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Coordinateorderingin the discretevariable representation
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The problem of what order to treat the coordinatesin the schemeof successivediagonalisationsand truncations
commonlyusedin multidimensionaldiscretevariablerepresentation(DVR) calculationsis analysed.Test calculationsin 4
different coordinateorderingsare performedfor thevibrationalband origins of the HCN andH~molecules.Thesetests
showthat calculationswhich placethe coordinatewith the densestDVR grid last requireconsiderablylesscomputertime
andconvergesignificantlyfasterthan theotheroptions.

1. Introduction [9],which is particularly efficient at treatingcases
of strongmodecoupling.

The discrete variable representation(DVR) So far mostDVR calculationson multidimen-
hasprovedvery powerful for studyinghighly ex- sional problems have actually been FBR—DVR
cited vibrational statesof small molecules. The hybrids with a DVR used only for one coordi-
applicationof the DVR to molecularvibrations nate. However, a numberof studieson H~[10—
waspioneeredby Light andcoworkers[1] follow- 121 have used a DVR in all threevibrational
ing original developmentsin the sixties[2,31.More coordinates.The most recent of these studies
recently DVR based methods have also been haveyieldedspectacularresultswith estimatesof
usedto studyheavyparticlescattering[4,5]. all the bound vibrational statesof this system.

The advantageof the DVR over the conven- This representsa fivefold increasein the number
tional finite basis representation(FBR) results of convergedstatescomparedto an early study
from writing the problemas a heirachyof Hamil- which used an FBR for two coordinatesand a
tonians. The Hamiltonian matrices are diago- DVR in the third [131.
nalised in turn and the lowest energy solutions Whenusinga DVR in more than one dimen-
usedas a basis for the next Hamiltonian in the sion, there is a choiceover how one ordersthe
heirachy. This diagonalisation and truncation coordinatesfor the successivediagonalisationand
techniqueleads to final Hamiltonianswhich are truncation procedure. So far the question of
heavily truncatedcomparedto the initial set of whethercalculationsaresensitiveto how coordi-
grid points [4,6,7]. It should be noted that al- natesare orderedhasreceivedlittle attention.It
thoughprediagonalisationand truncation(“con- hasbeenstatedthat thebestmethodshouldbe to
traction”) hasbeen used in FBR techniques[8], treatthe coordinatesin order of decreasingden-
the DVR gives an optimal method of doing this sity of associatedvibrational states[11,141.Con-

verselyit hasalso beensuggestedthat the order-
ing of the coordinatesin the calculationsis of
little significance[10].
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signedto illustrate the behaviourof multidimen- A three-dimensionalDVR is obtainedby ap-
sional DVR calculationsas a function of coordi- plying the transformation
nateorder. We show that the efficiency of the
calculationis stronglyinfluencedby the ordering Haa~i

3j~~,y,y~

of the coordinatesandwe suggestthat the opti- — ~

mal procedureis given by placing the coordinate — ~ (Tm,n,j)m,n,j m’,n’,j’
with the largest number of DVR points (and
hence the densest associatedvibrational spec- X Km, n, f I H I m’, n’, j’)T,~’,~,’;X’. (4)
trum) last.

The3D transformationcanbe written asa prod-
uct of 1D transformations

2. Theory T”~’~= T~T’
3 TY (5)m,n,j m n j

The 1D transformationsare defined in terms of
Considera triatomic vibrationalproblemwith

total angular momentum J= 0 and coordinate points,i~,andweights,w~,of the N-point Gauss-
system(r

1, r2, 0). As the DVR is verymuchmore ian quadratureassociatedwith the orthogonal
polynomialusedfor the FBR in that coordinate:efficient in orthogonalcoordinates,thesecoordi-

natescouldbe Radau(seeref. [15]) or scattering ~ = I t(i~)), (6)
(Jacobi)coordinates[1]. For thesecoordinatesan
FBR Hamiltonian matrix elementcanbewritten where I t) = m), I n), I j) for 11 = a, /3, y, re-
[16], spectively.

