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Symmetry and structure of rotating H 3
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We present a global study of how thelative equilibria of the Hy ion change as the angular
momentumJ increases. A relative equilibrium is a classical trajectory for which the molecule rotates
about a stationary axis without changing its shape. The study confirms previous results which show
that the geometry of the minimum energy relative equilibria changes from an equilateral triangle to
a symmetric linear configuration at aroude 47. The series of bifurcations and stability changes
that accompany this transition is presented in detail. New results include the discovery that the
rotating equilateral triangle remains linearly stable for a large range of angular momentum values
beyond the point where it ceases to be a minimum of the total energy. A third type of relative
equilibrium, a rotating isosceles triangle, is also found to be linearly stable in the approximate range
J=0-34. Both the equilateral and isosceles triangle configurations lose stability via Hamiltonian—
Hopf bifurcations. The frequencies and symmetry species of the normal modes of the stable relative
equilibria are computed and harmonic quantization is used to predict how the symmetries of the
lowest lying quantum states will change &sncreases. Energy level clustering due to tunneling
between symmetry-equivalent relative equilibria is described.1999 American Institute of
Physics[S0021-960809)02325-9

I. INTRODUCTION H,X-type molecules was predicted in this way in Ref. 2.
Relative equilibria(RE) of molecules are classical tra- High values of the total angular momentum were considered

jectories corresponding to steady rotations about stationar§) REf- 3, but they were essentially kept to below the disso-
axes during which the shape of the molecule remains coration energy, partly due to the lack of potential functions
stant. Although RE are an inherently classical concept, thei/Nich are accurate at higher energies. However, the method
behavior has direct implications for the analogous quantunifSelf has no such limitation and for this paper we set out
system. The main idea is to use the fact that the total anguld¥ith the more ambitious aim of obtaining a complete global
momentumJ is an integral of motion and the Hamiltonian Picture of all the RE of a triatomic molecule and how they
can be regarded as parameterizedlby|J|. For each the ~ Vary with J. The result is the RBifurcation diagramshown
Hamiltonian has a certain number of RE. In our analysis thd€elow as Figs. 2 and 4.
RE play the same basic role as absolute equilibria in the To illustrate the method we have chosen to study the H
traditional approachThe difference is that RE are functions ion as it is extremely light and very high rotational excita-
of J and are usua”y mu|tip|e due to the presence of SymmeﬂOﬂS can be obtained experimentally by electric discharge.
try in the Hamiltonian. The total energy of a RE may include We were motivated by the pre-dissociation spectra observed
a very high rotational contribution, resulting in a strong per-by Carrington and his group in the energy range 870-1090
turbation for which the conventional ro-vibrational theory is cm™*.° The spectrum corresponding to dissociation products
no longer valid. This paper presents developments of previwith low kinetic energy consists of thousands of lines. A
ous work by Zhilinskii, Pavlichenkov, and Kozft, and  review of theoretical progress in explaining this has been
Roberts, Sousa Dias, and Montéldn bifurcations of RE in  given by Pollak and Schliér.According to them the low
molecules. kinetic energy release spectrum corresponds to transitions
The method is aimed principally at the explanation andbetween ro-vibrational metastable states above the dissocia-
prediction of qualitative features in quantum spectra. It istion energy with moderate values of the total angular mo-
expected that stable RE organize regions of phase space iimentum(up to about 10 There has been less investigation
which the classical dynamics are predominantly regular andf high kinetic energy release spectra but energy releases of
will have regular spectral patterns associated with themover 3500 cm* have been observédThese spectra display
Changes of stability and bifurcations of RE must, thereforea sparser structure than those for low energy release. It has
affect the structure of the quantum energy levels. The strudseen arguetithat the tunnelling occurs close to the top of a
tural rearrangement of rotational levels in the spectra ofotational barrier to dissociation and the translational energy
can be estimated as the zero energy gfddbtracted from
Ipermanent address: Institute of Applied Physics, Ulianov St. 46, 603608h€ difference between the barrier and dissociation energies.
Nizhnii Novgorod, Russia. Electronic mail: kozin@maths.warwick.ac.uk This suggests that energy release of 3500 tishould cor-
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respond taJ values of around 45-5[&ee Fig. 4 below and 0
: 50
Fig. 1(c) (Ref. 7].

We use the Born—Oppenheimer potential energy func- 45
tion for H; due to Dinelli, Polyansky, and Tennys¢BPT).? ol
This has been fitted directly to the experimental data which it
reproduces to near experimental accuracy. The DPT poten- -~ 35|
tial does not capture the correct asymptotic behavior since, § 30
for example, it does not distinguish between the two disso- &
ciation paths H—H,+H" and Hf —H; +H. The neces- J%6¢
sary corrections, incorporating the effects of interactions be- @ 20 F
tween the lowest lying electronic states, have been given by é’
Prosmiti, Polyansky, and Tennyson using switching 15 F
functions'® In our analysis we use the original DPT potential 10 b
because its analytic form is simpler and to eliminate discus- ‘
sion of behavior near avoided crossings of electronic states. 5r
We are, therefore, assuming that the ground electronic state 0
of the ion is isolated and our results may need to be modified 0
for more asymptotically correct potentials. However, we will R / Angstrom

show that much of the interesting behavior occurs for pOtenI':IG. 1. The effective potential of a diatomic molecule at different values of
tial energies well below dissociation, where these problemse total angular momentumh The dotted line shows the dissociation en-
are not likely to be so relevant. ergy.

Rotational barriers to dissociation can confine molecules
even above the dissociation enefgyrhey have successfully
been applied to explain isotope effects in the photodissociaenergy surfaces directly from the total ro-vibrational
tion dynamics of H .12 Furthermore, Polla® showed that Hamiltonian?”?® However the use of rotational energy sur-
the geometry of the RE which minimize the energy change#aces is limited to regimes where the adiabatic separation of
from equilateral triangle to symmetric linear in the regibn rotational motion can be assumed. In the present study we go
=45-50. Our bifurcation diagram given below in Figs. 4 beyond these limits and in particular are able to consider
and 5 confirms and extends this work. nonlinear and linear geometries on an equal footing.

