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Abstract

The R-matrix method has been used with great success in recent years to model low energy scattering of electrons
and positrons by molecules. The codes, developed by a consortium of UK research groups as part of the Collaborative
Computational Project 2 (CCP2), have now reached a high level of robustness and stability. Their overall design is described

in this paper. © 1998 Elsevier Science B.V.
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1. Introduction

The R-matrix method is now established as ar-
guably the most versatile and efficient method for
the modelling of low energy scattering by electrons
(and positrons) by atomic and molecular targets. The
method itself has been described many times in the
literature and has been comprehensively reviewed by
Burke and Berrington [1]. In recent years a consor-
tium of people based at Royal Holloway, University
of London, University College London, Queen’s Uni-
versity Belfast and the CLRC Daresbury Laboratory
have applied the method to scattering by diatomic
and, more recently, polyatomic molecules. The results
of this work have been reviewed by Tennyson [2]
and by Tennyson and Morgan [3]. The computa-
tional methods have been described in some detail
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in the book “Computational Methods for Electron
Molecule Collisions” (Huo and Gianturco, eds.) [4].
The purpose of this paper is to describe the package
of computer programs that has been developed by
the group. The programs are available via the Web
as part of the Collaborative Computational Project
2 (CCP2) virtual program library (url = http://
patiala.phys.strath.ac.uk/iq/prog.html).
The modelling of low energy electron scattering by
a complex target has much in common with bound
state calculations for the system of target plus electron.
For example, if the target has no residual charge, then
the solution of the scattering problem in the region in-
side the R-matrix sphere is equivalent to finding bound
states of the anion confined within this sphere. For this
reason we have chosen to base our scattering codes
on quantum chemistry codes. We need to calculate
the Hamiltonian matrix elements for a finite sphere,
whereas quantum chemistry codes evaluate the inte-
grals over all space. Our strategies for tackling this ma-
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Jjor problem are described in Section 3. We also have
to choose a basis to describe the continuum electron
and will, in general, require higher angular momenta
than is usual in bound state calculations. Quantum
chemists are usually interested only in the lowest few
eigenstates of a system and modern codes often ex-
ploit the ‘direct’ methods which have been developed
for this scenario. In contrast, the R-matrix method, as
usually formulated, requires all eigenvalues and eigen-
vectors of the Hamiltonian matrix. We also need to
keep close control over the configurations included in
our model. Only one electron can occupy a continuum
orbital and we need to ensure that any couplings be-
tween target electrons which have been omitted from
the target wavefunction do not get reintroduced into
the final wavefunction. Modern methods, such as the
graphical unitary group approach (GUGA), are of no
assistance here. For these reasons we have chosen two
distinctly traditional packages as the basis of the codes
described here.

The electron scattering code, described in this paper,
is based primarily on the Alchemy I code of McLean
and others {5,6]. It uses Slater type orbitals (STOs)
to represent the atomic orbitals and is, in practice,
limited to diatomic targets. Since most integrals are
done by numerical quadratures, it also allows us great
freedom in our choice of continuum orbitals. In order
to study polyatomic systems we need a different ap-
proach. Gaussian type orbitals (GTOs) are more ap-
propriate than STOs since the multicentre integrals,
which need to be evaluated when building the Hamil-
tonian, can be done in closed form. This restricts our
choice of continuum basis, since these too must be rep-
resented by GTOs. Our polyatomic code uses parts of
the ‘Molecule-Sweden’ package of Alml6f and Tay-
lor [7,8] to evaluate integrals, but keeps the same con-
figuration generator and Hamiltonian builder as the
diatomic code.

The overall structure of the codes is shown in Fig. 1.
We have endeavoured to keep the amount of data
needed to be input by the user to a minimum and
have used the FORTRAN namelist wherever prac-
ticable. The original quantum codes were highly ma-
chine dependent. We have reduced this dependency
to a minimum and have isolated all the remainder,
which primarily relate to the default integer length, to
a few utility routines which are found in the source
module MCDEP. Several modules utilize the Nag li-

Integral Configuration
evaluation generation
Hamiltonian
construction and
diagonalization
Inner region
_________________________ i
QOuter region Y

Calculation of
scattering parameters

Fig. 1. Code structure for a typical scattering calculation.

brary [9]. We have, in general, not retained the names
of the Alchemy or Molecule-Sweden originals. Where
two modules have similar functionality, we have pre-
fixed the Molecule-Sweden variant by ‘SW’. Wher-
ever possible, we have avoided the use of fixed dimen-
sion arrays and the use of common blocks. Instead we
use dynamic core allocation, either via the Fortran90
allocate statement, or in the case of Fortran77 codes,
via a machine dependent routine which allocates a
large array which is subsequently subdivided and used
as work space. This strategy means that the codes use
only the memory that they require and do not have to
be recompiled each time a larger problem is tackled.

