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Abstract. A method is presented for adaptiiig scattering calculations performed 
with the niolecular R-matrix method to find hound states  based on the atomic 
method of Seaton. Quantum defect theory is used l o  determine initid energy grids 
and to determine whether all t.he bound states have been located. This method is 
partinilarly suited I,o the Rydberg stat- of clectron plus molecular ion systems. We 
calcidate and assign the lowest, 33 elecl,mnic slat,es or the Hell  n ~ o l e c d e .  Previously 
only 14 of t h e  lowed ( 7 1  < 5) boririd states have heen fully dmracterized. n.ith several 
states omitted. We suggd that t.he omitted states  give rise to some of the  ohserved 
but previously unexplained weak transitions. Vibrational motion is included in our 
calculations within the adiabat.ic approximations. Eflects arising from short-range 
correlations and nudew mot.ion are shown to be  very significant for t h e  lowest elec- 
tronic stater. Transition cnerejcs amongst the excited states agree with accwate 
spectroscopic determinations to better than 5U cni-’ 

1. I n t r o d u c t i o n  

Over the last twenty years quantum clieinist,s IIRW developed powerful methods for 
treating the electronic states of small molecules. These nictliods are based on the use 
of a linear combination of atomic orbitals, Gaussiaii-t,ype orbit,als (GTO) and configu- 
ration interaction (cI) to represent electronic correlat,ion effects. However, while such 
methods have proved very successful for C O I I I ~ ~ C ~ ,  los.-lyiirg electronic states, they are 
less appropriate for tlie diffiise Rydhcrg st,at,es found l ~ c l o w  the ionizat,ioii limit, of all 
molecular species. ltecently al~t.cn1pt.s h a v c  beeli Iliade t,o adapt ,  GTO expansions lo 
Rydberg series (Iiaufinann et 01 1989). In  [,his art,iclc we propose an alternat.ive and, 
we mould suggest, a more nat.iiral ni(:t,liod of t,reat,iirg t,liis problem. 

The  R-matrix method, alt,liongli origiiially designed for srat.l,eriiig calcnlalions, has 
been sliowii t o  yield a suil,ahle framework (titider apliropriatt boiindary conditions) for 
determining atomic bound states (Seat.011 1985). 11. ltns been srlccessfully applied t o  
atomic ions by Berringt,on aiid Seat,on (1965) and \,’o l i y  T a n  (1991). This procedure 
has recently beeti used as t,lie basis for tlic 0pacit.y I’lqject. (Seaton 1 9 8 i ,  Berrington et 
a1 1967) wliicli involved tlie deterniinat,ion of very Iaryc niimbcrs of at,oniic ion bound 
states. This inethod has an advanl.age over the qi ta i i l , i i in  cliemistry approach i n  tha t  
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a l l  the electronic states converging to a part.icrilar ionization threshold can i n  principle 
be determined once a su ihh le  R mat,rix has I~eeii construct,ed. All that, is needed is 
an algorit,hm for detecting these honnd da te s .  

Furthermore, within this formalism, t.lie problem is transformed from trying simply 
to stabilize the high-lying states to one of trying to calculate increasingly small correc- 
tions due to electron-electron correlation effects and the long-range inrilt,ipole potential 
in the outer region. To date  molecular bound st,at,cs liave not heen determined using 

meiiio: used ifl i;iis \qOr,ti, iiiueeu previous ueLerniinarions of molecular bound 
states based on the method of Ojha  and  Burke (1983) were limited to bound states 
close to the  R-matrix poles. This meant. t,lrat it was only possible t.o detect a few 
low-lying states, for example see the work of Tennysoii (1988) on the bound states of 
CH. 

In molecules for a detailed comparison with experiment, one needs t.o include the 
rllcCLs U L  l l U C l r a r  Ill"blUI1. 1 l l r a r  cn , ,  ut. lllLl""C" Ivy "a,',(; L,,S e l r C l l " l l , C  "Ullllll b b d b B  

energies determined for fixed geomet~ries t,o act as a potent.ial for t,he nuclear motion 
(adiabat ic  st iclei  or Born-Oppenlieimer approximation). This is most easily done 
either by direct solution of tlie I D  nriclear Sclirodinger eqiiatiori or by fitting t o  a 
Morse curve so tha t  tlie solutions can he analytically det,crmined. However for Rydherg 
series vibrational and electronic separat,ions will rapidly become si1nila.r in magnitude. 

the Born-Oppenheimer approxima tion may lead t,o significant inaccuracies. These 
effects can be incorporated using the method iiitroduced by Sclineider e l  nl (19i9).  
Here we rest,rict our calculations t,o t,he adiahat,ic nuclei a p p r o s i n d o n .  

4)  of t,lic neutral Ilcll are known to have 
considerable impact 011 bot,li the vibrat.ional excil.at,ion cross sett,ioiis (Sarpal el 01 
199la) and dissociative recoinbinat.ion of the IIeIlt ion (Yousif and  illit~clicll 1989, 
Sarpal e t  a1 1991b). An accurate knowledge of tlic eiiergy levels of I>ot,h species is 
therefore essential in determining tlie spectroscopy of tlie molecule and  scattering 
properties of the ion. 