The approach described here resembles in many respects
the works of Lohr on argon clustet$! 1t also lies behind
the general formalism of Jellinek and'Bifor the separation
of rotational energy, and in particular their analysis of  We begin by illustrating some of the main ideas in the
J-dependent normal vibrational modes. Miller and Wiles simple case of a diatomic molecule. This problem is effec-
also classify REthere called stationary pointby Hessian tively one dimensional because it can be reduced to the
indices, but the latter are different from the ones used here. Analysis of oscillations in the effective potentigly=V(R)
unifying theme of all these methods is their use of the so~+J(J+1)/(2uR?). Figure 1 shows this potential, with
called effective potential function which incorporates bothV(R) a Morse-type function, for several different values of
the potential and rotational energy and drives the moleculal. This picture should be familiar but we will work instead
dynamics in the vicinity of the RE. with the bifurcation diagram given in Fig. 2. This shows the

The ideas described here are complementary to the stuénergies of all the stationary pointsaxima and minimpof
ies of very high vibrational excitations which seek to relatethe effective potential for all. These correspond to classical
them to stable classical periodic orbits. Examples include thérajectories in which the two particles orbit their common
works on periodic orbits assignment for highly excited speccenter of mass while maintaining the same distance apart,
tra of Hy 1" and the bifurcation analysis of periodic trajecto- and are examples of RE. At low values the effective po-
ries of the water molecuté and acetylené® Both types of tential has one stable stationary poiminimum) and one
study are necessary to obtain a full understanding of globalinstable(maximumn). These two lines, depicted as solid and
rotational—vibrational dynamics. As a first step thedashed, respectively, merge at a cusp where the two RE an-
J-dependant normal mode analysis in this paper could beihilate in an elementary bifurcation. Beyond this point there
used to predict the existence of a wide variety of “nonlinearare no bound classical trajectories and no discrete quantum
normal modes,?° some of which will be continuations to mechanical spectrum. The quantum energy levels in the ef-
J>0 of purely vibrational periodic trajectorié$l?2 fective potential well can also be estimated by calculating the

Another approach to the study of qualitative changes in(J-dependentnormal mode frequency of the minimum, i.e.,
quantum spectra uses rotational energy surfdakived as  the frequency of small amplitude oscillations about the stable
the classical limits of quantum Hamiltonians restricted toRE. For this simple example no new insights are gained by
particular quantum vibrational states. Bifurcations of classi-considering the bifurcation diagram. However, triatomic
cal trajectories on these rotational energy surfaces can bmolecules have essentially four degrees of freedom and the
related directly to changes in the quantum spetr® It bifurcation diagram provides a convenient way to represent
has been shown that it is possible to derive rotationathe behavior of the RE.

IIl. METHOD
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0 10 20 30 40 50 60 lar plane and they axis is parallel to the bisector of the
35 F ' ' ' ' ' ' chosen bond angf€. We denote the three internal coordi-
nates byr;=q,, a=0q,, andrz=dqs;.
30 Because the inertia tensor is no longer invertible the
Hamiltonians(1) break down at linear configurations. There
~ 25} ] we use an alternative form which looks similar to Ed)
g except for dimensions: Thg andp vectors have dimension
§ 20 | . four while u is the 22 matrix given by
— 4
5 ] ly 1y
%ols— ,u‘1=<|, I’)’ 2
& yz zz
10 F .

wherel, ; are the matrix elements of inertia tendomodi-
fied by Coriolis terms. The total angular momentum projec-
tion on the axis of the linear configuration does not appear in
the Hamiltonian. The angular momentum parallel to this axis
5 om0 8 is equal to zero and the molecule-fixeeprojection ofJ is
Total Angular Momentum J given by vibrational angular momentum, expressed in
terms of the internal coordinatésf. Ref. 3. It is desirable
FIG. 2. The energies of RE of the effective potentias (Fig. 1) as a  that the new internal coordinates are consistent with the ones
function of the total angular momentudn The solid line shows stable RE, ;seq for nonlinear geometries. We assume that the linear
the dashed line unstable RE, and the dotted line the dissociation energy. . . .
configuration corresponds te=180° (see Fig. 3, the other
linear configurations being obtained through the permutation
of identical nuclei. However, the bond lengths—bond angle
The derivation of classical rotation—vibrational Hamilto- coordinates are inappropriate for linear configuration since
nians can be found elsewhérd? in standard form it is the third Euler angle is undetermined. This problem is re-
usually written solved by introducing a new auxiliary angle as an addi-
tional coordinate describing the rotation of the molecule

=1 1y _
H= 2pdp+2(J—m) p(J=m) +V(a), @ about thex axis in Fig. 3, together with a transformation to a
wherep is the vector of momenta corresponding to the in-new set of coordinateg;, g,, Qs, qs.%°
ternal coordinates, d is the vibrational kinetic energy ma- The equations of motion for both these Hamiltonians are

trix, 7 is the vibrational angular momenturd,is the total  straightforward
angular momentum in molecule fixed coordinatgsis the . . .
inverted inertia tensor modified by the Coriolis terms, and dn=0H/dpn, pn=—dHIdq,, J,={J, . H}, (©)

V(q) is the potential energy function expressed in the inter\here Poisson brackets are used in the last equation. For the
nal coordinatesy. The Hamiltonian used here for a non- Hamiltonian for nonlinear configurations the indejs three
linear triatomic molecule is the one given in Ref. 3. Thedimensional andy ranges over, y, andz For the linear
shape of the molecule is described by two bond lengths anflamiltoniann is four dimensional,y ranges ovel and z.

one bond angle. This choice does not make use of the fulthe RE are obtained as the solutions of E).with the left
symmetry of H but it has the advantage that it is simple andhand sides set to zero. Thus, for each direction of the total

consistent with the coordinates used foflH and D,H*.%° angular momentund determined byJ.,,,H}=0, the station-
The axis system attached to the molecule is shown in Flg &ry points of the effective potentia|
and defined so that theaxis is perpendicular to the molecu-

Ver=V(q)+ 71717, (4)
give the configurations of the molecule which steadily rotate
y about the axis parallel td.?° The geometry is therefore
given by three equatior(@ the nonlinear caseor four equa-
H(2) tions (in the linear case
«Q IV gff
r T =0. 5
1 3 An ®
X Z

The molecular geometry and the direction of the total angu-
lar momentum together determine the RE.