2. Wavefunctions

The success or failure of a calculation depends en-
tirely on the choice of trial wavefunction, since the
R-matrix method contains no adjustable parameters,
The basic form used at each geometry is

Y= Z¢i(xl oo XN UG (XN @ik
ij
+ZX|‘(XI--~XN+I)bikv (N

where ¢; are target wavefunctions and u;;(x) are con-
tinuum orbitals. The y; are multi-centre quadratically
integrable functions, constructed from the target oc-
cupied and virtual molecular orbitals, and are used to
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represent correlation and polarization effects. The q; jk
and b, are variational coefficients.

The most important element is the target wavefunc-
tions. Early calculations used only SCF single con-
figuration wavefunctions, but in order to treat elec-
tronic excitation multiconfiguration CI wavefunctions
are required. Scattering calculations usually do not re-
quire highly accurate target energies since only rela-
tive energies are important. Rather, it is more intan-
gible things, such as the shape of the target charge
cloud, which affect electron scattering. We therefore
need good representations of parameters such as per-
manent dipoles, transition moments and polarizabili-
ties. Calculation of these properties is the function of
DENPROP (see below).

The choice of continuum basis depends, as indicated
above, on which code is used to evaluate the spatial
integrals. If the Alchemy based code is used, then we
have complete freedom in our choice of continuum
basis, subject only to any constraints on the size of
model. A more serious problem is that of linear depen-
dence between this basis and the target orbitals, but
experience has shown that this problem is best tack-
led at the molecular orbital, rather than atomic orbital,
level. The Alchemy style continuum orbitals are gen-
erated numerically. They are eigensolutions of a sim-
ple potential problem with fixed logarithmic boundary
conditions at the R-matrix boundary. This boundary
condition is introduced in order to obtain an orthonor-
mal set of solutions, complete up to some chosen en-
ergy threshold. It imposes an unnecessary constraint
on the wavefunction which must be corrected when
the R-matrix is eventually constructed. These correc-
tions are known as ‘Buttle corrections’ [1].

As noted above, the advantage of Gaussian type or-
bitals is that multicentre integrals can be evaluated in
closed form. In order not to lose this advantage and
to avoid a major rewriting of the integrals code, we
must also represent the continuum orbitals in terms
of GTOs. Pioneering work was done by Nestmann
and Peyerimoff [13] on this problem and, to date,
we have used only the bases which they have con-
structed. Work on this problem is currently in progress
at UCL [14). These functions are not chosen to sat-
isfy any specific boundary condition at the R-matrix
boundary and thus no Buttle correction is needed. The
calculation of boundary ampiitudes is quite trivial, so
no extra data has to be propagated to other modules.

The above discussion relates only to fixed geometry
calculations. We have also developed a methodology
to describe nuclear vibrations of diatomic systems in a
non-adiabatic model also based on an R-matrix treat-
ment [4,15]. This requires data from a sequence of
fixed geometry calculations on a grid of internuclear
distances, but does not require any changes in the in-
ner region codes. We need to choose a basis to repre-
sent the nuclear wavefunction of the vibrating system
over a finite range of internuclear distances, but unlike
the electronic counterpart, this is not a critical part of
the model. Any orthonormal basis which adequately
spans the space will do, and in practice we use shifted
Legendre polynomials.

3. Integrals

The evaluation of spatial integrals is quite differ-
ent depending on whether STOs or GTOs are used for
the atomic orbitals, though the basic steps remain the
same. First, all integrals involving all of the atomic
orbitals, target and continuum, are evaluated over the
finite sphere. Next continuum molecular orbitals are
constructed so as to be orthogonal to the target molec-
ular orbitals and finally four-index transformations are
carried out to convert the atomic integrals to molecu-
lar integrals.