The  HeH+ ion has been ext,ensively studied Rot,h experimentally (Schopman and 
Los 1970, Bernstein 1974, Carringt,on el  n l  1981) and tlleorct,ically (Annex I9G3, Pey- 
erimhoff 1965, Peck 1973, Green e2 n l  1974, 1978, h,Iiclrels 1989). The lit,erat.ure on the 
neutral He11 molecule is sparse hp con~parison. This is due  n i a i n l y t , ~  t,he fact, t,liat the 
ground state of He11 is repulsive except, for the small van der Waals minimum a t  large 
separa,tioii, and therefore is difficult, t,o observe experinhentally. Ilowever t.he excited 
states of the  molecule are bound t,o varying degrees and t,llese have been ohscrved (van 
der Zande e l  nl 1986, Brooks e l  n l  198i ,  I<et.t,erle e l  a1 1988, 1989). This has led to 

~~~~~~ recent theorc!.ica! ir!t,errst, i n  t.lie Iboiind st,at,cs of 11~11 !Theodoralto!)oiilos e l  a1 1984, 
Petsalakis e l  nl 198i. 1990). Several or t,liese st,ates show considcrable predissociation 
via a non-adiabatic mechanisni and radiative decay of some of tlie levels is also known 
to be appreciable (Tlieodorakopoulos cl  01 1987, Pet,salakis e l  R [  1990). 

Recently Ketterle (1989, 1990a, h ,  c. d )  has carried out an ext.eiisive experimental 
investigation of Hell t.ogether with it,s isot,opic variants and  has det,ermined some highly 
excited sta,tes. All.lioug1i the  lower stat,cs have Ixen calculated t o  reasonable accuracy, 
a theoretical treatment of t.lie high Rydberg memhers for t,lle nentral molecule is 
lacking. The  most, recent, tIieoret,ical resiiIt,s of van Ilrmert. and  Peyerimhofl( 1991) give 
good results i n  comparison wit,Ii espsrimcnt,  but. arc liinit,ed to tlie lowest, 10 stales. 
A considerable iniprovemcirt, of calculat,cd vihratioual and rot,ationnl energy levels 
is attained hy a semi-empirical rescaling of pot,ent,iill energy cnrves and t.liresholds. 

B Ii Snrpnl e l  nl 
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Although such a procedure is well just.ified for (.lie case of IIeIi, it ,  would lie difficult 
to apply in a general case. 

In section 2 we outline t,he theory on whiclr the  bound s h t e  detecting code 
(Branchett 1991) is based. This method is then applied to t,lie specific case of IIeH, the 
construction of t,he wavefunct,ions is described i l l  section 3. The rrsiilts and discussion 
are given in sections 4 and 5 respect,ivcly. 

2. Thcory 

T h e  R-matrix method considers a syst,ein of N t,iglit,ly bound elect,rons which interact 
with an incident (continuum) electron. 
is the coordinate of the cont.inunm electron relat.ive to !,lie t,arget centre of mass) 
the  incident electron experiences only a multipole-type potential. In this region the 
system can be trea.ted analyt,ically requiring t,he solut,ion of a set. of c.oiipled second 
order differential equations. The  int,eraction close t,o t,lie target. molecule milst account 
for exchange wit,hin the (N + I)-electron syst.em and elect,ron-elect,ron correlat.iou. I n  
the R-matrix method this region is defined a s  a splicre of radius o ciiclosiiig all target 
electrons. A detailed discussion of t,lie R-matrix met.liod is given by Gillan e t  a/  (1987) 
and we will restrict our discussion t,o points pert,aining to finding houiid st,at,es of the 
( N  + I)-electron system. 

Asympt,ot,ically (rNt l  - CO, where 

The  wavefunction of the (N + 1)-electron syst,ein in the inner region is given as 

where x, = (.,,U,) is the space-spin coordii1at.e aiirl for compact,ness T!+' will be 
referred to a$ T from hereon. In (1) t.hc sun1 over i allows for the iiicIusIon of more 

symmetjization opera.tor; xi are configiirat.ions constructetl from t,lie t,argct, molecular 
orbitals wliicli allow for short-range correlation a n d  polarization rlfects, and uij are 
continuum orbitals. These i r i j  are expanded as a partial wave expansion and  1,he ra- 
dial part is a solution of a I D  Schrodingcr eqiiat.ion iising a suit.ahle pot.ent,id. The  
continuum orbitals are generated subject to the bornidarg condit,ions 

than on k target state,  r $ i ,  aud N is llie number of target elect.roiis. A is the anti- 

where @ is an arbit,rary const,anl. Tlir coiitiniiriin orliit,als are t.lien Schmidt,, aiid i f  
necessary Lagrange (Teniiyson el n l  I%i). ort,liogoiializcd to Clir occiipietl atid virtual 
N-electron molecular orh ih ls  ret,ained i n  the calculat,iotl. 

The  variat,iona.l coeficieiits oij l  and bi, i i i  ( 1 )  are determined by diagondiaing 
H,,, + L,+, in the iiiteriial region so t,liat 

where H,,, is the electronic part of the Hamiltonian and L,,+, is the Bloch op- 
erator used to ensure that the Iiaiiiiltoniaii is Ilermitian i n  the inner region. The  
eigenenergies, e*,  are referred to as the R-matrix poles. 
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To obtain blie surface aniplit,iides. w i k ( n ) ,  of the inner region wavefunctions it is 
necessary to transform the bouiidary amplitiides of the cont,iiimim orbitals, u i j ( a ) .  
Transformat,ions arise from both (,lie ort,l1ogo11alizill,ioii t,o the t.arget, orbitals and di- 
agonalization of the inlier region Ilamiltonian. Full di:t.ails of this procedure are given 
by Gillan et a1 (1987). 

