ve (R), as

B d

2# dRz + Vstate(R)

state (R) Estate state (R) (3)

where % is the reduced Planck constant, y is the reduced mass of
the diatomic molecule, R is the internuclear distance, “state” denotes

SOFTWARE pubs.aip.org/aipl/jcp

a given electronic state, v labels the vibrational levels of this state,
and E5* and y3*(R) represent the vibrational energies and wave
functions, respectively. A primitive basis set in the Hund’s case (a)
representation is then constructed as

|k,]) = |state, A, S, Z)|state, v)|], Q, My), (4)

where S is the total electron spin; J is the total molecular angular
momentum exclusive of nuclear spin; X, A, and Q) are, respectively,
the projection of S, the total electronic orbital angular momentum
L, and ] along the internuclear axis; Mj is the projection of J along
the space-fixed Z axis; |state, A, S, Z) is the electronic eigenfunction;
state, v) is the vibrational eigenfunction of Eq. (3); and |J, Q, Mj) is
the rotational eigenfunction of the symmetric-top. For convenience
in what follows, we use index k to label the primitive basis functions
fora given J. As My is not actually used in the field-free environment,
we neglect it in this paper. The sum of H. and #, is diagonal in
the basis set of Eq. (4), with the matrix elements equal to E;*. The
matrix elements of H; and Hj; are described in Ref. 3.

To account for the even (+) and odd (-) parity of the total
molecular wave function under the space-fixed inversion, DUO
forms the parity-conserved basis functions as linear combinations
of basis functions in Eq. (4). In the current non-hyperfine rovibronic
calculation in DUO, the field-free Hamiltonian is diagonalized in two
parity-conserved blocks, regardless of whether the two nuclei are
identical. These two blocks correspond to the two irreducible rep-
resentations of the Cs point group. Diagonalizing each block gives
the rovibronic eigenvalues and eigenfunctions.

However, the electronic states of homonuclear diatomics have
an additional symmetry under inversion through the molecular cen-
ter, conventionally denoted by gerade (g) and ungerade (u). In the
absence of g/u-breaking interactions, we can assume there is no
coupling between the g and u states. When the parity-conserved
rovibronic eigenfunctions are passed to the hyperfine module, they
are therefore further separated according to their g/u symmetry, giv-
ing four symmetry blocks. We use T to label these four irreducible
representation blocks, which are related to A;, A, By, and B; in the
representation of the Cyy point group. The rovibronic eigenvalues
and eigenfunctions are then labeled as

(85 11080 = 005, ®

where the index m labels the rovibronic eigenstates for a given (J,
I') block. It should be emphasized that this four-block classification
is only introduced when the rovibronic eigenfunctions are used to
construct the hyperfine Hamiltonian. First, it allows the nuclear-spin
basis to be filtered according to the permutation symmetry of the
two identical nuclei, as discussed in Sec. II B. Second, it provides
the symmetry labels required to apply the electric dipole (E1) and
electric quadrupole (E2) transition selection rules, as described in
Sec. I'V.

B. Construction of hyperfine Hamiltonian

In the case of homonuclear diatomic molecules, the two identi-
cal nuclei with I; = I have the same hyperfine coupling energies, so
it is natural to adopt the equal coupling scheme

IL+I, =1,

J+I=F. ©)
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As shown in Fig. 1, the two nuclear spins I; and I, are first cou-
pled to give the total nuclear spin I, which is then coupled with the
angular momentum J to obtain the total angular momentum F. The
primitive basis is extended in the Hund’s case (ag) representation as

|k, J, I, I, I, F) = |k, )], I, I, I, F)

= |state, A, S, Z)|state, v)|J, Q)|], L1, L, I, F),
(7)

where I = I,. f means the nuclear spin space is quantized in the
laboratory frame. The matrix elements of the hyperfine Hamilto-
nian Hpg under the primitive basis (7) are introduced in Sec. II1.
Although I, is equal to I; and does not explicitly appear in the matrix
elements, we retain both labels of I; and I, in the basis to clarify the
derivation process.

Due to the permutation symmetry of two identical nuclei, the
nuclear spin states of homonuclear diatomic molecules can be classi-
fied into two symmetry species, conventionally denoted as ortho and
para. Specifically, ortho nuclear-spin states satisfy (-1)2h = 41,
whereas para states satisfy (—1)'*" = —1. Because the total molec-
ular wave function must obey the Pauli principle, only symmetry-
allowed combinations of the nuclear spin and rovibronic parts can
be retained. As a result, each symmetry block I only admits nuclear
spin states with either even-I or odd-I, as summarized in Table I.

FIG. 1. Angular momentum coupling scheme used in the present study; the
molecule is oriented along the z direction.

TABLE I. Four symmetry blocks used in the homonuclear hyperfine module and the
corresponding allowed nuclear-spin states. Here, £ * denotes space-fixed inversion,
which corresponds to reflection through the molecule-fixed xz plane in the molecule-
fixed representation.  denotes inversion through the molecular center. C,(y) is the
geometric operation equivalent to the permutation P of the two identical nuclei when
applied to all variables. Following Kato,” P = C,(y) = 6 (xz)i = £*/. Boson and
Fermion refer to the quantum statistics of each identical nucleus. I, denotes the
allowed values of the total nuclear spin / in each symmetry block.

T E* i Ca( y) Boson Fermion Tiot

Ay + g s Ortho Para Even
A - u s Ortho Para Even
By - g a Para Ortho Odd
B, + u a Para Ortho Odd

SOFTWARE pubs.aip.org/aipl/jcp

We define the parity-conserved basis functions in the represen-
tation of the rovibronic eigenfunctions as

L1, 1o, LE) = Y ko J, 1, L, L FY (ks Tt ) (8)
k

where (k, J|¢5 ) is the expansion coefficient of rovibronic eigenfunc-
tions under the primitive basis set (4). The hyperfine Hamiltonian
matrix is then transformed from the primitive basis set (7) to the
parity-conserved basis set (8), which is given by
(¢ 11 1o, L F| Hig|¢)) 11, 1o, I, F)
= S (@ k) kS I B L F Has K ) I Lo, I FYK T 1),
kK
&)
Accordingly, this transformation can be written in matrix form as
Hyji = (@) Hig @™, (10)

where ®"F is the transformation matrix with matrix elements of
(k. J|¢»/), while Hf, and Hi;f are the hyperfine Hamiltonian matri-
ces under the primitive basis set (7) and the parity-conserved basis
set (8).

The total Hamiltonian can be obtained as the sum of the
rovibronic and hyperfine Hamiltonian matrices, as

H" =H; +Hy. (11)

Each block H" is then diagonalized to give the hyperfine-resolved
energies Elr’F and wave functions V/Zr,F ,as

w1 [Ty = o BT, (12)

where the index [ labels the hyperfine eigenstates for a given (F, I')
block, and it can be written in matrix form as follows:

EF,F: (UF,F)THF,FUF,F’ (13)

with the matrix elements of U™ given as (gbfn] I, L, LF |1//lrF ).
Together with the transformation matrix, the final hyperfine wave
functions can be represented as a matrix in the primitive Hund’s case
(ap) basis set (7) as

¥ = oMUt (14)

The matrix elements of ¥©F are (K11, I, 1, F|1//lr’F), which are used
when evaluating the transition moment matrix elements (see details
in Sec. IV).