The total angular momentum in space coordinates is an
H(l) Iy H(3) integral of motion and sd=|J| does not depend on time a.nd .

can be regarded as a parameter. Thus the phase space is eight

FIG. 3. The(righthand axis system used for H. They axis is chosen to be dimensional and the Imean;aﬂon of the equations Qf motion
parallel to the bisector of the bending angleThez axis is perpendicularto @t @ RE can be expressed in terms of four generalized coor-
the plane of the molecule. dinates and their conjugate momenta. For nonlinear configu-
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rations the fourth coordinate describes precessional motionvave functions and its action on symmetric rotor wave func-

In these coordinates the linearized equations have the genetins is equivalent to the actions of permutations of identical

form nuclei. Thus our labeling of quantum levels will make use of
: 2 5 2 the D3,(M) group only.

(q) :( (4 HZ)/(&p(?qz) ((92H)/((9p ) )(q) (6) The H; ion has two types of absolute equilibria. The
p = (0°H)I(99”) — (o°H)/(dqdp)/ \ p minimum energy geometry is an equilateral triangle. This is

Diagonalizing this matrix gives the harmonic frequenciesinvariant under the full grou3n(M) and so there is a
(the imaginary parts of the eigenvalliesxd normal modes unigue configuration of this type. Small displacements of the
(eigenfunctions The RE is said to be linearly stable if the internal coordinates from this equilibrium generate one to-
eigenvalues are all purely imaginary. Further stability infor-tally symmetricA; and one doubly degeneréie irreducible
mation is obtained from the eigenvalues of the Hessian marepresentations db;,(M). These are the symmetry types of

trix the normal modes of the equilateral equilibria.
In addition the H ion has three symmetric linear equi-
?H)I(99%)  (9*H)I(dqd i . . . .
(2 W) 5 (g 2p) ) (7)  librium configurations which are unstable to bending defor-
(0"H)/(9qap)  (9°H)/(9p%) mations and so are saddle points of the potential energy

If these are all positive then the RE is a local minimum of thefunction. These equilibria are invariant under a subgroup
Hamiltonian and must be nonlinear{iziapounoy stable as C,n(M) of D3,(M), generated by permutation of the two
well as linearly stable. This is also true if all the eigenvaluesouter nuclei and inversioif. The three equilibria are trans-

of the Hessian are negative and so the RE is a local maxformed into each other by the remaining permutations. The
mum of the Hamiltonian. This occurs for rigid rotor Hamil- four-dimensional space of small displacement of the internal
tonians and Hamiltonians for rotational energy surfaces, bugoordinates near a linear equilibrium decomposes as the di-
not for the ro-vibrational molecular Hamiltonians we are rect sum of one-dimensional Symmetric and asymmetric
concerned with here. RE may be linearly stable without besyretch spaces and a two-dimensional space of bending de-
ing nonlinearlly stable when.there is a Ii_nearly stable normaf,rmations. The representations of the groGp,(M) on
mode for which the oscillationdecreasein energy as they hase spaces amky, B,, andA,+B,, respectively. Note

grow in amplitude’ that the double degeneracy of the bending oscillations of a

In the results we present below we use an index to deI'inear molecule is due to the spatial symmetries, not the

scribe the stabilities of the RE. A stable normal mode which o . . . .
permutation-inversion symmetries. This can be incorporated

increases in energy is assigned the symbol “1” while one; .
which decreases in energy is labeled by 1. An unstable into the molecular symmetry group by the use of “extended

normal mode is indicated by “0.” Thus a nonlinearly stable molecular symmetry groups™ Use of the extended groups

RE has the indek111 while a linearly stable RE which has &S0 Shows that the asymmetric stre8p mode can not
one normal mode with decreasing energy has the igizg ~ "teract with the bending, mode.
—1). When J is perturbed from 0, and the molecule starts
Simple examples of these indices are provided by the RECtating, its absolute equilibria bifurcate into a number of
of a rigid rotor. This is essentially a one degree of freedonRE:* They differ primarily in the orientation of the total an-
System and so there is a Sing|e normal mode for each Raular momentum vector with reSpeCt to the molecule. How-
The minimum energy RE are the rotations about the princi€ver, the centrifugal forces also effect the shape of the mol-
pal axis with largest moment of inertia. Their normal modesecule. ForJ close to O the symmetry groups of the
describe precessional motion about this axis and the enerdyfurcating RE are subgroups of the symmetry group of the
of these increases with amplitude. Thus this RE has stabilitgriginal absolute equilibrium and reflect both the shape of
index + 1. The maximum energy RE are rotations about thehe molecule and the direction of the total angular momen-
principal axis with smallest moment of inertia. For these thetum vector. The number of bifurcating RE of each symmetry
nearby precessional motion decreases in energy with ampliype is equal to the number of elements of the full symmetry
tude and so these RE have stability indeg. The remaining  group, divided by the number of elements of the symmetry

RE are linearly unstable and have index O. group of the RE.
Below we describe the different types of RE that occur
. SYMMETRY for H; and their molecular symmetry groups, considered as

