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A new global, ground-state, Born± Oppenheimer surface is presented for the H‡
3 system. The

energy switching approach has been used to combine di� erent functional forms for three
di� erent regimes: a spectroscopic expansion at low energy, a Sorbie± Murrell function at
high energy and known long-range terms combined with accurate diatomic potentials at
large separations. At low energies we have used the ultra high accuracy ab initio data of
Cencek et al. (1998, J. chem. Phys. , 108, 2831). At intermediate energy we have calculated
134 new ab initio energies using a high accuracy, explicitly correlated procedure. The ab initio
data of Schinke et al. (1980, J. chem. Phys. , 72, 3909) has been used to constrain the high
energy region. Two ® ts are presented which di� er somewhat in their behaviour at energies over
45 000 cm¡1 above the H‡

3 minimum. Below this energy, the ® ts reproduce each set of ab initio
data close to their intrinsic accuracy. The ground state surface should provide a suitable
starting point for renewed studies of the near-threshold photodissociation spectrum originally
reported by Carrington et al. (1982, Molec. Phys. , 45, 753).

1. Introduction

In this journal in 1982, Carrington et al. [1] gave a
preliminary report of a truly remarkable photodissocia-
tion spectrum of the H‡

3 molecular ion. Carrington et al.
observed some 27 000 clearly resolved photodissociation
lines in a small, 222 cm¡1 , region of the infrared. In
subsequent work Carrington and co-workers [2, 3] pro-
vided further information on this spectrum. In particu-
lar they analysed the underlying course grained structure
of the spectrum, the isotopomer speci® c behaviour dis-
played by H2D‡ and D2H‡ , and the variation of the
spectrum as a function of the kinetic energy release of
the ionic fragment. The latter experimental analysis
demonstrated that at least some of the spectrum arose
from initial states which themselves are above the dis-
sociation limit of the system. An overview of this work is

provided by reviews of Carrington and McNab [4] and
McNab [5].

The observations of Carrington et al. have stimulated
considerable theoretical activity. Initially this work was
largely (semi-)classical in nature [6± 11], a review of
which can be found in Pollak and Schlier [12]. One prob-
lem resolved by these studies was the reason for the
observed isotope e� ect [6, 7]. More recently a number
of studies have attempted to treat the problems raised by
the H‡

3 photodissociation spectrum quantum mechani-
cally [13± 17]. However so far even the reason for the
underlying coarse grained structure of the spectrum,
the subject of greatest work, remains controversial
[16]. A common feature of all these studies has been
the use of potential energy functions which were either
highly inaccurate or not designed for studies of the dis-
sociation region.

Recently three of us (PPT) [18], in an attempt to
address problems with the H‡

3 potential, developed a
global two-valued ground-state potential surface for
H‡

3 , referred to below at the PPT surface. This surface
used the energy switching functions of Varandas [19] to
divide energy/con® guration space into three regions: a
low energy region which was represented by the Born±
Oppenheimer portion of the spectroscopically deter-
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mined DPT potential of Dinelli et al. (DPT) [20], a high
energy region characterized by the ab initio calculations
of Schinke et al. [21] and a portion for large separations
characterized by known long-range interaction terms
and accurate diatomic potentials.

The PPT potential is reliable for a large range of H‡
3

geometries including the entire dissociation region and
the region where the two surfaces cross; however the
PPT surface cannot be regarded as accurate. In particu-
lar the use, in the absence of better data, of the 1980 ab
initio data of Schinke et al. meant that it was not poss-
ible for Prosmiti et al. to obtain high accuracy. Subse-
quent to this work Cencek et al. [22] reported the ultra
high accuracy ( s̀ub-microhartree ’ ) ab initio calculation
in the low energy region of the potential. We have there-
fore undertaken further ab initio calculations which
allow us to characterize a global, high accuracy surface.
It is this work which we report here.

2. Electronic structure calculations

The input to determine our potential energy surface
came from a number of di� erent ab initio electronic
structure calculations. To balance our ® ts it is therefore
necessary to weight these points according to their accu-
racy.

At low energy we use the 69 potential energy points
computed by Cencek et al. [22] at the grid points origin-
ally suggested by Meyer et al. (MBB) [23]. These ener-
gies have an absolute accuracy of about 0.05 cm¡1.