Ill. MATRIX ELEMENTS OF HYPERFINE HAMILTONIAN

In the absence of any external fields, the hyperfine struc-
ture Hamiltonian ¢ includes several interaction terms following
Brown and Carrington (BC),* as

Huss = Hec + Hi, + Hy + His + Hu + Heq, (15)

where Hgc is the Fermi contact term, Hi is the orbital hyperfine
term, My is the nuclear spin-rotation term, Hs and # denote the

J. Chem. Phys. 165, 092501 (2026); doi: 10.1063/5.0346970
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electron—nuclear dipolar interaction and the nuclear-nuclear dipo-
lar interaction, and #gq represents the nuclear electric quadrupole
interaction. The physical meaning of these terms and their matrix
elements in the primitive basis set (7) are given in Subsec-
tions ITI A-TIT F. These matrix elements are assumed to be diagonal
in the electronic state such that

state = state’, S=8', and |A|=|A"], (16)
as we neglected any hyperfine coupling between different electronic
states in the present study.

A. Fermi contact interaction

The Fermi contact interaction arises from the isotropic inter-
action between the electron and nuclear spin magnetic moments,
which contributes only when the electron and the nucleus are at
the same position in space. According to Eq. (7.144) of BC, the cor-
responding operator can be defined in the form of an irreducible
spherical tensor as

2
Hec = ), Z %gSgNHB#NTl(in) THs)8(rm),  (17)

where n labels the two nuclei and i runs over all electrons, p, is
the vacuum permeability, g is the free-electron g-factor, g is the
nuclear g-factor, yy and y,; are the Bohr magneton and the nuclear

magneton, T! (+) denotes a rank-1 tensor, i, and s; are the spins of
nucleus # and electron i, and r,; is the distance between them.

According to Eq. (5.173) of BC, the matrix elements of Hrc
under the primitive basis can be decoupled in terms of two reduced
matrix elements, as

(k, ], Ii, L, I, F|Hec|K', J', I, b, I', F)

' I F 2
= Zn: (_1)/ +I+F{], I], 1} X %gsgNHBHN
x (I, I, 1| T (i) [ 1, I, ') (K, T2 T (5:)8(rai) [K, 1)
(18)

where {j von 13} is the Wigner 6-j symbol. The first reduced
4 6

J5
matrix element involving the nuclear spin is given in Egs. (5.174)
and (5.175) of BC, as
(I L 1T (i) |1, B, )
/ L I I
=en“““xﬂﬂ+n@ﬂ+nL11 Zkhmwmwm
11
19)
for nucleus 1, and
(I, b, 1| T (i2) [ 1, o, I')
L I I
=GD“““\KH+D@F+UL31 ;%bTwmun
2

(20)

SOFTWARE pubs.aip.org/aipl/jcp

for nucleus 2. Note that there is a difference between I’ and I in their
phase factors. Considering I; = I, for homonuclear species, the sum
of Egs. (19) and (20) can be taken as

(I, L, I|T" (i) | Iy Iy I') + (I, Iy 1| T (i2) | 11, I, T')

=[(71)I'+(71)I](—1)”‘+1 (21+1)(21’+1){§1, III 111}

X \/Il (11 + 1)(211 + 1)

= oI+ 1) (2L + 1) = (I|TYD)|T'), (1)
which is equivalent to Eq. (30) of Qu et al.” In terms of two identical
nuclei with equivalent coupling curves, the same simplification can

be applied to the other rank-1 hyperfine interactions.
To evaluate the second reduced matrix element in Eq. (18)
involving the electron spin, the spherical tensor of the electron spin
should be transformed from the space-fixed frame to the molecule-

fixed frame where the electron spin is quantized. According to
(5.186) of BC, it can be written

{k TI3 T (s)8(ra) IK', T')

= (kJIY 2 DY (@) Ty(s)8(ra) IK', ')
iq

_ B }70\/7/ J 1)
zq:( 1) (27 +1)(2] +1)(_Q g Q,)
x (state, v|(state, A, S, Z|Z T;(Si)a(rni)
x |state, A', S, =')|state, v'), (22)

where D.(ql)(w) is the Wigner rotation matrix and (jl » j3) is
myp o mp  m3

a Wigner 3-j symbol. The Hund’s case (a) basis is labeled by the
total electron spin S instead of the individual one s;, so it is more
convenient to project each s; onto S as [see Eq. (7.150) of BC]

_ Tols) S, (23)

where @ is the projection operator for the spin of electron i onto
the total electron spin S. According to Eq. (8.374) of BC or Eq. (101)
of Kato,” there is

(state, A, S, B> Ty(si)0(rui)|state, A', S, 2')
i

= (state, A, S, Z|> @] 8(ri) Ty (S)|state, A', S, =)

- (1)% 2 /S(S+ 1) (254 1)( S 1 S,)

-2 q X
x (state, A|>" @ 8(ryi)|state, A'). (24)

By combining Eqgs. (21), (22), and (24) with Eq. (18), we obtain
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(k,J, I, b, I, F|HecK', J', I, b, T', F)

’ _a+s—x|I ] F
— Zq: 6]]’81\1\'(71)] +I+F+]-Q+S Z{]’ I’ 1}

7 1 JY(S 1 s
-Q g Q)\-z ¢q ¥

AT+ 1) 20+ 1) (2 + 1)(2 +1)S(S+1)(25 + 1)
x (state, v|bp(R)|state, v'), (25)

where the Fermi contact constant br(R) is defined as a function of
internuclear distance R as

2
br(R) = %gsgN‘uB‘uN(state, A|Z CD,-S 8(rni)|state, A). (26)

B. Orbital hyperfine interaction

The orbital hyperfine interaction originates from the coupling
between the nuclear spin magnetic moment and the electronic
orbital angular momentum, which is present only for electronic
states with A > 0. According to Eqgs. (1.68) and (1.69) of BC, it is
defined as

Hu= 3 3 2gwumn S T ) - T W) S @)

noi
where [; is the orbital angular momentum of electron i. Following

the derivation for the matrix element of Hgc, the matrix elements of
HiL can be written as

(k,J, I, b, I, F|Hu k', I, I, L, I', F)

- 511,(—1)"“””{ I I;}\/I(I T1)(20+1)

]l Il
< oguus (6 1Y T KL ). @8)

The reduced matrix element involving the electron orbital angular
momentum is given as

(k JI3 T (1) 1 K T)

= (kI 3 DY (@) Ty il IK, ')
iq

s ey asnar=( Lt
" -0 q o
x (state, v|(state, A, S, 2> To(L) roi
x [state, NS, Z')|state, v'). (29)

Similar to the projection of electron spin, each I; is projected onto L
as

To (1)

L=0fL= A

L, (30)

SOFTWARE pubs.aip.org/aipl/jcp

where ®F is the projection operator for the orbital angular momen-
tum of electron i. When the matrix elements off-diagonal in
electronic states are ignored, only the g = 0 component is retained,