The  wavefunction of the tot,al syst,em i n  the inner region, V,, of energy E,  can be 
expanded as a sum of the wavefcudons  

where C,, a re  the bound state cocficients. W t l l  suitable normalization of the  +bk ,  it 
can be shown (Seaton 1985) that. the reduced radial functions of thc added electron 
F, satisfy the equation: 

where Iis the total number of asymptot.ic channels. R,,(E) is known as the R matrix 
and is determined at the R-matrix boundary by 

where E, is the Butt,le (IOW) correct.ion rrecessit,at,ed b y  (.he arl>it.rary boundary coil- 
dition (2) .  

I n  the outer region, functions arc required t,liat. t,ciid t,o zero as I’ belids t,o infinity 
and which caii be matched to the  iiiner region fiiiict,ions at. the R-matrix houudary. 
These were obtained by first, using 1,lie Gailitis expailsion (Noble a n d  Nesbet 1984) 
at an appropriate radius and tlreii propagating inwards by solving t,he asymptotic 
equations numerically, using t,hc Ronge-Iint,ta-Nyst,roiii method. T h e  funct,ions were 
stored in the matrix Pij .  

By imposing suitable boundary condit.ions Seat,oii (1985) showed t,hat, 

where 

where all matrices are evaluated at the R-mat.rix houndary ( r  = 0) .  X is a column 
vector needed to find the bound state coeficients C,,  given I ly 

Equation (8) can ouly lbe solved for discret,e values of eircrgy. t,lic, lioiiild st.ate energies. 
which c.an be Found hy searciling for zeros of i.he ili.tcriiiiiiiliii. of BiE). 
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It  can be seen from (7) that  tlie R iiiatrix. and Iience (,he matrix B(E) i n  (8), is 
not clearly defined at energies close to she R-nrabrix poles. I t  is therefore necessary to 
perform the matrix nianipulabions described by Riirke and Seabon (1084) which enable 
the  B(E) matrix to he expressed i n  a form where only t,he last, row, i.e. i = I ,  has 
energy dependent terms. This last row can tlicn be multiplicd by ( e K  - E ) ,  where li 
is the index of the R-matrix pole closest, in energy to t,he total energy of t,he system, 
t o  remove any computational errors caused by t.lie nearness of an R-matrix pole. In 
practice the value of li' was determined by searching tlirongh (,lie values of the  R- 
matrix poles to find the pole closest in magnit,ridc t,o E.  The  equations corresponding 
to (8) then become: 

I 

L,,,X,, = 0 for i = 1 to ( I  - 1 )  (11) 
.I . 
1 =I 

and 

I 

C[L,,, - (erc  - ~)-~r?ni , ,~]s , ,  = o (1% 
i ' = 1  

where L is given by 

T is given by 

and M ,  UT and r are defined in Burke and Scat,on (1984). 
In the atomic case there are only a smal l  iiiiiiilier of bor~nd st,at,es associated with 

each value of principal quantum number n for a given total synimctry. However, 
for molecules this is not,  in general, brue. It. was t.lierefore necessary to iiibroduce a 
method of searching for arbitrary niinr1)ers of boiind state poles for a given value of 
tlie principal quantum ~iiiniher. 

The search for zeros i n  the dctcrminant, of B(E) \vas carried atit, using a, quantum 
defect grid. The erective qiiant.oin niiiiiber 11.. is given liy (Seat,on 1983) 

n. = 11 - 6,1 (15) 

where n is t,he principal quant,nm nriniher and 6,) is the qi iant~i inr defect.. 1\11 equally 
spaced grid of effective qnantnm niimher was sct, i ip around t,lie lowest, value of t,lie 
principal quant,um numher considered. The dc tc rmi~~an t .  of B(E) was t,lien calculated 
@.I, t.,rcrgrsa L",,sa,,",,< ,111 6 L," ,.,IC C-l,f:Ll,,\f: I,un,,l,,lr,, 111,111115, & , I < '  ,81,1111,3. ,,Cl"., "L b u r :  

determinant. were detect,ed by a cliange i n  sign of t,he dct,erniiiiant~ from one grid point 
t o  the next. Where no cliange of sign was found n searclr for two poles bet.ween grid 
points wa? performed by fi1,tilig t, l ie dct,erminant. of B ( E )  t,o a qiiadrat,ic. function. 

Set.ting up the B mat.rix at, a part,iciilar energy and fiiiiling t l i e  det,c>riniliant, t.akes 
u p  a significant aiiioiint, of computer timr. An opt,ion \\'a5 t.lierefore implenrented 

^ _ ^ _ _  L" I ^  A,.- -m--2:..-  4 ..... ....... Le- __:.I --:..A- T - c * , . -  
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to reduce the number of times t,liat, t,liis was done: a fine grid oC e r d i v e  quantum 
numbers was set up in the regions where, assliming consbant quantnm defects for a 
Rydberg series, a st.ate would be prcdict,ed by t,lie calcrilat,ions for lower n.. A sparse 
grid was constructed i n  between these regions to det,erniine new states, as at least one 
additional s ta te  [Cor each synimet,ry) appears for every increment of n .  

Once the  energy region of a bound s h t e  was found a Newtoil-Raplison search was 
performed t,o yield an approximate value for t,he bound stat.e energy. The  energy is 
assumed to be very close to the exact energy wliicll is then calculated using the first 
two terms of a Taylor series expansion t,o obtain a st,andard eigenvalne problem: 

B K Snrpal et  nl 

This relation is used recursively until the required accuracy in E i s  achieved (see 
appendix 3 of Seaton 1985). Th i s  yields t.he liound stat,e encrgy and eigenvector 
required to form the bound stat,e wavefunction. 