Our notation for the molecular symmetry groups of thesubgroups oD 3,(M).
H; Hamiltonian and its RE follows closely that of Ref. 33. 5 Equilateral RE
In molecular coordinates the Hamiltonian of thg kbn is ) ] )
invariant under the permutation-inversion groDp,(M). This type of RE corresponds to an equilateral triangle
The Hamiltonian is also invariant under the time-reversallET) configuration rotating about its out-of-plare axis.
operation which multiplies all momenta by 1. The total  There are two such RE, corresponding to clockwise and anti-
permutation-inversion-time-reversal symmetry group is useclockwise rotations. The coordinates of the second one sat-
ful in the classification of RE. However, when labeling quan-isfy the equationgr,=r,=r3, J,=J} which are invariant
tum states the time reversal symmetry does not give anynder the operations of the subgroGg,(M) of D3,(M),
additional information since it has no effect on vibrational generated by the elemers and(123. Permutations which
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interchange two nuclei and leave the third fixed transform 0 10 20 30 40 50 60 70 80 S0 100 110
the two RE into each other, as does the time-reversal opera- g0 [ T
tion.

The symmetry types of the vibrational normal modes of 70000
the ET RE can be obtained by restricting the representations
of D3,(M) on the normal modes of the equilateral equilib- 60000
rium to the subgroupCs,(M). The totally symmetricA; ]

. _— g 50000
mode for the equilateral equilibrium becomes the totally <
symmetricA’ mode. The doubly degenerdte mode retains B3 40000
the labelE’, but as a representation &@5,(M) this is g
43}

30000

separablé? i.e., the character is the sum of two complex
irreducible characters which we will denote By, andEj, . ‘.
The ET RE are not invariant under time-reversal and so the 20000 F AL i
corresponding doubly degenerate vibrational frequency of 7

the equilateral equilibrium splits into two distinct frequen- 10000 )
cies. 0 A

In addition to the vibrational normal modes there is also 0 10 20 30 40 50 60 70 80 90 100 110
a precessional normal mode. The symmetry type of this is Total Angular Momentum J

given by the action o€3;(M) on small displacements of the -, 10 1 ovies of the linearly stalsilid lines and unstablédotted
angular momentum vector. Since both permutations and Ir\l'nes) RE of the rg ion are shown as functions df Linearly stable con-

version act nontrivially the representation is of typé. figurations are labeled by ET for equilateral triangles, IT for isosceles tri-
Again this is separable into the sum Ofﬁgl and arEg_ The angle and SL for symmetric linear. The superscript on IT indicates the

; _ " direction of the total angular momentum. The two horizontal dotted lines
symmetry of the precessional mOdeEiS for J,=J and Ea denote dissociation energies of the ion to two and three fragments. An

for the negative projection. enlargement of the region indicated by a rectangle is given in Fig. 5.

two B, modes can interact. Section V shows that there is
indeed a mixing of asymmetric stretch modes with bending
We denote a RE with the configuration of an isoscelesmodes of the same symmetry type.
triangle rotating about one of its principle axes by ,|Where Although there are no asymmetric line@L) absolute
Y=X, ¥, or z and denotes the axis of rotation. Representaequilibria for H , the corresponding RE do appear (as-
tives of each type have coordinates satisfy{mg=r3, J,  stablg rotational barriers to dissociation. They have molecu-
=J}. Wheny=x this is invariant under the subgro@(M)  |ar symmetry group£,(M) generated bye* and there are
of D3,(M) generated by (13). The symmetry groups for six symmetry equivalent forms. Note that this is the same
y=y and y=z are C,(M) and Cs(M), generated by (13) symmetry group as for the fTRE. However, they can be
andE*, respectively. Thus the symmetry group in each casejistinguished by the fact that time-reversal symmetry maps a
is of order two and there are six symmetry equivalent formsinear RE to itself, while it maps an fTRE to a different
for each RE. (though still symmetry equivalenRE.
For each of the IT RE the symmetry types of the nor-
mal modes are determined simply by whether they are symy/. BIFURCATIONS OF RELATIVE EQUILIBRIA
metric or anti-symmetric with respect to the symmetry group ) ) .
of the RE. In each case there are two symmetric and one Eduation(5) for the RE was solved numerically using
anti-symmetric vibrational normal modes and the precesMathematica, usually for each integemeasured in units of
sional normal mode is anti-symmetric. h. To give a better correspondence with the analogous quan-
tum problemJ was actually taken a§J(J+1). The DPT
potential was used, assuming an isolated ground electronic
state. For each RE the eigenvectors of the matrix in(Bqg.
were used to transform the Hessigh to 2Xx 2 block diag-
The three symmetric linear equilibria each have molecu-onal form. Then each sub-block was tested for the sign of its
lar symmetry group€,,(M), generated by a permutation of eigenvalues to determine the stability index defined in the
two nuclei together with inversion. The symmetric linear previous section.
(SL) RE are these configurations rotating about axes which  The energies of the RE were plotted as functiond tuf
are perpendicular to the linear axes. The rotation does natbtain the bifurcation diagram shown in Fig. 4. The figure
break any of these symmetries, so again the molecular synaso includes two dissociation energies. The first one corre-
metry groups areC,,(M), and there are three symmetry sponds to the dissociation of;Ho H,+H™. The dissocia-
equivalent RE. The normal modes are of the same symmetrjon to H; +H occurs almost 15000 cit higher and is not
types as for the symmetric linear equilibria, namely shown. The second dissociation energy in the figure corre-
+A,+2B,. The rotation does break the extra symmetriessponds to the total break-up ofyHnto three particles.
that appear in the extended molecular symmetry group of the The solid lines in Fig. 4 represent linearly stable RE, i.e.,
symmetric linear equilibrid? It follows that whenJ>0 the  those for which the eigenvalues of the matrix in E). are