The transformedHamiltonianis written at the

(m, n, jI H I m’, n’, ~l’) DVR grid pointsas

= Km I A~(1)~~ + Kn I ‘il’)6 6 (
3D)Haa~pI3fyy~

I m,m’ j,j’
+ (Km I I m’)ô~,~~ = K~~6I3I3’&~y’ + K~2~,I5 6

I3~3 a,a’ y,y’
+ Kn I I fl’)6m,m’)J(J + 1)6..~ + L~1~ ~6 + ~

jj a,a’,-y,-y j3,f3’
+ (m, n, j V(r

1, r2, 0)1 m’, n’, j’), (1) + V(ria, r213, 07)6aa~
6l3,pf6yy~, (7)

whereit hasbeenassumedthat the angularbasis where the potential energyoperatoris diagonal
functions If) are Legendre polynomials and it becauseof the quadratureapproximation[3] and
will be assumedthat the radial basis functions (na, r

2~,O~)is the value of (r1, r2, 0) at grid
can also be expressedas weighted orthogonal point (a, /3, y). The kinetic energy terms are
polynomials.In eq. (1), V is the potentialandthe representedby
kinetic energyintegralsaregiven by

~ = ~(7’1)
T(tI~(1)It’)7~’, (8)~1,?J’

—h2 ~2

KtI~°lt’)= (ti It’), (2)
2p~r~ar

1
2 and,again applying the quadratureapproxima-

tion,
wherelt)=Im)fori=land!t)=In)fori=2,
and _____L~’~ , = ~ 2p~~r~(TY)T ( + 1)TT’6,~,~~.(9)

‘l,’l’ 77

I It’) = <t 2~r~It’), (3) To illustrate the diagonalisationandtrunction

schemes,considerthe casewherethe coordinates
wherep~,is the appropriatereducedmass[16]. are treatedin the order r

1 then r2 then 0, i.e. a
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then /3 then ‘y. The 1D problems,which needto thereis no problemin principle with having 0 as
besolved for eachvalueof f3 and ‘y, aregiven by the secondcoordinate,we havenot included this

option as it is would require considerablerepro-
(1D)H13,y = K~’~+ V(Tia, r2p, o~)8aa~. (10) gramming.As we show below, the major consid-

a,a a,a’

eration is the final coordinate and the above
Amplitudes for the kth level, with eigenenergy optionsallow for all threepossibilities.

7
aregivenat the grid pointsby C~,’k. Our calculations focussed on the triatomic

Solutionswith eigenenergiesabove a certain moleculesHCN and H ~. All calculationswere
cutoffvalue, E~,arediscardedprior to the next performedin scatteringcoordinates.In general
step. The N 2D solutions with �~‘~‘ � EI~ are we did not aim to producefully convergedcalcu-
thenusedto solve 2D problemsfor eachvalue of lations as thesewould have been prohibitively
y. This gives expensivefor somecoordinateorderings.Instead

(
2D)HI37I3,kk, = E~’~6I3I3~6kkf+ ~ ~ we choseto comparethe resultsbetweenorder-

a I3’I3 a,k ings, both in terms of computationalresources
(11) used and convergence,for standardizedcalcula-

tions using the samegrid points and cutoff pa-

Solutionsfor the lth level, with eigenenergy�7’, rameters.In fact cutoffs canbe expressedbothin
are givenby C~lk. termsof energies(E1’~ E2D) and numbersofmax’ max

The solutionswith �7 � E~ are thenusedto functions selected(N2D, N3D). For easeof corn-
solve the full 3D problem of dimensionN3’~: parisonwith the vibrationalband originsquoted

below, all the energycutoffsare givenrelative to
(3D)H

77,11, the vibrational ground stateof the relevantsys-

tem.
= ~ + ~ {CI3YI,~CI3Y:I,,~~

f3,k,k’ [ 3.1. HCN

x (L~I377~+ ~ [c~’~Lf’) ~c~7)] (12) HCN waschosenfor initial studiesasscatter-a,k a,a,y,7 a,k
a ing coordinatesgive a reasonableapproximation

to the vibrationalmotions of the molecule.Thus
Diagonalisationof this yields final energiesand 0 approximatesthe bendingmodefor bothHCN
wavefunctioncoefficients, and HNC isomers,and the reaction coordinate

Clearly it is possibleto formulatesimilar diag- betweenthe two minima. As the bendingmodes
onalisationand truncation schemesfor the five areof much lower frequencythan the stretching
other possibleorderingsof (r1, n2, 0). Note that modes one would expect the 0 coordinate to
it is possibleto include the diagonal(in ~‘) contri- representthe densestset of vibrationalstates.
butions earlieron this solution scheme,for exam- The calculationsused the HCN potential of
ple L~7,7~in the a step and L~77~in the /3 Murrell et al. [17]used in previousFBR [18] and
step. However, previous experience[14] shows DVR [9,19,20]studies on the high-lying vibra-
that this procedureproducesintermediatevectors tionalstatesof HCN. The calculationsusedMorse
which are lesswell adaptedandhaveworsecon- oscillator-like functions [16] in both coordinates.
vergenceproperties. All calculationshere used N1 = 30 points in the

n1 coordinate,N2 = 40 points in r2 and N0 = 74
in 0. This grid is almostcertainlydenserthan is

