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An Empirical Potential Energy Surface for Water Accounting for
States with High Angular Momentum
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A new empirical potential energy surface for water has been deduced using fully variational
calculations and nonlinear least squares. The refinement was made starting from the previously
published surface of Jensen (J. Mol. Spectrosc. 133, 438, 1989), with 13 parameters being mean-
ingfully determined from the data set. The new potential reproduces excited rotational energy
levels more accurately than the previous surface. It has good extrapolation properties, while still
offering useful predictions of the higher energy band origins. Suggestions are made as to how
further improvements can be made to the surface. © 1994 Academic Press, Inc.

1. INTRODUCTION

With the development of efficient computational schemes for the variational cal-
culation of rovibrational states in small molecules, these methods have been brought
to the forefront of investigations into spectroscopic behavior and chemical reaction
dynamics. There is still a growing literature reporting improved computational methods
for small molecular systems (7, 2). Of equal importance is the determination of mo-
lecular potential energy surfaces which guide such computational work. In recent
years, there have been several published empirically determined potential energy sur-
faces for several triatomic molecules including H,O (3-5), H,S (4, 6), H,Se (4, 7),
HCN (8), CO, (9, 10), and HY (11, 12).

Conventionally, rotationally resolved spectra of water have been analyzed using
approaches based in perturbation theory (/3). Such analyses have been suitable for
the identification and assignment of transitions at low angular momentum; however,
it becomes increasingly difficult to assign transitions at higher J and K| levels in the
ground vibrational state due to large contributions from centrifugal distortion. The
reduced Hamiltonian of Watson (/4) must be extended to very high order to satis-
factorily reproduce the observed energy levels in these higher J states. Indeed, if such
an analysis is extended beyond J = 20, a divergence in the perturbation series is
encountered (75). In the region of the first triad of water (2»,, v, and v;), analysis
becomes complicated by accidental degeneracies given rise to from Fermi and Coriolis
resonances. These degeneracies become more commonplace for higher degrees of
vibrational excitation. In order to account for the positions of energy levels to within
their measurement accuracy, it becomes necessary to use an unphysical number of
molecular constants. Other approaches have been reasonably successful at accelerating
the convergence of Taylor series expansions using various approaches (16, 17).

Here we present the results of a least-squares refinement of the ground state potential
energy surface with the starting point chosen as the previous result due to Jensen (3),
which was derived from experimental data using the MORBID variational approach
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(18). This study, while including a variety of data for highly excited vibrational states,
was based on rotation-vibration data involving J < 2 only. Due to parameter corre-
lations it was not possible to freely adjust the equilibrium value of the bond angle
supplement, and therefore it was constrained to its ab initio value. We have found
that the inclusion of a variety of rotationally excited energy states as data in the least
squares has allowed for the empirical determination of this quantity. This led to more
meaningful values of all other parameters in the potential and serves as a better starting
point for a truly predictive potential energy surface.

2. COMPUTATIONAL ASPECTS

All calculations were performed using Radau coordinates following the meth-
ods outlined in a previous paper (/9). Finite basis representation (FBR), using the
TRIATOM program suite (20), and one-dimensional discrete variable representation
(DVR), using DVRID (27) calculations, were performed for the states of interest.
The FBR calculations used 800 functions (see Ref. (/9)) for a given k value in the
first step of the FBR calculations, with truncation to 1800 basis functions in the second
step. For the computation of band origins, 40 DVR grid points in the bond angle were
chosen for a calculation with 22 radial basis functions. These calculations ensured
convergence to within 0.001 cm™! for states below 10 000 cm™', and to within 0.1
cm™! for band origins below 20 000 cm .