(state, A, S, Z|Z Té(l,-) r;l-3|state, ALS, Z')
i
= (state, A, S, Z|Y ®f r,; To(L)[state, A, S, =)
i

= 8557 8y or A (state, A\Z of r;,»3|state, A). (31)
i
Together with Egs. (28), (29), and (31), the matrix element of Hi,

becomes

(k,J, I, b, I, E|Hu k', /', I, L, I, F)

/ ofI J F\(J 17T
=8 0w 80 it A _1]+F+I+IQ
11" Y23 VAN ( ) ]/ I/ 1 “Q 0 Q’

AT+ 1)+ 1) (2T + 1) +1)
x (state, v|a(R)|state, v'), (32)

where the orbital hyperfine constant a(R) is defined as

¢

a(R) = ZgN‘uByNAI—O(state, Al O 1,7 |state, A). (33)
T i

C. Nuclear spin-rotation interaction

The nuclear spin-rotation interaction arises from the coupling
between the total nuclear spin and the total angular momentum
exclusive of nuclear spin, which is defined in Eq. (8.170) of BC as

Hy = a(R) T'(I) - T'()), (34)

where ¢;(R) is the nuclear spin-rotation constant. The matrix
element of Hjj can be written as

(k, J, I, L, I, F|HylK', J', [, B, T, F)

- (—1)"””{][, I], lf}x/l([ +1)(2I+1)
x (k, Jer(R) T' (D) [K', J'). (35)

The reduced matrix element in Eq. (35) is much simpler, given that
both I and J are quantized in the space-fixed frame and, therefore,
need not be transformed to the molecule-fixed frame. By using Eq.
(5.129) of BC, the matrix element of #j; becomes

(k. J, Ii, L, I, F|HylK', J', I, I, I', F)

/ I J F
=8, 81 Ovgr Oy (—1) T
JI Y1 VY AA( ) ] I 1

xIT+1)QI+1)J(J+1)(2] + 1)
x (state, v|ci(R)|state, v'). (36)

Equivalently, Eq. (36) can be rewritten as
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(k,J, I, b, I, F|Hylk', I', I, I, T', F)
1
=5 Oy Opp Oy Opnr [F(F+1) = I(I+1) = J(J+1)]

x (state, v|ci(R)|state, v'). (37)

D. Electron-nuclear dipolar interaction

The electron-nuclear dipolar interaction arises from the
dipole interaction between the electron and nuclear spin magnetic
moments, which depends on the orientation of the electron-nucleus
separation vector and its magnitude. It is defined in Eq. (8.462) of
BCas

His = Z Z -V 10gS#BgN/JN%; Tl(in) 'Tl(sh C2)> (38)
with the last rank-1 tensor defined in Eq. (8.377) of BC as

2
(0 ¢) - %) Vi o) SO 2 )
91,42 ni a1 92 -9
(39)
where 6,; and ¢, are the spherical polar angles describing the direc-
tion from nucleus # to electron i in the molecule-fixed frame, and
Cfiz (0, 9) is the normalized spherical harmonic

Co6.8) =/ T Van (0.6, (10)

As in the previous case, the matrix element of #;s can be evaluated
as

(k,J, i, L, I, F|His|K', J', I, B, T, F)

:5,,,(—1)"+F+’{]I, 1]’ f}\/1(1+1)(21+1)

<% coVerme (2, L)

1 2 1
x % V30gsusgnin (—1)q( )

Q42 @ 2 9
_ 1
x (-1)° z( $ S,)\/S(S+ 1)(2S + 1)(state, v|
) q1 >

x (state, A|>" ®F C2, (i, $ui) 1 |state, A')|state, v'),
i
(41)
where q, = A’ — A can take the values 0, +1, and +2. Note that the
q, = %1 terms are not included in this study, as they couple different

electronic states with AA = £1. The matrix elements diagonal in A
(4, =0and gq, = q) are given as

(k) ]’ Ib 12) I) F|H15|k,) ]’) Il) IZ) I” F)

'+ F+I+]-Q+S-%
= (-1! By Oppr (—1) AT
q

X1]11]1]’121 S 1 S
J I 1J\-@ q 9')J\q 0 g/\-=z g
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A1+ 1)1+ 1) (2 +1)(2) +1)S(S+1)(25 + 1)

10
x 1/ 3 (state, v|c(R)[state, v'), (42)

where the diagonal electron-nuclear dipolar interaction constant
c(R) is defined as
_ Ho S 2 -3
c(R) = 3gsgNyB,uNE(state, ALY 7 Co(Onir pni) 117 |state, A).
i

(43)
To account for the A-doubling terms of IT states, the matrix elements
off-diagonal in A and A’ (q = 1, g, = —qand q, = 2q) are

(k, J, I, b, I, F|Hs|k', ', I, b, I', F)

_ Z (_l)q 511, (_1)/’+F+I+I—Q+S—Z
q=%1

X1113111’121515
7 I 1j\- q 9 J)\-q 2¢ —qJ\-z -q ¥

I+ 1)1 +1)(2] + 1)(2 + 1)S(S+1)(25+1)
x (_\/5) (state, v|d(R)|state, v'), (44)

where the off-diagonal electron-nuclear dipolar interaction constant
d is defined as

d(R) = —\/Egsgwswi%

x (state, A|>. ®F Coa(Oui i) i |state, A'). (45)
i

E. Nuclear-nuclear dipolar interaction

Apart from the hyperfine interactions considered previously by
Qu et al.,” the homonuclear diatomic molecule exhibits additional
interactions between the spin magnetic moments of its two nuclei.
The dipolar interaction between two nuclear spins is given in Eq.
(8.9) of BC as

(46)

i1-i  3(i1-R)(i2-R)
HZZZ@[hh_ ]’
1= 8NHN 4| R? R’
or, equivalently, in the form of an irreducible rank-2 spherical tensor
in Eq. (8.10) of BC as

Hu = —\/ggzzxiﬂ%\r%'rz(c) : Tz(ib i). (47)
Note that only the tensor (dipolar) interaction is included here. The
scalar (or electron coupled) nuclear spin-spin interaction,” which
has not yet been implemented in the current DUO, is expected to be
much smaller’! than the dipolar interaction.

As in the previous treatment, it is convenient to decompose the
matrix elements of Hy in terms of two reduced matrix elements as

(k, J, I, L, I, F|Hulk', ', I, L, I', F)
/ I J F o
_ (_1\/+I+F _ 2 2¢O
-y {]’ r z}x( VeJsitd o
x (I, I, 1| T (i, i2) | I, L, I' Mk, J|T*(C)|K, T').  (48)
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The first reduced matrix element involving i; and i, can be obtained
from Eq. (8.14) of BC. Considering I, = I, it becomes

(L, L, 1| T (i, 2) | 11, I, T')

L L 1
=V5L(L+1)L+1){L L 13/ (@[+1)2I +1).
I' 1 2

(49)

By transforming the tensor T>(C) from the space-fixed frame
to the molecule-fixed frame, the second reduced matrix element
becomes

(k. JIT*(C) K, J')
= (kI3 DY (0)* TI(O)|K, )
q

:zq:(1)’9\/(2]+1)(2]’+1)(_/;) Z é,)

x (state, v, A, S, Z|C§(9R,¢R)R_3|state, o, AN S, Z'),
(50)

where Or and ¢, denote the spherical polar angles describing the
direction of the internuclear axis. It is obvious that 6z = 0 in the
molecule-fixed frame, leading to g = 0 and C3(6x = 0, ¢r) = 1.