3. Details of the calcrilatioiis 

The target states,  i.e. st,ates of the  IIeII+ ion, were const.rnct,ed from the augmented 
7 x 5B basis of Peyeriinhoff (1965) as defined by Sarpal e1 o l  (199la). Only the 
lowest 60, 6 x ,  36 and SCF orbit,als. calculated using a modified version of the 
ALCHEMY package jh4clean i.j7i, Nohie i O R i j ,  were rct.ained wit.11 i,iie higher orbit,ais 
being discarded. The  lowest three U orbitals and t,lre first, x orbibals were used to 
construct CI wavefunctions of the three lowest states of the ion, x 'E+, a%+ and 
A IC+. Because lhe wavefunctions a re  R heavily truncated CI expansion. the ahsoluae 
energies cannot be expect,ed t,o be i n  agreeinent, with niore extensive expansion of 
the wavefunctions. However, as it is the rehtive energies wliich are anlenable to 
experimental determinations, it is on these t h t .  we concent,rate ill this work. The  
relative energies of these t,arget, st,at.es were shown t,o be in good agreement with more 
extensive calculations (Green e l  n l  1974, 1978, Sarpal e t  nl 199la).  

As indicated earlier the contiuuum orhit,als. ii;,, were expanded as a part,ial wave 
expansion. The  radial funct.ions were solilt,ions of t,he I D  Schrodinger eqiiat,ions given 
by the isotropic part  of t,he IleII+ SCF pot.ential a n d  (,lie hounrlary conrlit.ion = 0 
with the R-matrix boundary set a t  U = i0 no. w e  inciu(ie(i aii ront,inoum orbitals 
having I < 5 and energies less t,liair 5 E,,, which gave 57. 46. 36 and 26 nnmerical 
functions Cor the C, It, A and symmetries respectively. S i i c l i  a high-energy cut- 
off is not necessary for the present, work. hu t  since we employ the same inner region 
wavefunction to carry out, scatt,cring calculations (Sarpal e /  n l  1001a) we retained the 
sanie criteria. 

The (N+l)-electron wavefnnct.ioii isconstriict.ctl. as defined I)y ( I )  ( N  iscqual to 2 
in our case). from the continnum and L2 orbit,als drscril)ed above. ,is the target states 
are a reduced CI expansion it, is iinport,ant t,lrat. correlat,ion funct,ions, y ,  inclnded in 
(1) to compensate for the relaxat.ioii of t,lre ort,liogoiinliaat.ion coiist,raillt, are consistent. 
A discussion of this is given by Sarpal r l  n l  ( I W l a ) .  For t.lie syinmetrics considered, 
C, n. A and a, this result.cd i n  an rxpansiolr of t , I ~ e  (A' + lj-r,lect,ron wavcfunct,ion 
with 229, 240, 159 and 95 confignrat.ioiis respectiveiy. 

._. 
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T h e  asynipt,otic Gai l i t is  expansion was appl ied a t  I' = 400, aiid t.lieu lhr functions 
propagated inwards 1,o t h e  R-inat,r is bo i indary a t  100,. T h e  ina,tr ix manipulat ions and 
t h e  bound st,ate det,ecting algori t , l im, dcscribcd i n  t,lic last. section, na? t,hen applied. 
For most cases i t  wa,s sufficient to set up a grid of 20 poii it,s for the efTective qi iant i im 
numbers. For some o f t h e  higher angular  momentum states it .  was neressary to increase 
th is  grid to 40 points. 

4. Results 

T h e  bound stat,es determined for t.hc equ i l ib r ium scparat,ion o f  t,lie I l e l I c  ion are 
given in table 1. T h e  q u a n t u m  defects for t h e  st,at.es are oht,ained from (15) where the 
effective q u a n t u m  nuniher is delinctl by 

where E, i s  the energy in IIart,ree, E,  is the energy of IIeIl+ a n d  Z = 1 for a 
HeH+ target. T h e  quantum defec.ts for t l ie  bonnd states are in good agreement w i t h  
the  mult ichannel q u a n t u m  defect (RICQD) paramrt.ers calculated just  above the ionic 
threshold (Seaton 1983); these w i l l  h e  reported a t  a later date  (Sarpal and Teniiyson 
1991). Also given in h b l e  1 are t,hc ionizat,ion pot,ent,iaIs (IP),  T,. of t,he borrnd 
states. These have been calcrilubed rclat,i\,e t,o i l i e  ground st,ate eiiergy of our  I Ie I I+  a t  
-2.951 208E,. T h e  calculated 1P arc compared wit,I i the esperiinen1,al IP of I ie t te r le  
(1990d). T h e  experiment,al energies are the difli:reiices between lhe iniiiiniiiiii po in t  
energies of t,he d i f h e n t  st,ates \~vilici1 were deduced f rom spect,roscopir d a t a  i i y  i<e(.terie 
(199Od). Note t h a l  ill tahlc 1 we have labelled l l i c  elec1.roiric st,aks using 1,he sepomled- 
atom notat ion.  Ket te r le  in h is  work uses t l ie  sailed-atom notat.ion and therefore we 
have relabelled h is  C state from 3p 2 1.0 211 2. As our MCQD analysis discussed below 
demonstrates, the  sta.tes in t.he IlcII+ eqi l i l ih r i i in i  region are b e t k r  described using 
t h e  separated-atom limit. 