3.1. STO basis

The modules used by this variant of the code are
shown in Fig,. 2.

3.1.1. NUMBAS

This module generates numerical continuum or-
bitals [12]. They are eigensolutions of a simple
potential problem with fixed logarithmic boundary
conditions at the R-matrix boundary. In practice, it
has been found that the model potential can be set to
zero for neutral targets and to a simple point charge
for ionic targets. In this case the continuum wavefunc-
tions become simply spherical Bessel or Coulomb
functions with the given boundary conditions. The
amplitudes of the scattering orbitals at the R-matrix
boundary are needed to construct the R-matrix and
these are stored along with the Buttle corrections for
later use.
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Fig. 2. Modules used to evaluate integrals when STO bases are
used.

3.1.2. INTS

This program evaluates all one and two electron
atomic integrals and, optionally, property integrals.
The modification of the Alchemy original, “LINTP”,
was carried out by Noble [16]. The integrals are
mostly evaluated by numerical quadrature and so it
was relatively straightforward to restrict the range of
integration to the finite sphere. It was also possible to
discard any two electron integrals which have more
than one electron in a continuum orbital.

3.1.3. MOS

The next step, the construction of continuum molec-
ular orbitals (MOs), has been the subject of much
work. The basic problem is to construct continuum
molecular orbitals which are linearly independent of
the target molecular orbitals without discarding too
much of what was originally a basis constructed to
span the space of interest. The current code uses a
mixture of Schmidt and Lagrange orthogonalization
schemes [17]. This module is also used to orthogonal-
ize target virtual orbitals prior to their use in a target
CI calculation.

| sWMOL3 | | GAUSTALL

Atomic integrals Tail integrals

SWEDMOS

Modified
integrals

MO

Fig. 3. Modules used to evaluate integrals when GTO bases are
used.

3.1.4. TRANS

This program first orders the atomic integrals, then
carries out the four-index transformation (i.e. multi-
plies the atomic integrals by the molecular orbital coef-
ficients) to obtain molecular integrals. It is an adapted
version of the Alchemy I module ‘TRANSM’.

3.2. GTO basis

The modules used in this case are based on the
Molecule-Sweden code of Almlof and Taylor [7,8]
and are shown in Fig. 3.

3.2.1. SWMOL3

Several variants of the integral generator ‘MOL3’
were available to us, but all were heavily machine
dependent. We started with a Cray version and made
it portable. Otherwise the code is unchanged from the
original.

3.2.2. GAUSTAIL

It was not considered practicable to modify the inte-
grals code to restrict the range of integration. Rather, a
separate module was written to evaluate the contribu-
tion to each integral from outside the R-matrix sphere.
These can also be evaluated in closed form [19]. A
consequence of our choice of continuum orbitals is
that the Hamiltonian matrix is not necessarily Hermi-
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tian. We therefore have to add matrix elements of a
Bloch operator [1]. These are merely surface terms
which are trivial to evaluate and are included in the
‘tail” integrals.

3.2.3. SWORD

The ordering of the integrals is carried out in a
separate module, so prior to the actual ordering, we
subtract the ‘tail’ integrals from the atomic integrals
output from SWMOLS3.

3.2.4. SWEDMOS

The construction of continuum molecular orbitals
also differs from the STO case. Here we first use the
Schmidt method to orthogonalize each continuum or-
bital to all of the target orbitals then use the symmet-
ric method to orthogonalize the continuum orbitals
amongst themselves, discarding any which correspond
to very small eigenvalues of the overlap matrix. Nei-
ther this procedure, nor the Lagrange method used in
the STO case is restricted to one type of orbital. At
present we are evaluating their relative merits.

3.2.5. SWTRMO
The four-index transformation code is unaltered
from the original.

4. Configuration generation: CONGEN

This stage, the selection of the configurations which
are to be included in the Hamiltonian matrix, is the
most crucial to any calculation. It is here that the pre-
cise form of the wavefunction of Eq. (1), and hence
the model to be used, is specified. The code is a heav-
ily modified version of the Alchemy original [20]
and can generate configurations in either the abelian
point group Dy, and its subgroups, or the non-abelian
groups Doy and Cop- A particular modification gives
the ability to specify the symmetry of the target wave-
function, independent of the symmetry of the overall
system. The code has also been adapted to allow for
phase problems which can arise when using CI repre-
sentations of the target [21].