By substituting Eqs. (49) and (50) into Eq. (48), we obtain

(k, J, i, L, I, E|Hulk', ', I, I, I', F)

' ollI ] F
= 5):2’ AA’(_l)] e Q{ r }

7T 2
P L L 1
X(QOQ’)IIIII

I' 1T 2

x Iy (I +1)(21; + 1)\/(2]+ D) +1)I+1)2I +1)
X (—\/%) (state, v|g12\;;412\,%R_3 |state, v'). (51)

We note that the nuclear-nuclear dipolar interaction can couple dif-
ferent nuclear spin states with AT = I’ — T = +2, for example, between
the I =0and I' = 2 states.

F. Nuclear electric quadrupole interaction

The nuclear electric quadrupole interaction arises from the
coupling between the nuclear electric quadrupole moment and the
electric field gradient at the nucleus, which is defined by Eq. (8.22)
of BC as

Heq = —e). T (VE,) - T(Q,), (52)

where e is the elementary charge, VE, is the electric field gradient at
nucleus n, and Q,, is its nuclear electric quadrupole moment.

In the same way as stated earlier, the matrix elements of Hgq
can be written as

SOFTWARE pubs.aip.org/aipl/jcp

(k, J, I, I, I, F|HeqlK', J', i, I, ', F)

vir(I ] F ,
-3 (1) { 4 }(Il,Iz,IHeTz(Qn)HIuIz,I)
n J I 2

« (kI - T(VEDIK, 1), (53

The first reduced matrix element of Q,, can be further reduced as

(I, b, 1|e T2(Q) I, L, I') = (~1)" 22 a1 + 1) (21 +1)

L I b )
*{r N 2}<Il|eT @)ln). (54)

forn =1, and

(I, L, 1|e TX(Qy) |, I, ') = (-1)" 22\ /(a1 + 1) (2I' +1)

L I I
AL S,

(55)

for n = 2. Note that the phase factors in Eqgs. (54) and (55) differ by g
and I, respectively. The reduced matrix element for a single nucleus
is defined in Eq. (8.491) of BC

-1
2 _@ I] 2 11
wier@m =2 (h 2 )L e

The two nuclei are equivalent in homonuclear diatomics, so the
same expression applies to nucleus 2. In the following, we there-
fore denote Q, by Q. The second reduced matrix element about the
electric field is obtained as

(k, J| - T(VEW)|K,J)
= (k J| - Y DY (@) To(VE) K, T')
q

o 7 ]2 T
= -1 2] +1)(2 1
z o Vern@ (2, 3
x (state, v|(state, A, S, Z| - T;(VEn)
x |state, A', S, =')|state, v"). (57)

Like the electron-nuclear dipolar interaction, the matrix ele-
ments of Hgq should also be separated into diagonal and off-
diagonal terms in A. By substituting Egs. (54)-(57) into Eq. (53),
the diagonal term is given as

(k,J, I, L, I, F|Hea k', J', I, L, ', F)

:(_1)]'+211+I+F+]_Q{I ] F}(I 2 ]/)
7 2/\-0 o
N
X(_I; é ?)_ @r+1)2I +1)

1
X (state, v]eQ go(R)|state, v'), (58)
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and the off-diagonal term is given as

(k, J, I, I, I, F|HpqlK', J', 1, I, ', F)

:(_1)]’+211+I+F+]—Q{I ] F}(] 2 ],)

J I 2 —Q 42 QI
ool | )
x(_I;l (2) 2) (I+1)(2I +1)

(state, v]eQ g2 (R)|state, v'), (59)

X

1
46
where the electric field gradient constants g,(R) and g,(R) are
defined as

go(R) = -2 (state, A, S, Z|Tg(VE,)[state, A, S, Z),  (60)
and
g2(R) = —23/6 (state, A, S, Z|T3,(VE,)|state, A', S, £).  (61)

In the homonuclear case considered in the present study, both nuclei
(n=1,2) share the same g,(R) and g,(R). Likewise, the nuclear
electric quadrupole interaction can couple different nuclear spin
states with AT = I' — I = +2.

IV. LINE INTENSITY OF HYPERFINE TRANSITIONS

In the line-intensity module, DUO calculates the Einstein A
coefficients for hyperfine-resolved transitions. These coefficients
can then be passed to EXOCROSS* or PYEXOCROSS™ to compute
temperature-dependent line intensities. In this section, we discuss
only the calculation of Einstein A coefficients.

Let the lower and upper hyperfine states be denoted by

i=(r" 1",  f={LF,0). (62)
The Einstein coefficient of spontaneous emission from the upper
hyperfine state f to the lower hyperfine state i is given as

M 716ﬂ3x106ﬁ3 1
T 3hey T2F 4

] Stis (63)
for the electric dipole (E1) transition and

A _8715x101°175 1
1T shey T2F 41

Siis (64)

for the electric quadrupole (E2) transition, where ¢ is the vacuum
permittivity in F- m™!, h is the Planck constant in J-s, ¥ ri is the
transition frequency in cm™', and F’ is the total angular momen-
tum quantum number of the upper state. The transition line strength
is in the unit of C>-m? and C?>-m* for E1 and E2 transitions,
respectively, and it is defined as

SOFTWARE pubs.aip.org/aipl/jcp

Sp=1% 3 3 (v KT b I F)

k!)kll ]l,]l/ I’,I”
x (K], 0, L, I, F | TN X) K T 1, L, I F)
< (k"1 L1 F TR, (65)

where the summations run over all primitive hyperfine basis func-
tions contributing to the upper and lower hyperfine eigenstates. The

coefficients (v}, |K',J', I, Lo, I', ') and (K], I, L, I”, F" |y, )
are the matrix elements of (‘I’F”F ' )" and i respectively, as
introduced in Sec. II B.

The reduced matrix elements of the transition moments under
the primitive basis set (7) are given by

(K 1B F| T (%)

k”,]“,II,IZ,I”,F")

- ” 1" FII II
= Sum(—=1 J+I'+F"+1 [ 2F, 1 2FI/ 1 ]
Ir ( ) ( + )( + ) F’ ]1 h
A , , ! 1
x> ()" \/(zf’+1)<21”+1)( ro ],,)
4= -Q q

Q

X (state', v'|Xq (R)|state”, v"), (66)
where
X,(R) = (state’, A", 8, 2| T3 (X)[state”, A", S",2"). (67

For the E1 transitions, there is A = 1 and X,;(R) becomes the electric
dipole moment curve (R), as described in Ref. 3. The E1 transition
selection rules are

F+F' >1,
B] <—>Bz.

F: AF=0,+1,

68
I: A1<—>A2, ( )

For the E2 transition, there is A = 2, and X;(R) becomes the electric
quadrupole moment curve Q,(R), as described in Ref. 34. The E2
transition selection rules are

F'+F">2,
By <> B, B <> B,.