Our aim here is to construct a potential surface on
which H‡

3 can dissociate. However, to constrain our ® t
at high energies we use the ab initio data of Schinke et al.
[21]. Schinke et al. computed energies at 650 grid points
with boundaries 0.0 a0 4 R 4 10:0 a0 , 0:6 a0 4 r 4 2:6 a0
and 084 ³ 4 908 in Jacobi coordinates. In these coordi-
nates, r is the H± H distance, R is the distance between
H‡ and the centre of mass of H2 , and ³ is the angle
between r and R. We estimate the accuracy of Schinke
et al. ’ s energies to be about 300 cm¡1, by comparison
with the data of Cencek et al. [22]. Unlike PPT, our
® ts used all 492 of Schinke et al.’ s points lying below
75 000 cm¡1.

To characterize the potential at intermediate energies,
we have computed non-relativistic Born± Oppenheimer
electronic energies on 134 points on the potential
energy hyper-surface of the H‡

3 ion. These cover energies
up to 70 000 cm¡1 above the minimum of the potential.
These points, which are listed with our calculated elec-
tronic energies in table 1, were chosen by extending the
MBB [23] grid employed by Cencek et al. , choosing
those points which, according to the PPT potential ,
lay at low energy. The MBB grid uses displacements
from equilibrium in symmetry coordinates; in table 1
we have converted these to Jacobi coordinates for ease

of interpretation. In this context it should be noted that
none of our newly calculated points lie in the region of
the r ¹ 2:5 a0 and R 5 8 a0 in which the surface crossing
is important [18].

Our electronic structure calculations employed the
CISD-R12 method of Kutzelnigg and co-workers [24±
26]Ð the same method used in previous accurate com-
putations of the H‡

3 surface [27, 28]. In the CISD-R12
method, the electronic wavefunction is approximated as

C…1 ;2† ˆ r12F0…1 ;2† ‡
XN

k 0̂

ckFk…1 ;2†; …1†

where r12 is the inter-electronic distance and Fk…1 ;2† the
two-electron basis set of all N singlet Slater determi-
nants that can be built from a contracted 10s8p6d4f
Gaussian basis set of atomic orbitals (AOs). The
10s8p6d4f AO basis set used here was obtained by con-
tracting the 16s10p8d6 f primitive basis set of [27, 28].
The contraction coe� cients were obtained from a calcu-
lation on the bare nuclear Hamiltonian of the equilateral
triangular H‡

3 ion with internuclear separation
r ˆ 1:65 a0 , as explained in [27]. The CISD-R12 energy
of the H‡

3 ion in this geometry amounts to
¡1:343 8341Eh ; this can be compared to the value of
¡1:343 8355Eh , 0.3 cm¡1 lower, obtained by Cencek
et al. [22] for the same geometry.

The reference wavefunction F0…1 ;2† is the singlet two-
electron Slater determinant that is built from the mol-
ecular orbital corresponding to the lowest eigenvalue of
the above-mentioned bare nuclear Hamiltonian. All cal-
culations were performed with the DIS program [29] on
the SGI/CRAY Origin 2000 of the University of Bergen,
Norway.

For the set of points (Na ˆ ¡4;¡3 ; . . . ;4 ;5, Nx ˆ 0,
Ny ˆ 0) computed by Cencek et al. [22], our present
calculations deviate from their surface by at most
0.5 cm¡1, see table 2. Noting that this deviation increases
in a regular manner with the distance from the equi-
librium structure , we expect deviations of about
1 cm¡1 for the energy points around 50 000 cm¡1 above
the minimum. For example, we predict an error of
0.9 cm¡1 for the energy point (Na ˆ ¡6, Nx ˆ 0,
Ny ˆ 0), which lies 48 662:9 cm¡1 above the minimum
in our new calculations. However it should be noted
that the present method of computation is not strictly
variational and, as can be seen from table 2, energies can
be too low as well as too high.