l n e  vert,icai aransi i ion energies derived rrom t,aiiie i are ill good agreement w i t h  
experiinent,al t ra i is i t io l i  energies for higher iiiemliers o f  the Rydberg  series. For a more 
meai i ingfu l  comparison with experiment, t,han t,liat, p r o ~ i d e d  in t,ablc 1, cert,aii i ly Cor 
the  lowest bound stat.es. we milst, p r o p r r l y  t,ake int,o account. t.linl, <lifTerent, pot~ei i t ia l  
energy curves w i l l  have different, iiiiniiiiiim poiiibs as wcII as difTcrtvit. ci i rwt. i i re. These 
effects arise f rom the  coinplex i i i t,eract,ion of t,he elect,roii w i t h  t,he ro re  elect,roiis, which 
is Isp'esKnie[~ ;y tiif corre:at,iorr 

T h e  fixed nuclei calculat,ions were carried 0111. on a g r id  of 15 geoiiict,ries ( R  = 0.8, 
0.9, 1.0, 1.2, 1.3, 1.4, R,=1.455, 1.5, 1.6, 1.6, 2.0.2.4,2.6, R.0,4.00,). For Lhe purposes 
of descrihing the  pot,eiibial energy ciirves most c o i n l w t , l y  ire f i t ted o u r  pol,enl,ial energy 
curves t,o a Morse f i inct,ion 

-. 

l,o~ariza~,ioii ~liii~,ioii., ~, i l l  ( 1 ) .  

i:s; ,,, "\ - ,.' I i l l "  " ,112 " \I , , ,  - Y e  + q: - e.\, , ,-p,,< - A t r , , ,  

In  the fit,t,iilg procediire we found 1.1iat. {,lie first, L\YO g r i d  po i i i t s  IIRVS 10 Ihe discarded 
in order to get t h e  hest, f i ~ ,  w a r  (,lie i i i i i i i i i ia  for a l l  pot,t:iitial eiiergq' c i i rves.  T h e  
accuracy of t , l le  Morse fit, was 5 x l[)-.'El,, T h e  paranict,crs ( i l l  a tomic i init,s) for tliese 
fits are srinimarized in h h l e  2 a n d  I,IR Iiot,cnt,ial e i w g y  curves for t.lie lowest, 10 hound 
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Is XZE 
2s A Z Z  
2p B 2 n  

3s D 2 Z  
3p E 2 n  
3d FzX 
3d G z n  

21, CZE 

3d H Z A  
3p 2Z 
4s 2c 

4p 211 
4d 2 C  
4d 'n 

-3.232 158 
-3.094 013 
-3.080 805 
-3.035 538 
-3.011 379 
-3.008489 
-3.007 627 
-3.007 228 
-3.006 284 
-2.993 210 
-2.984 321 
-25983 156 
-2.982 8.1-1 
-2.982 665 
-2.982 561 
-2.982 537 
-2.982 ,178 
-2.982 151 
-2.982 263 
-2 .9iG 391 
-2 .9 i9  x i  
-2 .9 i2  142 
-2.971 571 
-2.971 ,111 
- 2 . 9 i l 3 1 7  
-2.971 260 
-2.971 2-18 
-2.971 229 
-2.971211 
-2.971 208 
-2,WI 202 
-2.971 200 
-2.971 1.5' 

-0.334 
0.129 
0.036 

-0.435 
0.117 
0.046 
0.023 
0.012 

-0.013 
-u.450 
0.114 
0.04-1 
0.02'1 
0.013 
0.007 
0.005 
0.001 

-0.ooi 
-0.013 
-0.4% 

0.28i 
0.113 
U.045 
0.025 
0.014 
0.006 
0.005 
0.003 

0.000 

-0.001 
-0.007 

o.ono 

-o.oni 

31 339 
28.460 
18 506 
13 205 
12 s70 
12 381 
12 294 
12 086 
9 2 1 i  
7 2Ai 
i o 1 1  
6 943 
6 903 
6 880 
6 Si5 
6 862 
6 835 
A 811 
5 526 
4 :).lo 
'1 50.1 
4 469 
4 ,I% 
4 -113 
4 400 
' I  3I)8 
4 39-1 
4 390 
4 389 
4 388 
,I 38i 
'I 379 

31 695 
28 888 
18 837 
13 307 
12 647 
12 430 
1235s 
12 136 

7 058 

6 931 

6 850 

states, excluding the ground stat,e. a re  given iii ligllre I .  Also sI1o\rn i n  figure 1 is t.he 
ionic threshold (dott,cd a i rve ) .  Tlicse hlorsr c ~ i r v c s  \rere not. iiscd hrt,llrr in our work. 

The  vibral,ional energy levels list,rd iii t,able 2 I iave I)eeii calculated I)y explicitly 
solving the  10 I I I I C ~ C A ~  Schr6dillger rq i i a l  ion using 1.11~ Iioiiiid stat,r riirrgics. dct,crmined 
on the grid of 15 gcoinet.ries. wllich \vrri> iiit.crl>olatrd liy follrth o r h  polynonuals (Le 
Roy 1971). TIE rotational c o ~ ~ s t a n t . ~ ,  D,,,, uwc calcril;~tcd Troni t l i ~  cspect.at,ion value 
( R - 2 )  of the lowest vibrat.ional levc l  for cach clrct,ronic st.ate. 
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Figure 1. Potential encigy C L W V ~ S  for the lorest 10 tmund stat.es excluding the 
ground state; --, 2 stat-; - - -, I7 stales: - . -, A st.xic: . . . . . ., ionic t,lireshold 
(X ]Et). 