5. Hamiltonian construction and diagonalization:
SCATCI

This module both constructs and diagonalizes the
Hamiltonian matrix. For large calculations, this part
of the calculation is the slowest.

When CI targets are used, the basic Hamiltonian can
become very large, though the required Hamiltonian,
obtained by multiplying the original by the CI expan-
sion coefficients, is almost always very much smaller.
A special algorithm has been developed [22] which
takes advantage of the structure of the scattering wave-
function, Eq. (1). This algorithm has speeded up the
Hamiltonian construction phase and has made the use
of much larger CI target expansions feasible. It has
however shifted the problem to one of diagonalizing
very large Hamiltonian matrices [23].

SCATCl is also designed to generate CI target wave-
functions. For this case, when only a few eigenfunc-
tions are required from a large matrix, the Davidson
diagonalization procedure of Stathopoulos and Fis-
cher [25] has been implemented as an option.

CONGEN and SCATCI have both been adapted
to allow for positron~molecule as well as electron~
molecule collisions [24]. At present only the inte-
grals generated by the linear molecule modules are
produced in a form appropriate for such calculation.

6. Target wavefunctions and properties

Many of the above modules are used in the cal-
culation of target wavefunctions, however there are
others which relate only to the construction of target
wavefunctions and the calculation of properties de-
rived from them such as permanent dipoles, transition
moments and polarizabilities. A flow chart of a typical
target calculation is shown in Fig. 4.

6.1. SCF and SWSCF

We use two different SCF modules, depending on
whether our integrals were evaluated using Alchemy
or Molecule-Sweden derived codes. They are virtu-
ally unaltered versions of the modules in the original
packages.
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Fig. 4. Modules required for a target state calculation.

6.2. GAUSPROP

This code evaluates the property integrals re-
quired by DENPROP if the Sweden-Molecule based
codes are being used. It is necessary since, unlike its
Alchemy equivalent, MOL3 does not provide them.

6.3. DENPROP

This module calculates properties such as perma-
nent dipoles, transition moments and polarizabilities
from input target wavefunctions. It can also used for
calculating transition moments between scattering
states either for photoionization (bound-free) [10]
or bound-bound studies [11].

6.4. PSN

Pseudo natural orbitals are calculated by diagonal-
izing the density matrices provided by DENPROP.
7. Outer region

The codes, which solve the scattering problem in
the region outside the R-matrix sphere and which ex-

tract the physical properties from the model, are main-
tained in the form of a library of relocatable subrou-

tine modules. Different applications will require dif-
ferent subsets of the available modules and the user
is required to provide a minimal main program which
merely makes calls to the required driving routine for
each module. The modules communicate via exter-
nal files. These files can consist of several stacked
datasets, each with their own header information. For
example, the T-matrix file can consist of sets of data
computed for the same range of energies but differ-
ent scattering symmetries, or, alternatively, the same
symmetry but a range of geometries.

7.1. INTERF and SWINTERF

The most important module is that which interfaces
the inner and outer regions. There are two variants
depending on whether the inner region Hamiltonian
matrix was obtained using the Alchemy or Molecule
based integrals codes. The required input is data from
the inner region, boundary amplitudes, eigenvalues
and eigenvectors of the Hamiltonian matrix and possi-
bly Buttle corrections, and information about the tar-
get, energies, multipole moments, etc. The output con-
sists of two files. The first contains parameters which
describe the model such as target properties, channel
quantum numbers and the overall symmetry of the sys-
tem. The other contains the basic ingredients for the
construction of the R-matrix and the coefficients of a
multipole expansion of the long range scattering po-
tentials. This data completely describes the model and
is much more compact than the original input data and
$0 it is recommended that these two files are saved
for future use. The two variants of the code use the
same output format and hence subsequent modules are
compatible with either inner region package.

7.2. RSOLVE

The scattering energies are introduced for the first
time as input to this module. It constructs the R-matrix,
solves the outer region scattering equations and con-
structs K-matrices for the specified energies. At this
stage the fact that the target is a molecule becomes
largely irrelevant, since the equations to be solved rep-
resent scattering from a single centre. We use a propa-
gator method [27] to propagate the original R-matrix
out to a radius where an asymptotic expansion [26]
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of the scattered electron wavefunction can be used. A
standard formula then gives the K-matrix.