For the whole set of 133 new ab initio points{ com-
puted by us, we estimateÐ rather conservatively Ð an
average accuracy of 3 cm¡1, which is three times larger
than the maximum error predicted for the calculations
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{ The ® rst point serves only to de® ne the energy zero.
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Table 1. Born± Oppenheimer electronic energies, relative to the ® rst point at ¡1:343 834 Eh.
Geometries are de® ned in Jacobi coordinates. Residues for the ® t are given in cm¡1.

E ¡ V ES

No. r/a0 R/a0 cos ³ E/cm¡1 Fit 1 Fit 2

1 1.650 00 1.428 94 0.000 00 0.00 0.09 0.09
2 0.994 94 0.861 64 0.000 00 48 662.89 7.08 7.22
3 0.936 02 0.920 92 0.221 58 51 838.50 2.61 2.89
4 1.219 59 0.855 15 0.368 45 43 747.57 9.40 10.19
5 1.149 57 0.889 53 0.195 46 34 703.18 76.23 72.75
6 1.083 22 0.938 10 0.000 00 31 849.09 72.78 75.90
7 1.020 16 1.001 94 0.218 49 34 543.56 4.47 6.35
8 1.492 75 0.901 91 0.637 12 63 822.46 713.51 744.91
9 1.325 70 0.931 81 0.364 15 29 342.52 3.48 5.23

10 1.045 90 1.177 97 0.460 36 28 377.97 70.88 72.69
11 0.984 63 1.289 28 0.736 63 39 563.22 77.61 722.06
12 1.530 27 0.992 11 0.508 50 30 324.60 712.60 78.28
13 1.072 18 1.408 03 0.742 14 27 911.82 77.32 710.36
14 1.774 27 1.075 93 0.630 38 35 978.76 1.24 17.97
15 2.226 53 1.226 48 0.810 69 68 307.73 71.66 75.61
16 1.942 54 1.176 98 0.631 94 27 846.27 0.52 0.55
17 2.294 22 1.314 13 0.736 56 37 135.51 77.01 710.26
18 2.557 03 1.457 24 0.746 13 32 351.27 713.11 726.27
19 3.190 09 1.731 89 0.838 59 43 187.17 7.16 37.90
20 2.888 85 1.632 80 0.761 73 30 250.48 2.58 4.94
21 4.510 69 2.347 38 0.920 78 53 133.97 73.78 72.90
22 3.339 37 1.863 76 0.785 68 30 514.57 5.86 7.27
23 4.989 17 2.619 68 0.903 30 39 810.14 9.41 10.23
24 4.044 21 2.213 44 0.823 03 32 816.02 73.88 75.01
25 3.508 57 2.025 87 0.721 51 26 511.72 11.41 12.51
26 5.766 28 3.044 70 0.892 39 36 174.31 0.86 1.48
27 4.355 47 2.441 00 0.777 78 32 651.81 71.15 71.38
28 3.703 85 2.232 47 0.641 57 28 551.52 1.51 2.52
29 3.275 39 2.166 50 0.472 43 25 242.08 78.52 78.49
30 2.306 21 3.288 57 0.900 01 26 314.22 70.09 71.05
31 4.768 75 2.747 24 0.725 78 38 153.35 10.71 24.03
32 3.934 73 2.512 77 0.535 81 35 037.15 0.35 0.16
33 3.435 73 2.501 62 0.301 93 32 955.60 70.04 71.57
34 3.078 48 2.666 04 0.000 00 32 241.38 7.16 7.23
35 2.800 01 3.114 66 0.438 14 33 084.67 1.10 3.41
36 5.385 52 3.203 81 0.665 84 47 953.22 72.69 77.09
37 4.217 17 2.945 25 0.375 49 45 131.01 72.39 9.66
38 3.619 29 3.134 40 0.000 00 44 257.50 5.82 719.59
39 3.214 49 4.133 42 0.702 61 45 297.34 70.72 73.43
40 0.975 91 1.033 98 0.132 65 34 623.36 70.61 2.07
41 1.062 84 1.123 81 0.131 79 21 657.53 0.69 0.69
42 1.156 16 1.221 59 0.131 94 12 342.85 0.53 0.53
43 1.256 89 1.328 87 0.133 20 6124.06 0.41 0.42
44 1.366 30 1.447 67 0.135 72 2563.87 0.02 0.01
45 1.486 05 1.580 78 0.139 82 1320.62 70.01 70.03
46 1.618 28 1.732 09 0.145 95 2133.12 0.12 0.11
47 1.765 91 1.907 38 0.154 93 4811.61 0.06 0.08
48 1.933 01 2.115 63 0.168 19 9234.99 0.08 0.07
49 2.125 48 2.372 14 0.188 52 15 356.34 0.02 0.02
50 2.352 44 2.706 25 0.222 23 23 222.25 0.74 0.88
51 2.629 03 3.187 05 0.287 42 33 020.20 70.11 72.28
52 2.983 18 4.073 89 0.470 84 45 209.07 71.82 74.49