5 .  Discussion 

We find tha t .  for the l ows t .  few hound stat,cs, ret~ai~iing oirly tlic Coulomb teriii i n  
the outer region potential does not, r e s i i l ~  i i i  a significant error i n  t,he energy of these 
states. This is apprecia.ted most. easily by not.iiig tliat, for t,lis lowest. I)oiiiid states the 
charge distributioii is almost, ent,irely encloscd wit,liili t,lie R-mat,rix sphere. hence t,lie 
poteiitial in the outer regioii does not, affect, t ,hem sigiiificantly. The sit,uat,ion is not 
so for the liiglrer levels which have appreciable amplit~iide ouf,sidc f,lir R-matrix sphere 
and are therefore responsive t.0 t.lre pot,cntial i n  [,lie out,er region. For t,hese states it 
was necessary to retain up to the qiiadrupole t,erm i i i  the oiikr rrgion pot,cnt,inl in 
order to oht,ain converged rcsulk. 

In table 1 we list. several st,at,es which l iave not, I)ecii det~crmincd previo~isly. 111 fact 
some of t,liese bound stares woiild proiliicc t~r;insit~ioiis which  ma^ I I H Y ~  l ieei i  observed 
already but could not be ident,ified coinplct,cly (Iiet,t.crlc 1000d). 1ict.t.erle's aiialysis 
of his experimental d a h  concent~ra~.cd 011 tlie iiiore iii(.ense t,raiisi(.ioiis I>rt~n.eeri lower 
states. The  predictions for t.lie liiglier lying st,at,es given l iere slio~ild help i n  t,lie 
assignment. of wea.ker unas5igiied t.ransil ions. It, is iiot.alilc that. 1,111: dilfr:re~ice between 
the states 2s A'C and 21' D'n is ,~pprosimat,i.Iy cqiial t,o t.lial, lwt.w!cn l,he 3d G'n 
s ta te  and 3p ?C. This means t,liat. hot,Ii 3d G'11 - 2s ,\'E ancl 31, 'P - Zp B'II 
have approxiiiiately equal transit,ioii energies (-1:) 000 c m - I )  RIICI one nliglit. espcct 
further lines in t,Iiis region. Ilowever, t III: new transit.ions are l i k l y  to be I I I I I C ~ I  weaker 
(Ketterle 1W1). 

We use the energies ginw ill  t,al)les 1 aiid 2 to  co~~s t ruc t ,  :I t,al,lc of ~,rmisition 
energies. t,al)le 3 'I'ha relat,ive scpar;it.ioii a i ~ ~ o ~ ~ g s ~ ,  t l ~ c  I:. F, C; ~ I I I ~  II levels agr(:~!s 
with experiiiient,al detcrminat.ion of Iict.l,(:rIc ( I!M)h) t,o w i t h i n  20 mi-'. I i d r r r l  twergx 
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Table  3. Energy separahns hetween some of the lowest bound s l a t s  of HeH; a com- 
parison with esprrimenl (I<et.ierle 1990d) and theory (van Hemert and Peyeerinthoff 
1991). The 1,liroretical separations are giveti relative to the experimental values of 
colum, 2 .  Energies in  cn-'. 

Theory (fixed R ) t  Theory (adiabatic) 

A,-, Expt VHP This work VHP This work 

A-B 
A-C 
A-D 
A-H 
B-C 
B-F 
C-D 
C-H 
D-E 
D-F 
D-G 
D-H 
E-F 
E-G 
E-H 
F-G 
F-H 
G-H 

2 563 
12 427 
18 215 
19 249 
9 864 

16 383 
5 788 
6 822 

547 
731 
808 

1034 
184 
261 
4s7 

i 7  
303 
226 

-310 
33 

149 
-2 
343 
394 
116 

-35 
-165 

-G5 
-121 
-150 

100 
44 
15 

-56 
-85 
-29 

-316 
-405 

81 
-3 

-90 
304 
48i 
402 
-87 
-92 

-103 
-84 
-5 

-16 
3 

-11 
8 

19 

-359 
164 
130 

1 
523 
451 
-34 

-163 
-133 
-38 
-83 

-129 
95 
50 
4 

--I5 
-91 
-46 

-257 
-11 
122 
85 

247 
353 
132 
95 

-39 
-26 
-46 
-3i 

13 

2 
-20 
-11 

9 

- -, 

separations between any two levels, wliicli do not include the A ,  B or C state (see 
below for these exceptions) agree to withiit 60 cin-l ,  which is exceptional accuracy 
for nb ivitio calculations. Oiir liiglicr eiiergy levels are, without exception, in better 
agreement with experimeiit tlian previous t.lieoretical calculations. Taking transition 
eiiergies for all states betwecii [.lie i\ to 11 st.at,es we find t,liat OUT results reproduce 
Iietterle's (199ld)  esperiineiilal energies with a standard deviation of 174 cin-' and 
a. systematic mean error of 90 ~111-I .  T h e  corresponding numbers for tlie results of 
vau Heinert and Peyerililllofl (1991) are 227 and GO c111-l respectively. We iiote tha t  
tlie iiiajor coiitribut,ioii to our errors arise froin the uncert,aint,y iii the lower three state 
states (A ,  B and C). Excluding these stat.es w e  find that our results are significantly 
bett,er than other theoretical calculat.ions. Also our  rotational constants are io het.ter 
agreement with experiment tliaii the nb i i i i t io r e s u l k  of van Heinert and Peyeriiiilioff 
(1991). 

Table 3 sliows clearly t.liat. nuclear mot,ioii cffects are very importatit. certainly 
for t , l ie lowest, bouiid st.at,es. lor ii corrnc.t de(.criniiint,ioii o l  t,raiisit ioii energies. Also 
froin t,ahlc 3 one cnii deduce t.liat. t l i e  st,at,c* A? \ '  atid C'S is t,oo liigli i i i  ciirrgy 11y - 100 c111-l and B '11 is t,oo liigli by - 350 c n - ' .  Tlir p r o h l ) l c  rciisoii for l,Itis 
differciit,ial i l l  accuracy for t.hcsc loww st,iitcs is t,li;lt :is tlics~! st.at,rs iirs t,lie t i lost 
compact,, electroii-elect,roii corrdii t  ion is very iiiiport,iiiil,, iiidicat.iiig lprrltaps I.hat. we 
have not. t,reated these efYcct,s siillicieiit,ly accur;it,itly. 