F: AF=0,+1,+2,

(69)
I': A< A, A< A,

V. CODE VERIFICATION

To verify the present hyperfine implementation for homonu-
clear diatomic molecules, we calculated the hyperfine-resolved spec-
tra for Hy, D,, 14N§r , and N, molecules. The numerical input
settings used in these calculations ensure that the rovibronic energies
are converged to 107° cm ™', while the hyperfine shifts are converged
to 107°-107" cm™!. To check our calculation, we compared the
results of DUO with those in previous theoretical or experimental
work. As an additional check, we also performed calculations with
the perturbation-theory-based program PGOPHER.” The details of
the verification are given in Subsections V A-V C.

A. X '3} state of H, and D,

Using DUO, we calculated the hyperfine-resolved spectra of
the X IZ; state of Hy and D,. The potential energy curve (PEC)
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is obtained from Ref. 20. For Hj, only two hyperfine terms need
to be considered: the nuclear spin-rotation interaction and the
nuclear-nuclear dipolar interaction. The nuclear spin-rotation con-
stant curve is obtained from Jozwiak et al.'” We flipped the sign of
this curve for use as input to DUO as in Sec. 8.2.1 of BC, where the
nuclear spin-rotation interaction is defined as a positive operator
but with a negative value for the coefficient ¢;. This is equivalent to
the sign correction given in the corrigendum of Jézwiak et al.”® It is
also worth noting that the expression of the nuclear-nuclear dipo-
lar interaction derived in this study is consistent with that corrected
in the same corrigendum. For Dy, there is an additional hyper-
fine term, namely the nuclear electric quadrupole interaction. The

SOFTWARE pubs.aip.org/aipl/jcp

electric quadrupole moment is set as 0.285 98 fm? for the deuteron.
The electric field gradient curve at the nucleus is taken from Ref. 21.
Since our definition of electric field gradient differs from that in Ref.
21, we multiply this curve by a factor of two.

We also calculated the Einstein A coefficient for the elec-
tric quadrupole transition within the X 12; state. The electric
quadrupole moment curve is also taken from Jozwiak et al.'” Note
that the quadrupole curve is given by Jozwiak et al. in terms of
the Cartesian components in the Buckingham convention, but DUO
requires the curve provided in the spherical tensor representation
in the Shortley convention.” This transformation of conventions

introduces a factor of \/g .

TABLE II. Comparison of the hyperfine shifts and line intensities for the Q(1) line of the 1-0-band electric-quadrupole transition of H,. The upper and lower level energies £’ and
E"" are given in cm~". The hyperfine shifts are given in MHz. The line intensities are calculated via ExoCross,32 given in units of 10-%7 cm/molecule at 296 K.

Hyperfine shift Line intensity
F « F" E E" DUO Reference 19 DUO Reference 19
2«0 4272.8283051715 118.429 205637 3 -0.600 99 —-0.600 98 2.409 00 241113
2«1 4272.8283051715 118.429 187408 0 —-0.054 48 -0.054 48 5.42026 5.42504
2«2 4272.8283051715 118.429 185560 3 0.00091 0.00091 4.21576 4.21947
1«1 4272.828 307 096 6 118.429 187408 0 0.00323 0.00323 1.806 75 1.808 35
1«2 4272.828 307 096 6 118.429 185560 3 0.058 62 0.058 62 5.42026 5.42504
0«2 4272.8283247436 118.429 185560 3 0.587 66 0.587 65 2.409 00 241113

TABLE lll. Comparison of the hyperfine shifts and line intensities for the S(2) line of the 2 — 0 band electric-quadrupole transition of D,. The upper and lower level energies £
and E”" are given in cm~". The hyperfine shifts are given in MHz. The line intensities are calculated via ExoCross,? given in units of 10-33 cm/molecule at 296 K.

Hyperfine shift Line intensity
F «F' E E" DUO Reference 19 DUO Reference 19
4— <« 2+ 6417.863 3220327 178.9743167355 -0.17198 -0.17198 2340.85 2343.26
4— <3 6417.863 3220327 178.9743147257 -0.11172 -0.11172 9876.85 9887.14
2+ 2+ 6417.863 3244239 178.974 3167355 -0.10029 -0.10029 4081.16 4085.41
3«2+ 6417.863 325617 3 178.974 3167355 —-0.064 51 —-0.064 51 17855.1 17873.7
2«3 6417.863 3244239 178.9743147257 —0.040 04 —-0.04003 568.991 569.583
6«4 6417.863 320509 3 178.9743107528 —0.03829 -0.03829 115063 115182
5«3 6417.863 324767 5 178.974 3147257 -0.02974 —-0.02974 73 020.5 73 096.5
3<3 6417.863 325617 3 178.974 3147257 —-0.004 26 —-0.004 26 6638.23 6645.13
4+ « 2+ 6417.863 3279172 178.9743167355 0.004 44 0.004 44 55381.6 55439.3
4— <4 6417.863 3220327 178.9743107528 0.007 38 0.007 38 1154.44 1155.64
4— « 2— 6417.8633220327 178.974 310554 3 0.01333 0.01333 66286.6 66 355.6
2«1 6417.863 3244239 178.974312681 1 0.02126 0.02126 21242.3 21264.4
3«1 6417.863325617 3 178.974312681 1 0.057 04 0.057 03 26552.9 26 580.5
2<+<0 6417.863 3244239 178.974311 3375 0.061 54 0.061 54 15931.7 15948.3
4+ <« 3 6417.8633279172 178.974 3147257 0.064 69 0.064 69 21417.7 21439.9
2+ 4 6417.8633244239 178.974310752 8 0.079 07 0.079 07 9.0316 9.041 00
2« 2- 6417.863 3244239 178.974310554 3 0.08502 0.08502 2421.59 2424.11
5«4 6417.863 3247675 178.9743107528 0.08937 0.089 37 24 340.2 24 365.5
3«4 6417.863 325617 3 178.9743107528 0.114 84 0.114 84 316.106 316.435
3« 2- 6417.863 325617 3 178.974 310554 3 0.12079 0.12079 10594.5 10605.5
4+ <« 4 6417.863 3279172 178.9743107528 0.18379 0.18379 2503.36 2505.97
4+ <« 2— 6417.863 3279172 178.974310554 3 0.18974 0.18974 356.091 356.473
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We compare our calculation results with the values of Jozwiak
et al.,'”” who use perturbation theory to predict hyperfine effects.
Note that the non-hyperfine-resolved rovibrational transition fre-
quencies by Jozwiak et al.'” were not calculated based on the PEC
in Ref. 20, so we only focus on the hyperfine shift relative to those
transition frequencies. As the nuclear spin of the H nucleus is 1,
the total nuclear spin of H, can be 0 and 1 for the para and ortho
states, respectively. To study the hyperfine structure, only the ortho
states with I = 1 need to be considered. For the X 12; state of Hy,
the electronic and vibrational parts are symmetric under nuclear
exchange, and the rotational part has exchange symmetry (-1)’.
Since the protons are fermions, the ortho states with I = 1 occur only
for odd J. Meanwhile, the nuclear spin of the D nucleus is 1, so the
total nuclear spin of D, can be 0, 1, and 2. We focus only on the
ortho states with I = 0 and 2, where the nuclear electric quadrupole
interaction leads to coupling between I = 0 and I = 2. Therefore, the
hyperfine state of F = J has two components coming from I = 0 and
I =2. We use labels + and — to denote the higher and lower levels,
respectively. Similarly, only rovibrational states with even J exist in
the X IZ; state of ortho-D,. Here, we take the Q(1) line of the 1-0
band of H; and the S(2) line of the 2-0 band of D, as examples. The
non-hyperfine-resolved transition frequencies of these two lines are
4154.3991195809 cm ™! and 6238.889011 0337 cm™!; these values
were calculated using the non-hyperfine rovibronic module of DUO.
As shown in Tables II and I1I, the hyperfine shifts agree very well.
The line intensities were calculated using EXOCROSS** from the Ein-
stein A coefficients obtained with DUO; the small relative differences
between the Duo and reference values arise mainly from the use
of different rovibrational transition frequencies in the calculations.
Another source for this discrepancy is the approximate treatment of
rovibrational mixing, especially for high-J states; see Appendix B.