7.3. BOUND

This module has much in common with RSOLVE.
However its function is to solve the scattering prob-
lem with bound state boundary conditions and thus
obtain true bound state energies and wavefunctions of
the target + electron system. The algorithm used is a
generalisation of one originally developed for atomic
problems [28,29].

7.4. VIBRMT
This is an optional module for setting up a non-

adiabatic treatment [4,18] of nuclear vibration. The
current implementation is for diatomic systems only.

7.5. TMATRX
The T-matrix is calculated from the K-matrix using
the standard formula. If required, this module will also

perform an adiabatic average to obtain a vibrationally
resolved T-matrix.

7.6. IXSECS

This module calculates integrated cross sections
from the T-matrix using standard formulae.

7.7. RATES
RATES integrates the calculated excitation cross
section over a Maxwellian electron distribution to give

temperature dependent rates. Optionally the high en-
ergy tail can be allowed for by extrapolation [33].

7.8. EIGENP

Eigenphases are obtained by diagonalizing the K-
matrix.

7.9. RESON

RESON [30] searches the eigenphases sums for
resonances. Those detected are fitted to a Breit-

Wigner profile using an automatically generated grid
of points.

7.10. TIMEDEL

TIMEDEL [31] automatically searches for reso-
nances and fits those detected using the time delay
method [32]. Branching ratios for autoionization can
also be obtained.

7.11. MCQD

The multichannel quantum defect method [34,35]
is used to obtain quantum defects for scattering from
ionic targets.

7.12. ROTIONS

ROTIONS [36] calculates electron impact rota-
tional excitation cross sections for linear molecular
ions using a combination of data from TMATRX and
the Coulomb-Born approximation [37].

7.13. TDIP

TDIP takes the bound state wavefunction coeffi-
cients generated by BOUND and the transition mo-
ments generated by DENPROP and multiplies them
together to produce transition dipoles [11].

7.14. DCS

This is the differential cross section code of Male-
gat [38] interfaced to the OUTER package. It is only
appropriate for Co, and Do symmetries.

7.15. Examples

A typical outer region run to calculate integrated
cross sections for one symmetry and geometry will
require a program which makes the following subrou-
tine calls:

call INTERF(bigvec,lbigvec,ifail)
call RSOLVE(bigvec,lbigvec,ifail)
call TMATRX(bigvec,lbigvec,ifail)
call IXSECS(bigvec,lbigvec,ifail)
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The call to each driving routine is similar. The first
argument bigvec is a large array, declared earlier,
which is used for dynamic storage allocation within
the module, 1bigvec is the size of this array in 64 bit
words and ifail is a success/failure flag (0 indicates
success, 1 indicates failure).

If differential cross sections are required, then a loop
over scattering symmetries is needed. If the output of
INTEREF has been saved from previous runs and nsym
is the number of symmetries, then all that is required
is

do i=1,nsym

call RSOLVE(bigvec,lbigvec,ifail)
call TMATRX (bigvec,lbigvec,ifail)
end do

call DCS(bigvec,lbigvec,ifail)

The input to TMATRX will instruct it to save all T-
matrices to a single file which is then read by DCS.

8. Conclusion

The molecular R-matrix codes have reached a
level of stability and robustness where they can be
used to solve a wide variety of low energy elec-
tron and positron scattering problems involving light
molecular targets. Qur Web pages, accessible via
the CCP2 virtual program library (url = http://
patiala.phys.strath.ac.uk/iq/prog.html),
give access to source codes, documentation and ex-
ample input data.

No provision has yet been made for relativistic ef-
fects. The coding should scale to larger problems with-
out difficulty, but inevitably there comes a‘point where
different techniques should be investigated. Linear de-
pendence becomes a problem when large bases are
used, especially when diffuse orbitals are included in
the target basis. Elaborate models can lead to very
large Hamiltonian matrices and it is not practicable in
such cases to obtain all eigenvalues and eigenvectors.
The crucial factor in any calculation is the choice of
trial wavefunction, Eq. (1). We still lack sufficient ex-
perience to be able to give reliable guidelines or an
algorithmic approach for its construction in any but
the most simple systems.
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