~ i i  figiirc z we 111ot, 111~ o f k c t i v c  , l i i i i i i t . i i i i i  IIIIIIIIIC~S for t . 1 ~  lowest 10 '2 s ta tcs  
a s  a fiinct,ioii of iiit.criiucIear scpariit,ioii. 'l'liis t,yli<: 01  plot liaa a i l  advalit~ugr over 
t.lie Ipot,etit,ial energy curvvs, ligiire 1. i i i  t.hat. t.lie eiiergy sca l r  is linearized so t.Iiat 
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3 3d 

interaction hetween stat,es. wliicli appear a s  avoided rrossings, are most, graphically 
displayed. 

In figure 2 one observes a systenial.ic repct, i t ion of t,lie diagram, apart  froin t.lie 
obvious appearance of an  additional st.ate as t,hc principal qiiaiit~uiii nii inl)er increases 
by unity. This suggests that. t,lie elcct,roiiic st,at,rs arc wcll brliaved wit,li a few avoidcd 
crossings at large internuclear separat,ioii. This also iudicates l,liat, al l  t.lie states are 
coinposed of a single core wit,li a dilfiise escit,ed cIcct.roii. Tlic r.iirve crossiiigs, t l i e  
first being hetween the D 2 X  and F2X st,at,cs al. R - 2.0 n o ,  i i idirat,c mixing of states 
which may be very localized if t,lie crocsing is sliarp or global if  IJic asoided crossing is 
long range. The  qnantnm defect,s for t.lic Iiiglicr syniinct,rics are ahnost, const,ant,, apart 
from localized avoided crossings a t  R, - 2 n o ,  and for t,liis reason have not, h e e ~ i  plotted 
as a function of R. The  values of t l ie qriaot,um (lcfect,s for Llie higher symmctries are 
much smaller 1,liair those for [.lie P synnnct,ry. 

An interesting fcatiirr of t . 1 ~  plot, i l l  figurc 2 is t,lit: particularly l a r p  q i i a n t i i i n  
defect,, - 0.5. for l ip 'X series. This arises from t,lic fact, that ,  ( , l ie  priiiripal qi ia i i t imi  
niiinber of (,lie IO\WSI, st,at,c: dil[i!rs I)? oiic dq~i:iidiiig oii wlict,lii;r t, l ie t.wo ni ic l r i  a re  
separatcd (He + 11) or i i i i i t , o r i  (1,i). 'l'liis res i i l t ,~  i i i  I , ~ I C  st,roiig iiit.i?rar.ttioii of thc us 'Y 
and iqi ?? a t  s ina l l  i i i t ,eri i i iclear scpiirat.ioiis. I i idcccl our NCQD ra lc i i lat . ions prcdkt. a 
swap over in  I cIiaract,er near IZ = U,$] ail.  or villucs or R. close i o i , l i  eqiii~iI~riiiiii value 
for the ioir (1.455 u o )  the 7)s '?: arid 7 1 1 )  -\ Stilt,es are il go%, and 10% IlliStUre. the 
lower of the two st,at.es correspondi~ig t,o iloiiiiiiant, s cliaract,er. This is i l l  agreemciit 
wit11 Ketterle's (1090b) observat,ioii a h i t ,   lie I\ st,atc from iiitciisit~y argiiincnt~s and 
theoret.ical calculations of van I l o i i i ~ r t ,  aiid ~ e ~ e ~ i ~ ~ ~ l ~ ~ r r  (1991). 7'1iis will b e  considercd 
i n  more det,ail in a lat,cr prililirat,ioii (Sarpal  and l'cmiyson 1991). 

1 - 
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An impor tan t  impl icat ion of t,lir R i lependciit. c l ia rackr  of  ail  clcct,roiiic stat,e is 
that it inay offer ail insight. indo prerisely whme a radiat.ive t ~ r a ~ i s i t i o ~ ~  1,akt.s place. For 
exa,mple a p n - p C t,ransit,ion is  lcss favourable t.han p n - s z: ( k t s a l a k i s  ef  n l  
1987), so t h a t  by cl iai iging R the t.ransit,ioii can he  artriled on and off. T h i s  type of 
behaviour may hecome i m p o r t a r ~ t ,  for l i iglrer vil,rat,ioiial atid rot,at,ioiial states whose 
mean internuclear separat,ion is significant,ly different f rom t . 1 ~  eq i i i l i h r i i im value. re- 
sulting in in tens i ty  fluctuations in t.he v ihrat io i ia l  and rotat, ional bands. 

For large internuclear separat,ions, t h e  low Rydberg  states are  probably not hest 
described by functions cent,red on t.he cc~me-of-mass of the moleciile and the quantum 
defects of these states for large int,eri i i i r lear separat,ioiis should be considered ill t h t  
light. For t h e  higher R,ydhcrg st.ates t,he average size of the  excited orhihl is  an 
order of magn i tude larger t, l iai i (,lie internuclear separation. and t l ie  QDT analysis is 
applicahle for these states. Of coiirse i f  the basis set. in whicl i  t,lie wavcfi inct ioi i  is  
expanded is sufficient.ly large, then it does not. mat.t,er where t l ie  orl i i t,als are centred. 