B. X 23 and B 23}, states of N}

Compared with the 'Y states discussed earlier for H, and
D,, open-shell X states have additional magnetic hyperfine inter-
actions, including the Fermi contact and electron-nuclear dipolar
interactions, which are usually much stronger than the nuclear
spin-rotation and nuclear-nuclear dipolar terms considered in
Sec. V A.

To test these electron-spin-dependent terms, we calculated the
hyperfine-resolved level energies for the X 22; state of N3. We also
included the excited state B *Z; to check the implementation of the
four irreducible-representation blocks. The PECs are obtained from
Ref. 29, with an updated curve for the X 22; state supplied by Prof.
Andrey Stolyarov from the Faculty of Chemistry, Moscow State Uni-
versity. The spin-rotation constant and the corresponding hyperfine
constants are taken from Mansour et al.””** For the X 22; state, the
spin-rotation constant y;, is set to 276.922 53 MHz, while the hyper-
fine constants br, ¢, eQq,, and cr are set to 100.6040, 84.5838, 0.7079,
and 0.011 32 MHz, respectively. For the B 22; state, the parameters
Ysg and b are set to 0.023 934 and 0.023 27 cm ™', respectively.

We compared our calculated results for the X 22; state with
the measurements of Mansour et al.”” Although the rotational quan-
tum number N in Hund’s case (b) is not adopted in DUO explicitly,
it is still useful for assigning the rovibrational levels. For the X >3}
state of N7, the para species corresponds to odd N, while the ortho

SOFTWARE pubs.aip.org/aipl/jcp

species corresponds to even N. As illustrated in Fig. 2, each rota-
tional level N is split into the spin-rotation components J = N + 1/2,
and each J level is split into hyperfine levels labeled by I and F.
As listed in Table IV, the magnetic-dipole transition frequencies of
AJ = £1 are in good agreement between DUO and the experimen-
tal values of Mansour et al.,”” with rms residuals of about 12 kHz
and maximum residuals below 25 kHz. The remaining discrepancies
mainly arise from two differences in the Hamiltonian. First, Man-
sour et al. used the nuclear spin-rotation operator ¢/I - N, whereas
DUO uses c/I - J. Second, Mansour et al. neglected couplings between
different N blocks, while these couplings are included in DUO.

To check the implementation of the El transition-intensity
calculation, we considered the hyperfine-resolved electric-dipole
transition between the X 22; and B %3} states and calculated the
transition frequencies and Einstein A coefficients for the B — X (0,
1) band. The R-dependent B — X transition dipole moment curve
was taken from the ab initio calculation of Ref. 37. In DUO, this
curve is directly integrated with the vibrational wave functions. For
the B— X (0, 1) band, the resulting vibrational transition moment
is 0.963286199 D. We compared the results with those obtained
from PGOPHER, which requires the vibrationally averaged spectro-
scopic constants. The rotational constants B, obtained from DUO
are 1.903416 70 cm ™" for X *%; with v” = 1 and 2.074 75526 cm ™"
for B >} with v’ = 0. The corresponding centrifugal distortion con-
stants D, are directly taken from Ref. 28, with values of 5.9813 x
10°%cm™ and 6.3242 x 107 % cm ™, respectively.

As listed in Table V, the transition frequencies obtained by
DUO and PGOPHER agree very well, while the Einstein A coeffi-
cients show small differences. Only selected low-J transitions are

N J F
x— 45

3.5
25
25
1.5
0.5
0.5
1.5
1.5
25
3.5
25
1.5
0.5
0.5
1.5

= =2 =2 =2 2 DN O NMNNMNMNMDNDMDNDMONNN

FIG. 2. Schematic energy-level diagram for the hyperfine-resolved energy levels
of N =1,2 in the X227 state of “*N;. The arrows indicate the magnetic-dipole
transitions listed in Tabfe |V. Note that the vertical positions are schematic and not
drawn to scale.
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TABLE IV. Comparison of the magnetic-dipole transition frequencies within the X ZZQ* state of 14NZ+ with experimental values and uncertainties from Mansour et al.?” The
hyperfine-resolved upper and lower energies, £’ and E”’, are given in cm~". Transition frequencies and uncertainties are given in MHz.

Transition frequency

N I (J',F") < (J",F") E E" DUO Fit”’ Obs.”” Unc.”’
1 1 1.5,0.5 < 0.5,0.5 2178.830727 329 2178.818 657 060 361.858 361.866 361.866 0.011
1 1 1.5,1.5 < 0.5,0.5 2178.832 534586 2178.818 657 060 416.038 416.040 416.043 0.009
1 1 1.5,1.5 < 0.5,1.5 2178.832 534 586 2178.818533 119 419.753 419.748 419.748 0.011
1 1 1.5,2.5 < 0.5,1.5 2178.834418 431 2178.818533 119 476.230 476219 476.222 0.009
2 2 25,05 < 1.5,0.5 2186.447 257 964 2186.429 051 431 545.818 545.834 545.836 0.009
2 2 25,15 < 1.5,0.5 2186.448 537 640 2186.429 051 431 584.182 584.193 584.195 0.009
2 2 25,15« 1515 2186.448 537 640 2186.428 190 677 609.987 609.997 610.000 0.010
2 2 25,25« 1,515 2186.450 281216 2186.428 190 677 662.258 662.262 662.259 0.009
2 2 25,25« 1.5,2.5 2186.450281 216 2186.427 133 100 693.963 693.963 693.961 0.009
2 2 25,35« 1.5,2.5 2186.452 149 661 2186.427 133100 749.978 749.973 749.967 0.009
2 2 25,35« 1.5,3.5 2186.452 149 661 2186.426 201 661 777.901 777.882 777.884 0.012
2 2 25,45 « 1.5,3.5 2186.453 838 123 2186.426 201 661 828.520 828.495 828.496 0.009
2 0 25,25« 1515 2186.451 021434 2186.427 928 222 692.317 692.311 692315 0.009

TABLE V. Comparison of hyperfine-resolved transition frequencies and Einstein A coefficients for the B — X (0, 1) band of 14N§r. Al listed transitions satisfy AN = AJ = AF =
—1. The first two rows correspond to the P(1) branch, while the remaining rows correspond to the P(2) branch. Frequencies are given in cm~" and Einstein A coefficients are
in s~". PGO stands for PGOPHER.