Continued



264 O. L. Polyansky et al.

Table 1. Continued

E ¡ V ES

No. r/a0 R/a0 cos ³ E/cm¡1 Fit 1 Fit 2

53 0.957 17 1.228 85 0.298 57 28 859.76 4.13 3.89
54 1.042 78 1.336 58 0.300 04 18 512.37 1.23 1.31
55 1.134 58 1.455 86 0.304 52 11 443.00 0.48 0.49
56 1.233 54 1.589 50 0.312 60 7177.19 0.42 0.45
57 1.340 88 1.741 43 0.325 28 5345.99 0.22 0.23
58 1.458 14 1.917 49 0.344 27 5668.93 0.12 0.17
59 1.587 34 2.126 94 0.372 60 7944.57 0.43 0.43
60 1.731 21 2.385 79 0.416 21 12 049.95 1.05 0.86
61 1.893 49 2.725 95 0.488 44 17 954.88 3.34 3.52
62 2.079 61 3.229 25 0.627 91 25 774.84 3.38 3.65
63 0.938 70 1.459 92 0.519 21 29 114.22 77.05 710.53
64 1.023 03 1.594 15 0.530 16 20 576.08 0.59 0.60
65 1.113 36 1.746 96 0.548 99 15 102.76 0.26 0.15
66 1.210 62 1.924 49 0.578 40 12 278.89 0.55 0.54
67 1.315 95 2.136 64 0.623 25 11 794.78 2.35 2.58
68 1.430 82 2.401 14 0.693 16 13 440.81 0.73 0.73
69 1.557 14 2.755 33 0.810 13 17 124.45 5.62 5.69
70 0.769 05 1.462 87 0.799 92 59 497.19 11.80 49.74
71 0.920 49 1.752 63 0.833 82 33 962.46 73.93 716.80
72 1.003 58 1.932 85 0.873 15 26 734.75 74.83 73.54
73 1.092 49 2.149 79 0.935 64 22 506.46 0.74 0.74
74 1.129 78 0.978 42 0.000 00 25 085.98 13.40 12.84
75 1.178 11 1.020 27 0.000 00 19 294.82 0.48 0.49
76 1.228 35 1.063 78 0.000 00 14 395.59 71.25 71.38
77 1.280 67 1.109 09 0.000 00 10 317.16 0.41 0.40
78 1.335 23 1.156 35 0.000 00 6996.33 0.67 0.73
79 1.392 25 1.205 72 0.000 00 4376.93 0.15 0.17
80 1.451 95 1.257 42 0.000 00 2409.10 70.02 70.05
81 1.514 59 1.311 68 0.000 00 1048.78 0.10 0.07
82 1.580 49 1.368 75 0.000 00 257.08 0.14 0.13
83 1.723 54 1.492 63 0.000 00 248.03 0.06 0.05
84 1.801 60 1.560 23 0.000 00 975.95 0.09 0.08
85 1.884 78 1.632 26 0.000 00 2162.70 0.04 0.03
86 1.973 79 1.709 35 0.000 00 3791.32 70.16 70.17
87 2.069 52 1.792 26 0.000 00 5848.98 70.31 70.33
88 2.173 07 1.881 93 0.000 00 8327.21 70.08 70.08
89 2.285 81 1.979 57 0.000 00 11 222.21 0.38 0.40
90 2.409 56 2.086 74 0.000 00 14 535.40 0.08 0.09
91 2.546 69 2.205 50 0.000 00 18 274.30 0.02 70.07
92 2.700 45 2.338 66 0.000 00 22 453.50 70.02 70.02
93 2.875 45 2.490 21 0.000 00 27 097.33 728.40 727.85
94 3.320 30 2.875 46 0.000 00 37 937.14 78.66 71.61
95 0.923 33 1.443 35 0.260 04 27 671.18 7.60 8.04
96 0.944 27 1.921 89 0.545 72 29 270.35 4.43 2.32
97 0.968 50 2.156 91 0.154 05 29 009.13 5.34 6.36
98 1.054 90 2.398 28 0.171 26 25 603.34 3.91 5.95
99 1.147 62 2.699 62 0.199 54 24 694.77 2.65 4.41