B. Isosceles RE

C. Linear RE
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purely imaginary. The energies of the stable RE are labeled

according to their configuration. The first impression of Fig. 46000
4 is that it consists of a number of pairs of curves which

merge at cusps. These are very similar to the pair which

make up the bifurcation diagram of the diatomic molecule in 44000 F

Fig. 2.
At low values ofJ the diagram shows three curves of RE
which emerge from zero and one coming from the barrier to
linearity at just below 15000 cit. The lowest energy RE, ~ 42000

labeled ET, correspond to steady rotations of equilateral tri- lé
angle configurations about axes perpendicular to the molecu- E
lar planes. At low values o these RE are absolute minima g
of the energy and have stability indék111). & 40000 |

Next up in energy, at low values af, are unstable
(1110 RE of type IT. The configuration is an isosceles
triangle and the angular momentum vector points along the
C, axis hisecting the bend angle between the two equal 38000
length bonds. Consequently, dsincreases the bend angle
increases, reaching 180° at a point where this family bifur-
cates from the SL family of RE coming from the barrier to

linearity. These symmetric linear RE start off with stability 36000 by
index (1100 atJ=0, but this changes t110 at the bifur-
cation point. Total Angular Momentum J

The six highest energy RE emerg_ing from the OI’igm_!FIG. 5. An enlargement of the region indicated by the rectangle in Fig. 4.
labeled I, correspond to steady rotations of isosceles tri-AL denotes the asymmetric linear RE. All other notation remains the same.

angle configurations about axes in the molecular plane per-
pendicular to theC, axes. Initially these have stability index
(111-1). The index—1 describes the stability of the preces- result of a normal mode frequency passing through 0. The
sional normal mode and means that these RE have maximuprz RE go on to disappear in a collision with a matching
energy in the rotational energy surface model of the bw rotational barrier to dissociation dt~55. Between)~46
behavior. AtJ~34 we observe a qualitatively new phenom- and J~50 the equilateral triangle and symmetric linear RE
enon which is absent in diatomic molecules. Thé RE  are both local minima of the energy, the energy of the latter
simultaneously lose stability to two normal modes with sta-dropping to below that of the former within this range. Note,
bility indices of opposite sign, resulting in the stability index however, that the energies of both types of RE are above the
(1100. This is an example of a Hamiltonian—Hopf |owest dissociation energy, and so neither is the absolute
bifurcation3 At the bifurcation point the frequencies of the minimum of the Hamiltonian.
two normal modes become equal and the corresponding ei- Returning to Fig. 4, we see that the symmetric linear RE
genvalues of the linearized equations of motion acquire reatontinue to be local minimum until~62 where they lose
parts. See also Sec. V. Higher still in(J~46) the I RE  stability in a bifurcation with another family of rotational
disappear in collisions with another family of RE of typ€'IT barrier RE. These have asymmetric linear configurations.
which has stability index1000 and which “comes in from  The equilateral triangle RE remain linearly stable udtil
the dissociation limit” as] increases from 0. This is one of ~70 where they lose stability in another Hamiltonian—Hopf
the families of RE which play the same role as the rotationabifurcation. Finally both these families of RE disappear in
barriers to dissociation of diatomic molecules. collisions with matching rotational barriers to dissociation in
Moving up still higher inJ we now turn to the bifurca- a similar way as for diatomic molecules.
tions which accompany the change from equilateral triangle  The DPT potentidlis expected to be increasingly poor
to symmetric linear minimum energy configurations. Theseat energies above 25000 ch As a result our analysis at
can be seen most clearly in the enlargement Fig. 5. Recadinergies close to dissociation might only be expected to give
that the stability of the symmetric linear RE increased froma rough idea of what could happen. However, the energies of
(1100 to (1110 at J=~ 34, where a family of isosceles tri- RE are the sums of their potential and rotational energies and
angle RE bifurcates from it. It becomes stable, with indexfrequently the latter is very large. In Fig. 6 only the potential
(1112, at a similar bifurcation al~46. The bifurcating RE energy is plotted and it can be seen that the bifurcations
are isosceles triangles rotating about axes perpendicular tiscussed in this section occur at levels where the DPT po-
the molecular plane and are labeled It Fig. 5. They also tential may still be valid even though the total energy is very
play a role in de-stabilizing the ET RE. Akincreases the high. To test the sensitivity of our results to the potential we
bend angle of the isosceles configuration decreases and thepeated the calculations with a model pairwise potential
family of RE passes through the equilateral configuration abased on just one Morse function. The resulting RE bifurca-
J~50 in a transcritical bifurcation. At this point the stability tion diagram was qualitatively identical to that for the DPT
index of ET RE changes fronmil11)) to (111-1) as the potential. We believe that this is because the sequence of
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FIG. 6. The potential energy of the RE of thg/ libn. The notation is the  F|G. 7. Classical normal mode frequencies for th& RE of the H ion.

same as in Fig. 4. Large dashed lines correspond to modes which are symmetric with respect
to Cj(M), solid lines to modes which are anti-symmetric and the small
dashed line shows the real part of the complex frequency after the
Hamiltonian—Hopf bifurcation at &34. The dotted line shows the energy

bifurcations described is the simplest way that stability carfifference between the fTand the barrier IT RE.

be transferred from the equilateral triangle to the symmetric

linear configurations ag increases. wherel is the symmetry of the ground state of the RE, i.e.,

the wave function with zero normal mode quarfa,is the

representation of the symmetry group on thle normal
V. NORMAL MODES AND HARMONIC QUANTIZATION mode,® denotes thétensoj product of representations and
I“,”' is the product ofl"; with itself n; times. The representa-

The results of the previous section show thaf Has tion 'y is not necessarily trivial. From the correspondence
three different types of linearly stable RE: the isosceles tri- 0 y ) P

o : principle in the classical limit the ground state must be the
angles IT at low values of], the symmetric linear SL at high . : = .
: : : ymmetric top wave functiopdK=JM), where the quanti-
values and the equilateral triangles ET over a wide range o

) , : zation axis is chosen along the axis of rotation of the*RE.
values. In this section we describe the normal modes of the . . . .
. o e symmetry type is determined by the actions of equiva-
RE and use harmonic quantization to make some element

A¥nt rotations of the molecular s du
- . ymmetry grétpf the RE
predictions about the corresponding quantum states. on |JK=JM) and in general will vary with.