TABLE 1
Parameter Values for the Water Potential
Parameter ab initio® Jensen ® This Work
p. | Degrees 75.56024 75.56024  75.4781(28)
re /A 0.959166  0.95843(1) 0.958290(16)
a/A? 2226 2.22410(20) 2.2251(8)
£/ em! 19618 18975.6(17)  18988.7(38)
£/ em™? 1551 1728(58)  1586.4(39)
M emt! 5154(86)  5003.5(93)
Y em™ ~6159  —T171(52)  —7023(40)
2/ em™! —3129(74)  —3138(36)
2/ emt —4060(538)  —4050(52)
@/ em! 12910 42943.3(57) 42892(67)
@)/ em™! 222 —2262(281)  —2330(107)
&/ em? —4318(300)  —4338(70)
© /em? —1016 —1070{17)  —1030(11)
Y / cm™! 4694(252) c
,” / cm™! 693(253) c
}}{ / em™! 3769(658) ¢
113/C“1 ! —1262(78) c
,“ / em™! 9961(757) c
T / em™ 2222(214) c
I 1 em™! —202(114) c
Weighted RMS / cm™! 0.05 0.01
Weighted RMS (Band Origins) / cin™! 0.09 0.08
* Ref. [31]
® Ref. [3]

¢ Fixed at Jensen’s value
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TABLE 1l

Observed and Computed Rotational Energy Levels of
Water, in cm™ !, with J = 10 for the Vibrational Ground
State®

Level Jensen ' Obs-Calc This Work Obs-Calc

10 010 1114.3669 0.165 1114.5752  —0.043
10 0 1114.3840 0.166 1114.5928  —0.043
10 15 1292.8694 0.149 1293.0596  —0.041
10 25 1293.4641 0.170 1293.6738  —0.040
10,5 1438.0359  —0.067 1438.0298  —0.061
10 35 1445.9680 0.160 1446.1675  —0.039
10 57  1538.5979 0.448 1538.2505  —0.100
104, 1581.0188 0.317 1581.3560  —0.020
10 46 1616.6970 0.241 1616.5342  —0.081
1056  1717.9143 0.805 1718.6753 0.053
1055 1724.0750 0.631 1724.6821 0.024
10 65 1873.4045 1.569 1874.8154 0.158
106, 1873.9128 1.060 1875.3071 0.155
10 7, 2051.8552 2,514 2054.0273 0.318
10 75 2051.8796 2.491 2054.0513 0.318
10 55 2250.7507 3.532 2253.7568 0.527
105, 2250.7517 3.532 2253.7573 0.527
109, 2466.5583 4.697 2470.4644 0.791
100, 2466.5583 4.697 2470.4644 0.791
10 101 2695.9045 5.985 2700.7729 1.116
10 100 2695.9045 5.985 2700.7729 1.116

@ Observed energy levels taken from Ref. [24]
b Potential of Ref. [3]

Each computation of energy levels constituted one step in the nonlinear least squares.
Eigenvectors obtained from the variational solutions were used to compute derivatives
of the energy levels with respect to the parameters in the potential using the Hellmann-
Feynman theorem:

oE
= <J A

dc,

J,n>. (1)

A numerical check on this procedure, actually performed for H3 and its isotopomers,
found it to be accurate to at least four figures. The derivatives and the computed
energy levels were used together in the Levenberg—Marquardt method for nonlinear
least squares (22, 23). The experimental data used in the fit included all measured
band origins below 20 000 cm™' as well as rotationally excited states with J < 9 below
10 000 cm™!. The experimental data were weighted according to the reported uncer-
tainties and were taken from a number of published sources (24-30). The calculations
were performed on a Cray YMP and required 4 megabytes of memory and approxi-
mately 2 cpu hours per cycle in the least-squares refinement.

3. THE POTENTIAL

The functional form chosen for the potential used in this work is the MORBID
form from Jensen (/8). Here, the potential is expanded in terms of Jacobi and Morse
variables as
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TABLE 1l

Observed and Computed Rotational Energy Levels of
Water, in cm™!, with J = 10 for the (0, 1, 0) Vibrational
State?