100 1.247 65 3.100 24 0.250 79 26 052.48 70.64 71.86
101 1.669 63 3.022 53 0.490 93 20 975.32 78.02 79.55
102 1.356 24 3.699 21 0.365 55 29 545.10 5.36 5.11
103 2.187 86 2.884 55 0.191 87 23 916.37 1.51 1.72
104 1.000 76 1.176 87 0.103 67 24 157.61 2.62 2.60
105 0.962 82 1.616 29 0.245 85 23 220.62 0.84 0.79

Continued



on the equilateral triangular geometries. The ® tted
potentials below reproduce the computed data in the

energy range of our new points with a standard devi-
ation of around 5 cm¡1 for points which lie below
39 000 cm¡1. Thus, the standard deviation of the ® t is
of the same order of magnitude as the intrinsic accuracy
of the ab initio calculations.

3. Analytical representation of the PES

As the functional form employed by Prosmiti et al.
[18] to represent their two-valued, global ground state
potential function gave physically reasonable values for
all the con® gurations we wish to consider, we used this
as a starting point for our representation of the poten-
tial. The PPT potential used a combination of two
potential forms, V 1 (R) and V 2 (R), linked by the energy
switching approach of Varandas [19]. Within this
approach, V 2 reproduces the low energy s̀pectroscopic’
portions of the potential in the region of the minimum
of the potential. V 1 should give a realistic representation
for con® gurations at higher energies. The energy
switching (ES) potential is written as
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Table 1. Continued

E ¡ V ES

No. r/a0 R/a0 cos ³ E/cm¡1 Fit 1 Fit 2

106 1.012 49 2.144 33 0.583 82 25 774.36 2.69 1.56
107 1.102 05 2.393 85 0.647 20 23 172.55 10.17 8.42
108 1.198 41 2.714 87 0.752 15 23 052.75 77.00 79.79
109 1.302 70 3.171 26 0.948 09 25 338.92 0.83 0.59
110 1.596 65 3.142 64 0.483 72 22 452.87 0.57 72.77
111 2.187 86 2.884 55 0.191 87 23 916.37 1.51 1.72
112 1.625 72 0.984 88 0.632 19 47 730.02 18.33 26.96
113 4.011 16 3.473 76 0.000 00 51 303.88 70.23 9.87
114 3.056 54 1.622 13 0.882 50 68 962.27 4.24 713.34
115 3.794 45 2.034 66 0.862 46 40 684.92 16.04 35.75
116 0.894 56 0.950 91 0.134 47 51 945.08 711.70 712.48
117 1.056 72 0.816 16 0.198 71 52 051.55 726.93 728.76
118 0.879 72 0.995 18 0.468 28 61 103.21 21.08 30.07
119 1.293 69 0.834 11 0.518 49 60 030.88 761.56 785.49
120 0.960 09 1.082 67 0.462 59 42 435.63 128.64 129.89
121 0.902 74 1.182 80 0.737 82 55 396.92 291.23 322.41
122 1.406 48 0.910 01 0.512 17 42 964.62 745.51 739.31
123 2.474 26 1.360 01 0.814 81 56 387.90 736.47 75.98
124 2.782 37 1.522 33 0.823 64 48 224.66 739.84 74.04
125 6.312 75 3.208 12 0.967 61 68 820.90 7222.65 1330. 70
126 6.632 82 4.082 45 0.603 04 60 136.71 7246.69 7246.69
127 4.581 00 3.967 26 0.000 00 59 210.79 73945.31 73196. 47
128 0.876 97 1.130 64 0.299 79 43 090.88 67.44 67.91
129 0.859 62 1.340 18 0.514 64 41 258.00 745.26 759.70
130 0.842 51 1.598 18 0.810 65 44 669.11 7102.54 788.21
131 1.038 31 0.899 20 0.000 00 39 674.21 48.78 52.99
132 1.890 90 1.086 40 0.730 85 56 565.49 79.99 87.39
133 2.076 61 1.192 54 0.731 72 45 021.00 46.65 67.57
134 8.129 39 4.238 72 0.917 01 39 517.43 36.86 28.85