3. Calculations necessaryto obtain useful resultsfor HCN — for

exampleBa~i~and Light used N0 = 45 in their
The 3D DVR program developedby us has calculations — but this servesour purposefor

four possible coordinate orderings: (r1, r2, 0), illustratingtheeffect of coordinateordering.Note
(n2, n1, 0), (0, n1, r2) and (0, r2, n1). Although that the numberof grid points in eachcoordinate



196 J.R.HendersonetaL / Coordinateorderingin thediscretevariable representation

Table 1 Table 2
Bandorigins in cm’ for HCN as a function of coordinate Band origins, in cm

1, for HCN as a function of coordinate
order.All calculationsusedthesamegrid andenergycutoffs, order.All calculationsusedthe samegrid andvalueof E,2~
________________________________________________________but E~ n the 0 first calculationswas loweredto give Nm~
Order: r

1 —~r2 —~9 r2 —~r1 —~8 0 —, r~—~ r2 0 —* r2 —~ri similar to thoseof the 0 last calculations.

N,~: 94 89 301 381
Order: r1—*r2—*0 r2—’r1—’0 0—*r1—*r2 0—,r2—*r1

N~: 4231 3730 4455 N
21~’ 94 89 82 115
max

N30: 589 597 734 642
N20’ 4239 3730 738 932

(s): 289 325 690 580 tot
N30: 589 597 580 538

Band Bandorigins(cmt) t (s): 270 312 450 476

1 1418.5 1418.4 1420.5 1418.8
Band Bandorigins(cm1)21 6554.6 6532.8 6570.5 6570.5 _____________________________________________________

41 8305.6 8300.1 8370.2 8348.4 1 1418.5 1418.4 1460.3 1445.2
61 9673.9 9644.3 9795.0 9742.4 21 6554.5 6532.8 7628.1 7274.7
81 10654.5 10638.7 10863.0 10791.8 41 8305.6 8300.1 11107.2 10058.9

101 11590.5 11521.1 11972.8 11789.4 61 9673.1 9644.3 13236.3 12292.5
121 12391.4 12337.3 12834.8 12737.4 81 10654.4 10638.7 16247.9 14475.7
141 13089.0 13059.5 13876.3 13598.8 101 11589.8 11521.1 19073.1 16730.0

121 12391.2 12337.3 21319.4 18578.8
141 13088.9 13059.5 24011.5 20891.0

is an approximatemeasureof the densityof the
vibrational spectrumin that coordinate.

with those of Ba~iéand co-workers[19,20] whoTable 1 comparesthe four coordinateorder-
ings for an unconvergedcalculationon HCN us- only consideredbandorigins up to 12540 cm
ing the cutoff E~= 16144 cm~and E~= Again the 0 last calculationsgive muchbetter
13 132 cm ~. For comparisonthetotal numberof convergenceandrequirelessCPU time, although

the differencein the sizeof the final Hamiltoni-1D solutionsselected,‘V~ the maximumsize of ans,N3D, is less marked.Indeed it is interesting
a 2D problem, N

1~ and the size of the final
Hamiltonian, N

3D, are given. The CPU time
taken, t, in Convex C240 single processorsec- Table3
onds,is also given. It is clearfrom table 1 that the Band origins, in cm ~, for HCN asa function of coordinate

runswhich place 0 lastaresuperiorand useless order.All calculationsusedthe samegrid andenergycutoffs.
CPUtime than the calculationswith 0 first. The energycutoffs were chosenso that the (r

2, r1, 9) results
converged.