The energies of quantum states which are localized near ival RE t ivalent
linearly stable RE can be estimated by the formula Symmgtry qulvqent nave symmetry equivaen
wave functions which interact with each other via tunnelling.
4 The resulting wave functions of the quantum states of the
Enyoon,= ERE(J)+IZ ki () (M + 3), (8 molecule given by harmonic approximation are linear com-
- binations of the localized wave functions and can be labeled
whereEgg(J) is the energy of the REp, is the number of by how they transform under the full groups,(M). The
quanta in thdth normal modew,(J) is its frequency andt,  representation db,(M) on the space of all quantum states
its stability index. This estimate ignores anharmonic correcobtained in this way from a single localized wave function is
tions and also the splitting due to tunneling between symmethe corresponding induced representation. These are most
try equivalent RE. It will only be useful for wave functions conveniently calculated using Frobenius reciprogityin
which are localized near the RE. The minimal requirementeneral these representations are reducible and the energies
for this is that the energy in each normal mode is lower tharof the irreducible components are split by the tunneling, giv-

the tunneling barrier to another RE along that normal modeing rise to energy level clusters with characteristic symmetry
In practice we use the criterion that half the lowest normalproperties.

mode frequency is less than the energy difference betwe
the RE and the lowest barrier.

The approximate wave functions localized near a RE can  Figure 7 shows the normal mode frequencies for the IT
be labeled according to how they transform under the moRE. The vibrational normal modes of thi&;,(M) equilib-
lecular symmetry group of the RE. A wave function with  rium point atJ=0 are a totally symmetrié\; “breathing”
guanta in thdth normal mode will have symmetry type mode and the doubly degener&té mode. For the bifurcat-

n n ing IT* RE the symmetry is broken t&€;(M) and the

F',§’1°,~,n4=1"0®1“11®- ~ely ©  E’mode splits into two non-degenerate vibrations which are

e . .
R. Isosceles triangle with  J,=J
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symmetric and anti-symmetric with respect@(M). The 0 10 20 30 40 50 60 70 80 90
corresponding nonlinear normal modes dre0 perturba- 3500 [T
tions of the “local bending” mode&! The former breathing
mode is also symmetric and starts to interact with the sym- 3000 7
metric branch of th&’-mode. AsJ increases the centrifugal
forces cause the molecule to deform into an elongated 2500 .
T-shape(cf. Fig. 3), the breathing mode transforms into a 'g
diatom stretching mode and the symmet&t-mode into a > 2000 1
dissociation mode. The frequency of the breathing/diatom g
mode remains roughly constant while the frequency of the %1500 .
dissociation mode goes to 0 3=46. &

The frequency of the precessional mode increases from 0 1000 ]
asJ increases. This mode is anti-symmetric with respect to
Ci(M) and interacts with the anti-symmetric branch of the 500 ]
E’-mode, resulting in a Hamiltonian-Hopf bifurcation &t ,
~34. Thereafter the corresponding frequencies are complex o s
and the figure shows only their real part. Up until this point 0 10 20 30 40 S50 60 70 80 90
the precessional frequency is always the lowest frequency. Total Angular Momentum J

Hamiltonian—Hopf bifurcations frequently imply the exis- , . .
f dp . | . Iq e%é} gy FIG. 8. Classical normal mode frequencies for the ET RE of teidh.
tence of monodromy In classical systethand it seems The dotted line is the totally symmetric breathing mode, the solid lines are

likely that the corresponding quantum monodrdinyill ex- the E, andE{, modes and the dashed line is the precession frequency. The
ist for states localized near theRE. However, this re- dash-dot lines give the “quantum” estimates of the normal mode frequen-
quires further investigation. cies (Ref. 4.

The dotted line in Fig. 7 shows the difference between

the energy of the ITRE and that of the barrier provided by - gq they oppose the overall rotation of the molecule in both
the unstable IT RE. The figure suggests that localized “pre- E' modes. Note also that fai>50 the lower frequency

cessional wave functions” should occur in the approximateE,_mode has less energy than the RE. Jt70 the two

ranger\]]=15—.”33. Because the precessiorr:al stability indeX igeqencies collide and become complex in a Hamiltonian—
—1, these will decrease in energy from that of the RE as the, ¢ pifyrcation. The nonlinear normal modes associated

number of quanta increases, and they will be alternatelyévith these normal modes ade-0 perturbations of the “cir-
symmetric and anti-symmetric with respect to the SYMmetry. jar” modes of Ref. 21

groupC;(M). The corresponding induced “cluster represen- g precession frequency grows almost linearly but then

tations” of Dgn(M) areA;+E'+E"+A; andA;+E"+E"  oypinits a period of stabilization. Remarkably the calcula-
+Az, respectively. These representations are six dimengons and Fig. 8 show that the precession frequency is equal
sional, corresponding to the six symmetry equivaleftRE. y, eyactly half the difference between the b frequencies
Tunne_zlmg will split the energy into four distinct levels, two for J<50 and to half the sum of the frequencies o 50.

of which are doubly degenerate. After the Hamiltonian—Hopf bifurcation the real part of the

E’ frequencies is equal to the precession frequency. This
three way resonance is a consequence of the high degree of
symmetry of the RE.