Transition frequency

Einstein A coefficient

I JA= F «F" DUO PGO DUO PGO

1 05«15 0.5« 15 23376.171476 60 23376.171477 8.6385 x 10° 8.6371 x 10°
1 05«15 1.5+ 25 23376.204497 76 23376.204 498 1.8590 x 10° 1.8587 x 10°
0 05«15 0.5« 15 23372.724904 70 23372.724 905 2.4754 x 10° 2.4747 x 10°
0 1.5« 25 1.5« 25 23372.73771248 23372.737712 2.2298 x 10° 2.2291 x 10°
2 1.5« 25 0.5« 15 23372.705291 28 23372.705291 8.5852 x 10° 8.5827 x 10°
2 05« 1.5 1.5« 25 23372.714557 49 23372.714557 1.1345 x 10° 1.1341 x 10°
2 1.5« 25 1.5« 25 23372.737 960 03 23372.737 960 7.3955 x 10° 7.3934 x 10°
2 05«15 2.5+ 35 23372.703580 15 23372.703 580 1.8178 x 10° 1.8173 x 10°
2 1.5« 25 25«35 23372.748 000 36 23372.748 000 1.3001 x 10° 1.2997 x 10°
2 1.5« 25 35«45 23372.758 165 80 23372.758 166 1.8584 x 10° 1.8579 x 10°

listed in Table V. As J becomes higher, the differences in the Ein-
stein A coefficients become larger as well. In DUO, the line strength
is evaluated using variational eigenfunctions constructed from the
complete angular momentum basis, whereas the PGOPHER calcula-
tion is based on a perturbation Hamiltonian for a given vibrational
level. Therefore, an approximate treatment of rovibrational mixing
can lead to small differences in the line intensities, especially for
high-J states; see Appendix B.

C. B®Il4 state of N,

Compared with the X states discussed earlier, the orbital hyper-
fine interaction needs to be considered for the electronic states with
non-zero A. In addition, the IT state with |A| = 1 also involves addi-
tional off-diagonal hyperfine coupling terms between the A = +1

components. It is worth checking whether the symmetry treatment
and the corresponding off-diagonal matrix elements are correctly
implemented in the code.

Accordingly, we calculated the hyperfine-resolved rovibra-
tional levels for the B’Tl, state of the N, molecule using DUO. The
PEC of the B’TI, state used in DUO is obtained from the ab initio
curve in Ref. 24. The parameters of the fine structure are estimated
artificially based on the values given in Ref. 25. The spin-orbit cou-
pling constant Aso, which separates the different O components,
is set to 40 cm™'. The spin-spin constant Ags is set to —0.3 cm™".
Note that the corresponding input for DUO should be fss = %Ass
= —0.2 cm™". The A-doubling constants o and p are set to —1.16 and
-0.01 cm ™", respectively. The spin-rotation constant yg, and the last
A-doubling constant g are small enough to be ignored.
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TABLE VI. Comparison of hyperfine level shifts for the B*IT4 state of Ny with J = 2. The hyperfine interactions are divided into three groups. The first group includes only
a=0.1cm™~", the second group includes b, ¢, d = 0.06, 0.03, 0.07 cm~", and the third group includes eQqq, eQg, = 0.02, 0.08 cm~". The rovibronic energies Ey, are given
in cm~", while the hyperfine shifts £+ — Ery are given in GHz. The label = denotes the parity of +/—. PGO stands for PGOPHER.

Engs — Erv
a br+c+d eQq, +eQq,

Q T E., I F DUO PGO DUO PGO DUO PGO
2 0 -0.05900 -0.05900 -1.75749 -1.75750 -0.316 46 -0.316 46
2 1 —0.045 28 -0.04527 —1.469 54 —1.469 55 -0.158 57 -0.158 59
+ 3.928 8600 2 2 —-0.024 65 —-0.024 64 -0.89710 -0.89710 0.27572 0.27572
' 2 3 -0.01081 —-0.010 82 —-0.04676 —-0.046 77 0.18094 0.18092
0 2 4 —-0.024 22 —0.024 22 1.072 42 1.072 42 -0.090 81 -0.090 81
0 2 0.000 00 0.000 00 0.000 00 0.000 00 -0.207 94 -0.207 94
1 1 0.000 87 0.000 87 0.156 27 0.156 25 0.13967 0.13967
- 6.660 8639 1 2 0.02919 0.02920 0.08215 0.082 14 -0.13961 -0.13961
3 0.002 17 0.002 16 -0.09557 -0.09557 0.03974 0.03975
2 0 —-2.996 09 -2.996 10 1.064 81 1.064 83 -0.70227 -0.702 26
2 1 -2.48731 -2.48729 0.88507 0.88508 -0.35154 -0.35154
+ 49321901 4 2 2 -1.478 23 -1.47822 0.528 49 0.528 50 0.609 92 0.609 93
' 2 3 0.01322 0.01322 0.00099 0.001 02 0.400 54 0.400 55
1 2 4 1.957 54 1.957 55 -0.68820 -0.68820 -0.20110 -0.20110
0 2 0.000 00 0.000 00 0.000 00 0.000 00 -0.46097 -0.460 96
1 1 -1.48971 -1.48973 —-0.464 12 —-0.464 14 -0.20679 —-0.206 80
- 49.2702458 2 -0.49016 -0.490 16 -0.150 67 -0.15068 0.208 40 0.208 39
3 0.98528 0.98527 0.310 34 0.31035 -0.059 64 -0.059 66
2 0 —-5.938 68 -5.93868 —4.104 00 -4.10398 0.27008 0.27008
2 1 -4.95515 —4.95515 -3.42337 -3.423 36 0.13498 0.13500
4 82715114 4 2 2 —-2.98546 —2.98545 —-2.06018 -2.06017 -0.23518 -0.23516
) 2 3 -0.02429 -0.02428 -0.01055 -0.01055 -0.154 30 -0.15427
2 2 4 3.93651 3.93651 2.73136 2.73138 0.076 92 0.076 93
0 2 0.000 00 0.000 00 0.000 00 0.000 00 0.17727 0.177 27
1 1 -2.96940 —-2.969 38 -2.06412 —-2.06410 -0.156 05 -0.156 04
- 82.7147662 1 2 —0.996 09 -0.996 09 -0.690 69 -0.690 69 0.156 15 0.156 16
3 1.970 59 1.970 60 1.373 41 1.373 41 -0.044 69 -0.044 70

To isolate the contributions from different hyperfine inter- DUO and calculated the rotational constant B,,, which is 1.620 419 70

Ze:LY:Z) 9202 Jequialdas 0

actions, we divided the hyperfine terms into three groups. Since
our purpose is not to reproduce the experimental spectrum, the
hyperfine constants were set to artificial values much larger than
the expected experimental values. The first group includes only a =
0.1 cm™'. The second group includes by, ¢, d = 0.06, 0.03, 0.07 cm™ L.
Note that the Fermi contact constant br is different from b used
in PGOPHER, which satisfies br = b + %c. The third group includes
eQqy, eQq, = 0.02, 0.08 cm™". These artificial constants produce
hyperfine splittings on the GHz scale. They are not intended to be
realistic, but make it easier to test the implementation.