Table 2. Comparison of Born± Oppenheimer electronic ener-
gies for the present calculation and that of Cencek et al.
[22]. Calculations are for equilateral triangular H‡

3 with
internuclear separation r. Energies, in cm¡1 , are relative to
the r ˆ 1:65 a0 point for each calculation.

r/a0 [22] This work D

1.1781 19294.33 19294.82 + 0.49

1.2807 10316.83 10317.16 + 0.33

1.3922 4376.74 4376.93 + 0.19

1.5146 1048.70 1048.78 + 0.08

1.8016 975.99 975.95 ¡0.04

1.9738 3791.37 3791.32 ¡0.05

2.1731 8327.24 8327.21 ¡0.03

2.4096 14535.39 14535.40 + 0.01

2.7005 22453.63 22453.50 ¡0.13



V ES ˆ f ‡ … D E†V 1…R† ‡ f ¡… D E†V 2…R†; …2†

where f … D E† is the switching function with the general
form [19]

f §… D E† ˆ 1
2‰1 ‡ tanh …§® D E†Š …3†

and

® ˆ ®0 ‡ ®1 D E2 ; D E ˆ E ¡ E0: …4†

Initially we used values of the switching parameters ®0 ,
®1 and E0 as PPT. In contrast to PPT, the value of E
used to determine D E was taken from the V 1 potential.

The low energy `spectroscopic’ part of the potential,
V 2 , was expressed in symmetry coordinates:

Sa ˆ … ~R12 ‡ ~R23 ‡ ~R31†=31=2 ;

Sx ˆ …2R12 ¡ R23 ¡ R31†=61=2 ˆ Se cos …¿†;

Sy ˆ …R23 ¡ R31†=21=2 ˆ Se sin …¿†: …5†

Following high accuracy ® ts to this region of the poten-
tial [30], the distortions were represented using simple
displacement coordinates: Rjk is the distance between
atom j and atom k. The (dissociative) breathing mode
was represented using Morse coordinates

~Rjk ˆ 1 ¡ exp ¡­
Rjk ¡ Re

Re

¡ ¢ ,

­ ; …6†

where Re is the equilibrium separation which was
assumed to be 1.65 a0 and the Morse parameter ­ was
® xed at 1.3 [23].

In these coordinates the V 2 potential was expanded as
a polynomial where

V 2 ˆ
X

n;m;k

V n ;m;kS
n
aSm‡ k

e cos …k¿†;

m ˆ 0;2;4 ; . . . ; k ˆ 0;3;6 ; . . . ; …7†

where N 5 n ‡ m ‡ k gives the order of the ® t. As this
portion of the potential is largely determined by the ab
initio data of Cencek et al. [22], V 2 was initially set to the
tenth-order ® t of Polyansky and Tennyson [30], which
reproduces Cencek et al.’ s data with a standard devi-
ation of 0.04 cm¡1.

The V 1 surface was represented by the Sorbie± Murrell
[31] many body expansion form. This representation of
the PES for H‡

3 is a three-valued surface [32], taking into
account all the dissociation schemes. In this approach,
the two-body terms are the potential curves of the
ground H2 , H‡

2 and the ® rst excited state of H‡
2 . The

repulsive state of H‡
2 lies above the H+ H‡ + H limit, so

can safely be neglected. We therefore copy PPT who
followed Carter [32] and construct an approximate
two-valued surface of H‡

3 , by considering two diabatic

states V aa and V bb , which correspond to the dissociation
channels H2+ H‡ and H‡

2 + H respectively. In this two-
valued representation, the ground and ® rst excited states
of H‡