The frequencies of the normal modes for the ET RE are  The lowest frequency normal mode is the precessional
presented in Fig. 8. The breathing mode remains totally symmode up toJ=30 where it switches to being tHe, mode
metric with respect to this group while th& -mode, which  until the Hamiltonian—Hopf bifurcation ait~70. For most
is doubly degenerate at=0, splits intoE;, andE;-modes as  of this range this frequency is well below twice the height of
a result of the breaking of time-reversal symmetry. As the lowest barrier. However in the range 47—53 the near-
increases the frequency of the breathing mode decreases @& barrier is provided by the ¥IRE and these are generally
the molecule grows in size. too close to those of type ET for localization to occur.

In an appropriate coordinate system which prese@ges As J varies through 0-5 mod 6, the ground state sym-
symmetry the nuclei in the twd&’-modes undergo small metry I’y is A’, E., E,, A", E,, E,, respectively. The
oscillations around circular trajectories with their centers alocal symmetry types of wave functions corresponding to
the nuclear positions in the RE. The frequencies of thesexcited precessional states depend on the number of guanta
oscillations depend on the direction of the total angular moinod 6. For example, suppoddas a multiple of 6 and so the
mentum: The mode in which the nuclei circle in the sameground state is totally symmetric. Then mawvaries through
direction as the overall rotation of the molecule has lowerO---5 mod 6, the wave functions vary through the sequence
frequency than the one for which they circle in the oppositeof representationsA’ ® (E{)"=A’, E;, E,, A", E;, EL.
direction. The change of stability index froll1ll) to  The corresponding induced representation®gf(M), and
(111-1) occurs as the lower frequency passes through zerhence cluster types, ard;+A;, E”, E', A[+Aj, E’, E".
atJ~50. At this point the direction in which the nuclei circle This sequence, and its analogues for other valuds ajrees
their RE positions changes for this mode and so, Jor with the structure obtained from conventional perturbation

B. Equilateral triangle with  J,=J



148 J. Chem. Phys., Vol. 111, No. 1, 1 July 1999 Kozin, Roberts, and Tennyson

nates betweeA, (J even andB, (J odd. Consequently the
symmetry types of excite®,, states will alternate between

4000 A, andB, or B, andB,,. The corresponding cluster types
3500 will be the induced representations@f,(M) obtained from
these, namel; +E’ andA,+E’ or AJ+E"” andA]+E",
3000 respectively.
=
< 2500 VI. COMPARISON WITH EXPERIMENTS AND
g COMPUTATIONS
g 2000 o
g In principle we could expresSz(J) andw;(J) as poly-
= 1500 nomial series inJ?, as has been done by Lohr and Hublen
for Egrg(J), and compare the results with the traditional ef-
1000 ¢ fective ro-vibrational Hamiltonian. However this is unlikely
500 [ to be useful for H because of the essentially nonpolynomial

dependence of the energy dA For H; effective Hamilto-
nians built up as power series in the total angular momentum
are divergent. To overcome the problem of divergence, Pade
and Borel approximations of effective Hamiltonians were
FIG. 9. The classical normal mode frequencies of the SL RE of thead ~ Suggested in Ref. 43 and used in Ref. 44. It would be inter-

are shown as solid lines and labeled by the appropriate representations efsting to test whether these approximations reproduce the

C,n(M). The dotted line shows the energy of the barrier provided first byenergy dependence of RE given here
the IT? RE and then the AL RE. ’

0 P ) 1 4 a1
0 10 20 30 40 50 60

Total Angular Momentum J

Instead we evaluate how close the correspondence is be-
tween the classical and quantum mechanics by estimating the

theory*-*2 Similarly, for J a multiple of 6 the local symme- Normal mode frequencies from experimental 6%qaa_rtly
try types of excitecE/, wave functions depend ammod 3 ~ Supplemented by quantum caIcuIatlléﬁQThe most straight-
and are given byA’'®(EL)"=A’,E.,E/ and the corre- forward.companson is for the equilateral triangle RE. The
sponding sequence of induced representation3.gfM) is:  Precession frequency was taken to BegK=J-1)—E(K
Al+ALE'E'. =J) in the ground V|.brat|0nal state and the vibrational fre-
guencies were obtained by subtracting the lowest energy
level for a givenJ-value. The result obtained was that the
vibrational frequencies are uniformly higher than their esti-
The classical normal mode frequencies of the SL RE arenates by~250 cm %, presumably due to anharmonic cor-
shown in Fig. 9. The second highest frequency mode is theections. Since our aim was to compalelependence we
symmetric stretch along the molecular axis. The highest andhifted the quantum estimateg this amount upwards. These
lowest frequency modes, both of symmetry type, corre- quantum estimates of the normal mode frequencies are
spond to other oscillations in the plane perpendicular to theshown in Fig. 8 as dash—dot lines. The agreement seems to
total angular momentum vectar. As J approaches 0 the be quite satisfactory. The classical precession frequency is
highest frequency mode becomes the asymmetric stretciimost uniformly above the quantum values by 40 ¢m
mode of the linear equilibrium. The lowest frequency be-which means that the relative error decreasesgrsws. It is
comes real at the bifurcation of thelRE from the SL RE. about 10% atl=10 and should be smaller for highér
It follows that at this point the corresponding normal mode is  Very few full quantal calculations have been performed
a bending vibration. However, the frequency of the samdor higher values of], partly because of difficulties with
normal mode goes to 0 again at the point where the AL REncorporating linear geometries, and partly because of the
bifurcate from the SL RE. At this point the normal mode size of Hamiltonian matrix implied by such a calculation.
must be close to an asymmetric stretch vibration. Thud as However, it is interesting to note that one of the very earliest
increases there is a complete mixing of the asymmetri@b initio attempts to calculate the highspectrum of H
stretch and bending motions perpendiculadto reported that af =46 the low energy spectrum has a vibra-
The remaining mode, of symmetry typg, corresponds tional, rather than rotational, natufeThose results are con-
to bending oscillations in the plane formed Byand the sistent with our predictions even at a numerical level. The
linear reference configuration. This mode gains stability afteguantum spacings between the computed doublets are about
the bifurcation to the 1Y RE and may be thought of as a low 170 cm ! (see Table V of Ref. 48which is very close to the
amplitude ancestor of the rotating horseshoe periodiérequency of 175 cm® we have calculated for thg], normal
orbit.”?? mode of the ET RE al=46 (see Fig. 8 However, accord-
Throughout the range for which the SL RE are stable theng to our predictions the first and second doublets of Ref. 46
B,-mode which starts out as a bending oscillation perpenmust be ofE’ type, i.e., exactly degenerate, suggesting that
dicular toJ and ends up as an asymmetric stretch oscillatiorthere is poor convergence in the computations.
always has the lowest frequency. Corresponding localized Several factors may affect theTluster formation pre-
wave functions should exist far between about 48 and 59. dicted in section V A. It may be spoiled by the fact that when
The symmetry of the ground state wave functibgp alter-  J>15 the precessional frequency is rapidly approaching that