T h e  MCQD parameters. ohlkiined hy ext,rapolat,i i ig t.ltroiigli tlirrsliold iii IIeIl+ 
scattering caldulations, were found 1,o he in agrc~:iiiciit. wi1.h t,he II  = 5 Rydhcrg  states 
t o  w i t h i n  0.002. T h e  obsrrvat,ion t h a t  t.lie boiind st, i i te q i ~ a n t ~ i n i  dcfert,s are so si i i i i lar 
to the  MCQD paranieters. i n  m a g n i t ~ i < l e  as w e l l  as t,lic variat,ioii w'it,Ii R, even for 11 

> 3 is indeed a very powerfu l  result. Specifically, i t  i i ieaiis t.liat, one has  completely 
characterized all the  horund stat,es w i t h  I < 5 aiirl 111) t,o symmrt.ry coilverging t o  t h e  
first ionic threshold. As t,lie hound stat,es associated wil,II I i iglter ionic I.liresholds all 
occur ahove t,he f irst t l ireshold, avoided crossings \vit,li t,lie Rydberg  scries do not occur. 
T h i s  result,s in nearly constant (hut, R rlrpendeiit,) qi iai i t , i i i i i  defcrts. The polarization 
effect o f  the Rydberg  series convcrg i~ ig  t,o t.lie next, t\vo t,liresliolds is also i i iclrided i n  
our calcnlat~ions a5 we ret.ain t.Iie exc i t rd  a 3 Y  acid ,\ '2 t,arget, st,ates of l lclI+ i n  our 
expansion of t.be inner region uwcf i inc t . ion ,  ( I ) .  

6. Coi~clusio~is 

We have calculated the  lowest. 33 electronic b o ~ i r ~ d  st,at,cs of I l e l l .  Our resrilt,s are hot,l i  
extensive and give bett,er t,raiisit,ioii freqi ici~cies ~,liiiii ~ p r o ~ i o u s  ob i ~ i I / I o  ,let,nrininatioiis. 
We hope that th is  might. lead t,o assigninciit. of soiiie of t,he wcak t,ransit,ioiiS observ~:d 
by Ket ter le  (1990d). 

I11 our calculations the vmt,icnl (risd eqi i i l ih r iu i i i  geomet.ry) t ,rai isi t ioi i  f r~q i ic i rc ies 
for t l ie  higher st,at,es are very si i i i i lar t o  t.liose wl icre i i i i r l ca r  tnot io i i  l i i i s  lwcn iiir.Iud~d 
T h i s  is because t,he bound st.at,es are Rydherg i n  cliaractcr a n d  l ie l i re  t , l v  pot,ciit ial 
energy curves are a l m a t  pa ra l l e l  t,o oiic aiiot,lier. Tlic i i i r l i i s io i i  of zoro point, ciicrgy 
does n o t  affect the  relat ive energy leve ls  s ig i i i l i ca i~t~ ly ;  t l i e  III~II~IIIIIIII for a l l  states 
occurr ing for t,lie same vali ie of R. It, i s  for si i i i i lar rmsoiis I.hat, I , I I P  csriI,at,ion energies 
are isot,ope independent., as t,lic i l i l f rrcnces iii zero poil it, enrrgy. w l i i r l i  arc 011e t,o  lie 
different reduced inass, sh i f t  ~ i i i i f o r i n l y .  

hlthouglr t,he accuracy orollr r.aIciiIat,ioiis art' hcIox t l rc filial r f w i l t s  o f  vati Ilcmcrt, 
and Peyer iml io l l  (I!J91), it. s110111d lhc i ioled t,Iiat. we do 1101, apply  any rescaliilg of 
potei i t , ial  eliergy curves alii1 t.lirt:sliolds. 111dw~1 if  o b  i r r i l io  rcs i i l ts  i i r r  coii ipared t , l ~ t > n  
our results arc significaiii.ly I,ct.t,i:r t , l i i i i i  any 1m:vioiis work. It, s1~o111~1 I I C  possihlc t,o 
get, incrcasrd accuracy Iby in iprov i i ig  oiir target, \\,:~v~,Ii i i irt ioiis, t h i s  p r o r ( d i ~ r c  would 
s t i l l  involve far fewer coiif igiirnt,ioiis t II~III tlie st,andard q i i a i i t ~ i i i i i  r l lcnlist.ry approach 
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The  level of agreement, Ixt,weon our elect.ronic. t,ransiIion energirs and t,lie esperi- 
mental meamrement.s demonst~rat.es t,lir advandagr of t,lie R-matrix met.hoi1 i n  det,er- 
mining diffuse bound states. We hclirvc tha t  t,liis met,liod will prove to be ofsignificant 
value for t,he underst,anding of moleciilar Rydberg sl.at,es. The  main advant,age stems 
from the method being able t,o t.reat bot,li Llie srat,t,ering and bound st,at,e phenomenon 
in a unified manner and more important.ly to the same accuracy. Tlicse points are also 
important for the  int,erpret,at.iou of resona,nces at, low scattering energies (Sarpal et a /  

1991a). Furthermore the number of configurat,ions employed in the  R-mat,rix method 
is significantly sinaller than t,liose required for a qiianbuin cliemist,ry calculation of 
similar accuracy. \\'ark is current.ly i n  progress on developing a rode to calculate t r a m  
sition moments bet,weeii dinuse st,at.es of the t.ype considered here (Drancliet,t, 1991). 
Calculations are also in progress an dissociative stat.cs of IIeH i n  order to st,iidy disso- 
ciative recombinabion of Hell+ plus an electron (Sarpal et R I  10911~) aliere t,he bound 
states of the neutrai piay an  i inporhnt.  role. 
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