Level Jensen © Obs-Calc This Work Obsr-r(;,'alc

10 10 2704.5837 0.513 2705.1494 —0.052
10 110 2704.6233 0.517 2705.1899 —0.050
1015  2902.G047 0.541 20031787 —0.033
10 20 2903.8552 0.572 2904.4565 —0.023
10 25 3058.0730 0.296 3058.4678 —0.069
10 35 3072.1204 0.607 3072.7524 —0.026
10 57 3162.1863 0.073 3162.3696 ~0.110
10 47  3223.7273 0.820 3224.5351 0.010
10 46 3253.3283 0.410 3253.7968 —0.059
10 56 3381.9548 1.311 3383.1660 0.099
1055  3386.1863 1.213 3387.3174 0.033
1065  d4562.6956 2.009 35G4,4604 0.245
1064 3563.0042 2.000 3064.7612 0.242
10 74 3767.3870 2.824 3770.2720 0.440
10 75 376G7.9006 2824 3770.2846 0.458
10 43 3993.7668 3.741 3996.811 0.697
1052  3993.7668 374 3996.8120 0.697
1092  4236.16589 4.773 1239.9067 1.040
10 gp  4236.1689 4.773 1239.90G7 1.040
10 o0 4491.2519 5.942 4495.7085 1.185
16 o0 4491.2519 5.942 14495.7085 1.485
* Observed energy levels taken from Ref. [24]

! Potential of Ref. [3]

V(Ar, Arys, p) = Vol(p) + 2 F(p)y, + 2 Fiu(p)yvi

j i<j

+ 2 Fulp)ynyvi+ -+, (2)

isjsk

where Ary, and Ary; represent displacements from the equilibrium OH bond lengths,
and p is the bond angle supplement. The Morse coordinates y; are defined as

¥ = 1 —exp(—adr;). (3)

Here a i1s an adjustable parameter in the model. According to the notation of Jensen,
Fjx...(p) are defined as

4 ; .
F(p) =2 /" (cos p. — cos p)' (4)
i=1
and
0 A ;
Fu...(p) =S .. + 2 % . (cos p. — cos p)'. (5)
i=1

The potential was augmented with a term to account for unphysical behavior as
the bond angle approaches 0° (33) and is given by
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TABLE 1V

Observed and Computed Rotational Energy Levels of
Water, in cm™', with J = 10 for the (0, 2, 0) Vibrational
State®

Level Jensen * Obs-Calc This Work Orm,ﬂﬁ

10 010 4260.8643 —0.513 4261.1104 —0.759
10,50 4260.9863 -0.519 4261.2337 ~0.767
10,4 4480.8066  —0.414 44811045  —0.712
10 29  4483.5674 —0.358 4483.9043 —0.677
10 ;5 4644.9567 —0.740 4645.1186 —-0.901
10 35 4669.9893 -0.266 4670.4078 -0.672
10 37 4753.6338 —0.890 4753.7253 —0.992
10 47 4842.0137 0.107 4842.6361 —0.505
10 46 4364.6513 0.073 A86G5.0789 —0.707
1056  5026.2920 0.782 5027.2723 —0.193
1055 5028.8993 0.911 5030.0358 —0.225
1065 5236.6668 1.720 5238.0497 0.336
1064 5236.0195 1. 0.053
10 74 5471.1224 2. 0.824
10 -3 5471.1280 2. 0.818
105 5725.0379 2. 0.652
10 32 5725.0394 2. 0.651
10 g,  5992.2187 2. -0.743
10 9y 5992.2187 2. —0.743
10 10, 6312.9843 5. 6317.4114 0.957
10 100 6312.0843 63174114 0.957
® Observed energy levels taken from Ref. [32]
b Potential of Ref. [3]
2
Vi = 2 Cexp[—a,(run — dun)] (6)

i=1

with definitions consistent with those given by Choi and Light (33).

4. RESULTS AND DISCUSSION

For the initial four steps in the iterative refinement of the potential, only a small
subset of the parameters determined in Jensen’s work was varied, including p., ., a,
%v, %v‘ A_:, .ﬁv, A___v, and \A_mv. Significant decreases in X * were noted to occur
in the first few steps. Once it was found that all of the adjusted parameters could be
statistically determined from the data set, an additional five parameters were adjusted.
Much smaller reductions in the weighted square error were observed for the second
set of refinements. The results of the final parameter adjustments, along with the
estimated uncertainties in these parameters, are listed in Table 1. The weighted RMS
deviation given in this table represents the sum of the squares of the residuals in the
data set divided by each of their respected uncertainties as
| I
T (E® — EF€) /e, (7)

=1

where N is the number of experimental data points and M is the number of freely
adjusted parameters in the fit. The coefficients in the H-H contribution to the potential



318 PAULSE AND TENNYSON

40000 -
30000
=
A
&
£ 20000
=1
3
10000 -
0 T T T
50 100 150
Bond Angle (Degrees)

FIG. 1. Comparison of the potential from this work (solid line) and that due to Jensen (3) (dashed line)
as a function of bond angle. The curves represent the minimum energy for each bond angle.

were held fixed at the values given previously (33). For brevity, we include only a few
examples to demonstrate the relative accuracy of the current results compared to those
of the previous potential; results for J = 10 for the lowest three vibrational states are
given in Tables II-IV. A complete list of the observed and calculated data used in the
least squares may be obtained from one of the authors.