A featureof table 1 is the comparativelylarge _____________________________________________
valuesof Nm~usedin the 0 first runs. Table 2 Order: r1 — r2 —*9 r2 —* r1 -~0 0 — r~—* r2 0 —, r2 —* r1

gives an alternativecomparison,againwith con- N
2D. 208 154 597 815
mar

stant E,2~= 13132 cm~,in which an attempt N20 11882 8282 11078 11078
hasbeenmadeto makethe sizeof N

1~compa- tot’
N

30: 2180 2200 2958 2095rablebetweenthe runs. The result of this is also
(5): 4338 4420 11055 6145to bring the valuesof N3D close togetherbut to

further degradethe convergenceof the 0 first Band Bandorigins(cmt)

calculations.Indeedthesecalculationsno longer 1 1418.4 1418.4 1418.4 1418.4
give satisfactory results for the HCN bending 41 8295.4 8295.3 8296.8 8295.9

81 10619.9 10619.4 10623.3 10620.3fundamental(bandorigin 1). 121 12208.9 12206.9 12222.6 12212.0
Table 3 presentscalculationson HCN using 161 13425.4 13414.2 13448.5 13425.0

much largerintermediateenergycuttoffs (E~,’~= 201 14325.8 14323.1 14366.2 14345.9
26124 cm1, E,2~= 22104 cm~)which aimed 241 15344.0 15338.2 15381.0 15353.0

for convergence.At this level the bandorigins for 281 16226.3 16218.7 16271.3 16242.7
the (r

2, r1, 0) calculationsagreeto within 1 cm~ 321 17002.3 16996.3 17074.0 17031.5
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Table4
Band origins in cm 1, for H~as a function of coordinateorder.All calculationsusedthe samegrid and energycutoffs. The
convergedresultsof Hendersonetal. [12] are shownfor comparison.

Order: ri—*r
2—*0 r2—r1—*0 0—*ri—*r2 0—*r2—r1

N,~: 793 862 412 467 446

N~: 11731 12993 11650 11650 14287

N
30: 876 876 693 799 5500
(s): 3097 3888 1013 1296 89136

Band Bandorigins (cm1)

1 2521.4 2521.4 2521.3 2521.3 2521.3
41 14223.5 142215 14214.4 14225.7 14210.9
81 18238.9 18238.9 18224.7 18230.8 18208.6

121 20814.1 20814.1 20806.6 20816.1 20759.4
161 22791.9 22792.0 22794.1 22819.9 22687.9
201 24572.8 24572.8 24584.4 24643.9 24356.4
241 26418.2 26418.3 26340.4 26379.8 25834.1

to note that although the (0, n
2, ri) calculation HendersonandTennyson[11]. Thesecalculations

had the smallestfinal Hamiltonian, this calcula- havesincebeencriticisedfor displaying non-van-
tion requirednearly 50% more CPU time than ationalbehaviour[22]. In thiswork we only con-
the 0 lastcalculations.This can be attributedto sider even symmetry calculationswhich do be-
the significantly largervalueof N1~in thiscalcu- havevariationally[22,23].A full discussionof the
lation. problemswith variationalbehaviourand the 3D

Tables1—3 all show that the 0 lastcalculations DVR canbe found elsewhere[12].
convergebetter and arequicker than the 0 first Table 4 presentsevensymmetry band origins
calculationsfor HCN. Theyalso indicatethat the for H~performedwith a common set of cutoff
(r2, r1, 0) orderingconvergesbetterthan(ri, r2, parameters, E~ = 55936 cm~ and E1~=

0). 26091 cm* For comparisonhighly converted
results,basedon the study by Hendersonet al.

3.2. H3~ [12],are also shown. This calculationused E~
=65936cm’~and E~x=51052cm_i.

As mentionedin the introductionH ~ hasbeen The resultsof table4 againshowvariationsin
the focus of several 3D DVR calculations.Our convergenceand CPU usage. In general the
previous calculations[11,12,14] have all used a (0, n~,r2) ordering gives the lower results, al-
(0, r1, r2) coordinateordering * basedon some thoughthe (ni, r2, 0) and (r2, Ti, 0) calculations
preliminarytests[14]. are lower in the intermediateenergyregion. It

For this work, calculationswere performed shouldbe noted,however,that these0 lastcalcu-
using the ab initio potential due to Meyer et al. lationsrequire morethan 3 times the CPU time
(MBB) [21]. The grid of points used is given by of the (0, n~,r2) calculation.
N1 = 36, N2 = 40 and N9 = 32. Becauseof the
symmetry of the system it is only necessaryto
considerhalf the 0 grid points [13]. 4. Conclusions

The calculations closely followed those of
Thesetest calculationsshow that 3D discrete

variablecalculations(DVR) show a strongsensi-
* Note that the coordinateorderingusedby Hendersonand tivity to the order in which the coordinatesare

Tennysonwas(0, r~,r2), not (r2, rt, 0)asstatedin ref. [11]. tackled in the calculation. This sensitivity mani-
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