We performed an independent calculation with PGOPHER to
check the DUO results. Since PGOPHER is based on perturbation
theory, we only calculated the rotational states for one vibrational
level with v = 0. Accordingly, we only used one contracted basis in

cm™". This value was passed to PGOPHER for the perturbation calcu-
lation. As shown in Table VI, we take the rotational level of | = 2
as an example, which contains the Q) = 0, 1,2 components and both
parity symmetries. We focus on the hyperfine shifts Ey — Ery rather
than the absolute hyperfine-resolved energies. The hyperfine shifts
calculated by DUO agree with those from PGOPHER to the sixth dec-
imal place in cm™, that is, the printed precision of the PGOPHER
output.

VI. CONCLUSION

We have extended the variational method program DUO to
perfrom hyperfine structure calculations for homonuclear diatomic
molecules. The updated code is implemented in the equal coupling
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scheme under the Hund’s case (ag) representation, where I; and I»
are first coupled to the total nuclear spin I, and then I is coupled with
J to form F. The primitive basis functions in the Hund’s case (ag) are
then transformed to the parity-conserved basis set, where the g/u
symmetry and the nuclear-exchange symmetry are considered, so
only physically allowed nuclear-spin states are retained.

We consider the main hyperfine interactions such as the
nuclear magnetic dipole interaction and nuclear electric quadrupole
interaction. The rank-1 hyperfine interactions, including the Fermi
contact term, orbital hyperfine term, nuclear spin-rotation term,
and electron-nuclear dipolar interaction term, have the same ana-
lytical form as those given by Qu et al.,” with I now interpreted as the
total nuclear spin of the two identical nuclei. The last two hyperfine
interaction terms, namely the nuclear-nuclear dipolar interaction
and nuclear electric quadrupole interaction, can contribute to the
coupling between different nuclear spin states with AI = I’ - I = +2.

For homonuclear molecules, the electric dipole (E1) transi-
tions within a single electronic state are forbidden by symmetry.
Therefore, electric-quadrupole (E2) transitions, and in some cases
magnetic-dipole (M1) transitions, can play an important role in the
observable rovibrational spectra. In the present study, we extended
the hyperfine transition intensity module to calculate the Ein-
stein A coefficients of both E1 and E2 transitions for homonuclear
diatomics.

To verify the implementation, we calculated the hyperfine-
resolved spectra for the X 12; state of H, and D», the X ZZ; and
B %) states of "*Nj, and the B’TI, state of '*N,. Comparison
of our results with previous theoretical and experimental studies
and with independent PGOPHER calculations all showed very good
agreement.

There are several natural directions for future work. The first
is to extend the code to treat heteronuclear diatomic molecules
with two non-zero nuclear spins. This development will require a
more general coupling scheme, since the two nuclei are no longer
equivalent. The second is to consider the Zeeman interactions in
an external magnetic fleld. For weak magnetic fields, this exten-
sion should be relatively straightforward, as the present basis can
be expanded by introducing Mr. For strong magnetic fields, a dif-
ferent treatment would be required because F is no longer a good
quantum number. We should use the basis set labeled by M; and M
instead. Another possible direction is to include the weak symmetry-
breaking interactions that mix ortho and para states, such as the
antisymmetric off-diagonal components of the nuclear spin-rotation
interaction™ and the relativistic nuclear spin-orbit interaction,”
which are not considered in the current implementation.

SUPPLEMENTARY MATERIAL

The supplementary material provides the four files containing
the inputs to DUO used for the calculations presented in this study.
Files are in standard DUO format; see https://duo.readthedocs.io.
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APPENDIX A: ERRATA TO REF. 2

We would like to correct several errors in the published
expressions of Qu et al.”

1. The original form of Eq. (40) should contain

comva( 2 L) (A1)

+1 F¥2 1
and
(_I)H(—Sz :1 ;,)\/5(3+1)(25+1)

1
—=8.1S,%")
2

7

- ¥%\/S(S+ 1) -5/(2 £1) = ;%\/s(m _s(z71).
(A2)

= (ST (9)IS.2) = (5.2 7

Therefore, the correction is simply
2(Zx1) —E(2F1), (A3)
in both Egs. (40) and (41), as
(state, v, A, S, 5,1, Q, I, F| Hap|state, v, A", S, 2, ], Q', I F)

- (—1)"“””{1 4 F}\/I(I+ )21 +1)

J I
x(fl)f’“(_’;) :1 é,)\/(2]+1)(2]’+1)

L VS(S+1)-2(27F1) ,
s (state, v|d(R)[state,v"),  (A4)
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and

d(R) = *\/ggsgNﬂB,lm%; x (state, A, S, 2|

- ng)(eli,(bli) FV2T5 (s1)
f VS(S+1)-2(zF1)

i i

|state, A", S, 2").

(A5)

2. The Wigner-3j symbol and corresponding phase factor should
not appear in Eq. (42); it is unnecessary to rotate T*(J) to
the molecule-fixed frame for the nuclear spin-rotation term.
Therefore, Eq. (42) of Qu et al. should be written correctly as

(state,v, A, S, %, ], Q, I F| Hystate,v’, A", S, 2, ], Q', I F)

- (_1)"“””{1 4 f}\/l(I T1)(20+1)

J I

X SA,A’(SZ,Z’S],]’V](]+ 1)(2] + 1)

x (state, v|cr(R)|state, v'). (A6)

It is worth noting that, although there were typographical
errors in these two terms, the corresponding matrix elements
in the previous version of DUO were coded correctly.

APPENDIX B: ROVIBRATIONAL MIXING EFFECTS AT
HIGH J

To further quantify the difference between our variational
treatment and the perturbative model based on an effective Hamil-
tonian, we performed additional comparisons of hyperfine-resolved
line positions and intensities for high-J states. The high-J behavior
of hyperfine-resolved line positions has been illustrated previously
by Qu et al.” As shown in their Table V, the differences increase
with J. Here, we focus on the corresponding behavior of the line
intensities.

We compare the intensities calculated via DUO and EXOCROSS
with the reference data of Jézwiak et al.'” for the O branch of H,
from the 2-0 to 6-0 bands. For each rovibronic transition line, we cal-
culate the relative root-mean-square error (RMSE) over all hyperfine
components,

1/2
1 N IDuo _F‘ef 2
ARuiss = NZ (IITI > (B1)
i

i=1

where N is the number of hyperfine components, I'" is the intensity
calculated with DUO and EXOCROSS, and I*f is the corresponding
reference intensity.

As shown in Fig. 3, the relative RMSE increases systematically
with the lower-state rotational quantum number J”. This suggests
that the differences in the hyperfine-resolved intensities are mainly
associated with rovibrational mixing at high-J states.
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FIG. 3. Relative RMSE A’RMSE of intensities as a function of the lower-state rota-
tional quantum number J'* for the O branch from the 2-0 to 6-0 bands of H,. For
each rovibronic transition, the RMSE is calculated over all hyperfine components.
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