Obvious improvements are noted for the current potential in the following ways.
Rotational states in the ground and first vibrational levels are more accurately repro-
duced than in any of the previously reported potentials. Due to the weighting scheme,
the accuracy of the results here for the first triad is in many cases not as good as that
from Jensen’s potential. For some levels the discrepancy between theory and experi-
ment exceeds | cm™!, when the measurement accuracy is two to three orders of mag-
nitude smaller than this. These difficulties could perhaps be removed if the weighting
scheme was altered in order to factor more significantly data with larger experimental
uncertainty. Another possibility could be that the accurate determination of high-J
levels together with the useful prediction of higher vibrational bands requires more
terms accounting for the variation of the potential with bond angle supplement. Figure
1 shows a plot of the potential deduced in the current work alongside that due to
Jensen, with the bond angle. The contributions from the H-H repulsion term have
been omitted for clarity. On the scale of the plot, there is only a very small difference
between the current work and Jensen’s; however, a plot of the difference in the two
potentials shown in Fig. 2 shows the difference to be large enough to cause significant
shifts in spectroscopic energy levels.

As the improvements in the current potential were almost entirely due to influences
from the data in the two lowest vibrational states, it is interesting to see how the band
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F1G. 2. The difference between the potential from this work and that of Jensen (3). Other details are as
for Fig. 1.

origins of the system behave. Tables V and VI compare band origins computed with
Jensen’s potential and the present one. It should be noted that our calculation of the
band origins with Jensen’s potential are not the same as those quoted by Jensen (3)
but agree with other more accurate determinations for this potential (19, 33, 34).
Vibrational assignments to normal modes were made for the computed band origins
by evaluating the expectation values of the Radau coordinates R, r, and x = cos(#).
Our assignments have changed somewhat from those given previously (/9), and are
in agreement with those of Choi and Light (33). The current adjustments to the
potential did not cause any vibrational levels to cross.

Tables V and VI show large changes in the computed values of some of the band
origins at higher energies. These changes are largest for states with a number of quanta
in the bending mode. During the course of the work it was determined that there were
a number of misassignments in the available data sets. Due to the low relative weight
of this data, it was assumed that these errors did not have a large influence on the
final results. Using Jensen’s potential, the observed band origins presented in Tables
V and VI are reproduced with an unweighted standard deviation of 3.4 cm ™' compared
to 3.0 cm™!' obtained with our new potential. More significantly, our new potential
removes the systematic error, noted previously (/9), which causes results obtained
with Jensen’s potential to consistently overestimate the higher band origins.

In subsequent investigations, it will be interesting to include the available microwave
data for water in its ground and excited vibrational states. These data are of much
higher measurement accuracy than the infrared energy levels used here and will provide
a very stringent test of the potential.
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TABLE V

1

Observed and (Observed — Calculated) Band Origins, in cm ™,
for Symmetric Vibrational States of Water