C. Symmetric linear
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0 10 20 30 40 50 60 70 and co-workers:® Intensity factors are not considered here
1200 e ' ' ' ] and apparently pure rotational dipole transitions are forbid-
B gy den for the equilateral configuration. But these frequencies
1000 should be regarded as the “base” frequencies to be supple-
mented by the correspondidgdependent precession and vi-
brational frequencies participating in the considered transi-
Ty 800 tion. In harmonic approximation the ro-vibrational transition
< frequencies can be estimated by adding or subtracting the
’f 600 necessaryJ-dependent frequency using E() (see Figs.
3 7-9. When vibrational excitation is involved, the
X 100 J-dependence of the transition is likely to be pulled down
since vibrational frequencies usually have negative deriva-
tives with respect td.
200 O — ET 1
o — SLx VII. CONCLUSION
ol - - ' L o In this paper we have describall the RE of the H ion
0 10 20 30 40 50 60 70

and how they bifurcate and change stabilityJamcreases.
The results confirm those of Refs. 11 and 22 showing that
FIG. 10. Frequencies akJ=1 transitions for all stable RE. The circles, the equilateral triangl€ET) configuration is replaced as the
diamonds and squares correspond, respectively, to ET, SLLTAnRE. minimum energy geometry by symmetric line@L) con-
figurations atJ=47. In addition we give a detailed descrip-
tion of the bifurcations and stability changes that accompany
of the anti-symmetric vibrational mode. It may be facilitated this switch and shown that the symmetric linear configura-
by vibrational excitation since this effectively increases thetions go on to lose stability at~62. Surprisingly, the rotat-
barrier height. However, vibrational excitation also leads tong equilateral triangle remains linearly stable for a large
higher level densities and more “accidental” resonancegange ofJ beyond the point where it ceases to be a minimum
which may destroy the clusters. The high densities will inof the energy function, and indeed beyond the point where
any case make it difficult to find the clusters. the symmetric linear configurations lose stability. We have
Comparisons between any of the predictions and experialso shown that there is a family of rotating isosceles triangle
mental data are complicated by the fact that due to nucledd T*) RE which is linearly stable in the rande= 0—34. Both
spin statistics in H the A and A} levels have zero the ET and IT RE lose stability in Hamiltonian—Hopf bifur-
weight$? and so will not be seen in physical spectra. As acations.
result only energy level triplets will be observable for th& IT The normal mode frequencies for all the linearly stable
clusters and some of the energy level doublets in ET will nofRE have been computed and the results combined with har-
appear. This is not true for the analogoug Bpectra for ~monic quantization and symmetry techniques to make pre-
which all the levels can occur. dictions about quantum states localized near the RE. The
Some progress has been made towards understanding tifvest energy quantum states are predicted to have the sym-
pre-dissociation spectrum ofjHion.® Most of this spectrum Metry types and clustering patterns given in Sec. V. The
was recorded at low kinetic energy release of dissociatio§lassical analysis suggests that two main rearrangements of
products and it is believed that this corresponds to rather lothese levels take place dsncreases. The first is associated
values OfJ_G H|gh kinetic energy release spectra should havéNlth the precessional-to—vibrational Change in the lowest fre-
high J values and it has been reported that they are generaluency normal mode of the ET RE &30, while the sec-
more sparsélf so, it is possible that regular features in theseond is due to the ET to SL switch in minimum energy ge-
pre-dissociation spectra will correlate with transitions be-ometry atJ~47. The fact that the ET RE remain to be
tween levels associated withdependent RE as the mol- linearly stable beyond this point suggests that “shape reso-
ecules are brought to the dissociation threshold mainlypances” associated with both symmetric linear and equilat-
through rotational excitation. eral triangle geometry may be embedded in the continuous
With this in mind, one can speculate about vibrational orspectrum. Finally we have predicted that energy level qua-
ro-vibrational transition frequencies with the sathavithin ~ druplets with characteristic symmetry patterns associated to
particular RE using the normal frequencies given in Figsthe IT* RE should occur for a range dfvalues starting at
7-9. In Fig. 10 we present energy differendeg(J+1)  about)~15. Because of spin statistics these quadruplets will
—Egg(J) for all stable RE. It gives a rough idea of the pure be reduced to triplets in physical spectra. The possible effects
rotational AJ= 1transition frequencies in H. Sometimes it ~©of the Hamiltonian—Hopf bifurcations on these clusters, and
gives perhaps just an order of magnitude, as arals&0  ON the quantum states associated to the ET RE, require fur-
where the ET and SL RE are not well separated from eackher investigation.
other. Sometimes it should be more reliable, as for the ET
RE fromJ=10—40. All of the three bands in Fig. 10 tend to ACKNOWLEDGMENTS
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