v‘.r.:i,: * This Work (vy,v,13) Observed  Jensen *  This Work

D10 1594.74635 0.406 0.017 122 13910.8 -1.0 2.9
020 3151.6301 —0.42 —0.58 400 14221.143 -25 -0.7
100 3657.0536:1 0.53 0.75 004 14536.9 —4.6 —0.1
030 4666.7931 -0.95 —0.35 250 14549.3 14542.0
110 5234.9851 0.64 0.83 180 14778.4 14766.4
040 613418 6132.19 052 14859.1 14849.2
120 6775.095 -0.01 0.76 330 15107 2.8 2.8
200 7201.54 —1.21 =0.41 0110 151814 15165.2
002 7145.07 0.05 2.45 410 153315 -5.8 —-1.2
050 7539.87 7536.64 132 15377.2 15371.6
130 8273.9773 0.64 2.5 212 15742.8 1.5 1.5
210 8761.5792 —-1.30 —0.26 260 15809.4  15799.215
060 836:3.29 8RHT.HT 190 16023.8 16009.8
012 9000.1-402 -2.10 0.7 014 16057.8 16052.0
1140 9719.86 9716.53 062 16187.2 16174.8
070 10073.9 10065.7 340 16525.6 16518.0
220 10284.4 -1.5 0.6 0120 16654 .4 16635.6
022 10524.3 —1.4 2.3 112 1G781.4 16776.9
300 10599.66 —3.2 ~1.2 1420 16825.2 -1.0 5.1
1o2 10868.86 -0.6 1.3 500 16893.4 ~1.3 4.0
150 11082.4 11076.6 270 170548 17042.3
080 11234.5 11225.0 222 17227.7 1.4 6.0
230 11766.3 11762.9 1100 17312.6 17295.1
032 12011.6 12006.4 072 17435.0 17419.2
310 12139.2 =54 -2.6 302 17458.2 1.2 0.1
160 12340.8 12332.1 024 17542.6 17535.2
112 12407.64 -0.9 1.7 104 17748.1 —06.6 —-2.8
090 12504.2 12493.9 350 178738.0 17868.3
240 13195.9 13190.8 152 18119.8 18108.0
042 13453.7 13446.6 0130 18172.1 18152.2
170 136049 13594.9 280 18257.5 18243.0
320 13642.2 -5.7 i.1 430 18272.2 18262.67
0100 13793.5 13779.7 510 18393.0 11.5 —-4.8
202 13828.3 —1.6 1.9

¢ Modified potential of Ref. [3] (see the text).

As has been determined in a previous work (/71), the effects of Born-Oppenheimer
separation require that accurate potentials be calculated *‘effectively” for a given isotopic
species, especially where the molecule contains hydrogen atoms. We feel that in the
present case it may be permissible to perform a combined fit of spectroscopic data for
the normal species, H130, and H1’O; however, the inclusion of data for deuterated
species may lead to an overall degradation of the quality of the fit.

5. CONCLUSIONS

We present a new water potential determined by using spectroscopic data from a
variety of sources. The use of rotational levels up to J = 8 in the fit gives a significant
improvement in the representation of rotational excitation. This improved behavior
extrapolates, for certain levels, over the entire range for which rotationally excited
states are known experimentally. However, for high J, states with X, ~ J are poorly
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TABLE VI

Observed and Calculated Band Origins for
Antisymmetric Vibrational States of Water

(v1,v9,v3) Observed Jensen *  This Work

001 3755.9 -0.1 1.5
011 5331.2 -0.9 0.5
021 6871.5 -2.0 0.05
101 7249.8 -1.2 0.5
031 8373.8 -1.9 1.0
111 3307.0 —-2.7 ~0.56
041 9833.6 0.9 5.56
121 10328.7 -3.8 —-0.1
201 10613.4 —-2.3 0.13
003 11032.4 ~-1.3 1.8
051 11235.3 11227.3
131 11313.2 —24 2.1
211 12151.3 =5.4 ~2.9
013 12565.0 —2.2 -6.9
061 12571.5 12567.3
221 13652.7 —6.2 -1.7
071 13799.3 137585.0
301 13830.9 —-1.3 2.3
023 14066.2 ~9.9 -38
103 14313.8 -2.8 0.8
231 15119.0 -3.7 2.4
311 15347.9 -7.5 —2.7
113 15832.8 —6.5 -2.3
321 16321.6 24 3.0
401 16898.3 -0.9 —4.2
123 17312.5 -8.0 1.6
203 17495.5 -1.7 -2.3
3131 18265.8 4.7 ~13.2
411 18393.3 —11.7 4.8
213 18990.0 —6.6 ~1.1

¢ Potential of Ref. [3]

represented. These states are sensitive to bending portions of the potential which are
poorly determined by the available band origins.

Future work will include the introduction of more parameters in the model. Ex-
tension of the experimental data to include higher J levels than those mentioned here
should also be useful from the standpoint of helping to identify misassignments, which
will become commonplace for more highly excited states. Also of interest should be
the examination of the use of alternate forms for expressing the potential.
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