3 are the eigenvalues of a 2 £ 2 matrix. The lowest
eigenvalue is given by

V 1 ˆ 1
2‰V aa ‡ V bb ¡ ‰…V aa ¡ V bb†2 ‡ V 2

abŠ1=2Š: …8†

The diabatic surfaces are given by the forms,

V aa ˆ V …2†
HH…R1† ‡ V …2†

HH…R2† ‡ V …2†
HH…R3†

‡ V …3†
aa …R1 ;R2 ;R3†; …9†

V bb ˆ V …2†
HH‡ …R1† ‡ V …2†

HH‡ …R2† ‡ V …2†
HH‡ …R3†

‡ V …3†
bb …R1 ;R2 ;R3†; …10†

where R1 ; R2 ; R3 are the bond lengths of the three poss-
ible diatomic products. V …2† are the two-body terms and
V …3† are the three-body terms, which are constructed
with full permutation symmetry. Parameters for the
two-body terms were determined by PPT using the
very high accuracy ab initio data of Bishop and Shih
[33] for H2, and Schwartz and Le Roy [34] for H‡

2 .
These were used here.

The most important short-range (SR) three-body
term is V …3†SR

aa . This was represented as a 7th order poly-
nomial

V …3†SR
aa ˆ P…R1 ;R2 ;R3†T …R1 ;R2 ;R3† …11†

P…R1 ;R2 ;R3† ˆ V 0 1 ‡
X3

i 1̂

Ci»i ‡
X3

i 4 j

Cij»i»j…
‡

X3

i 4 j 4k

Cijk»i»j»k

‡
X3

i 4 j 4k 4 l

Cijkl»i»j»k»l

‡
X3

i 4 j 4k 4 l 4n

Cijkln»i»j»k»l»n

‡
X3

i 4 j 4k 4 l 4n 4m

Cijklnm»i»j»k»l»n»m

‡
X3

i 4 j 4k 4 l 4n4m4z

Cijklnmz»i»j»k»l»n»m»z†
…12†
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T…R1 ;R2 ;R3† ˆ Y
3

iˆ1

1 ¡ tanh
gi»i

2

h i
;

»i ˆ Ri ¡ R0 ; i ˆ 1;2;3: …13†

Initial parameters for V …3†SR
aa were determined by ® tting

to our newly calculated data. The form of V …3†
ab and V …3†

bb
were taken unchanged from PPT throughout the ® t as
the ab initio data we introduce here contains no new
information on these terms.

The functional form used to represent the three-body
terms does not display the correct behaviour when one
atom/ion is well separated from the other two. To
describe the charge-induced dipole and charge-quadru-
pole contributions we introduced long-range (LR)
values known from perturbation theory [35]. This
leads to revised three-body terms given by:

V …3†
aa ˆ g…R†V …3†SR

aa ‡ ‰1 ¡ g…R†ŠV LR
aa …14†

with the switching function de® ned by

g…R† ˆ

1 ; R < RL IM ;

cos2 º…R ¡ RL IM†
2…RM ¡ RL IM† ; RL IM 4 R 4 RM ;

0 ; R > RM:

8
>>>><

>>>>:

…15†

PPT used a long-range potential and switching func-
tions based on one, arbitrary, de® nition of the Jacobi
coordinate. This results in a potential which, for certain
geometries, does do not re¯ ect the full symmetry of this
system. For this reason we chose R in V LR and g…R†
using the minimum H± H distance to de® ne r in the
three possible choices of Jacobi coordinates. This has
the e� ect of symmetrizing the long-range part of the
potential although it is possible that such a potential
will display a cusp in regions where the de® nition of R
is swapped. We have detected no problems with cusp-
like behaviour in the potentials reported below.

For V …3†
aa PPT de® ned the switching region by

RL IM ˆ 4:0 a0 and RM ˆ 10:0 a0. However, we found
that at large values of R, V …3†SR

aa introduced structure
into the potential. As there is no data de® ning V …3†SR

aa

at large R these features must be regarded as arti ® cial;
they were removed by resetting RM to 7.0 a0. The func-
tional form for the upper diabatic state the V LR

bb and the
parameters for the long-range (LR) terms were taken
from PPT.

Unlike PPT who determined V 1 and V 2 separately our
® ts were performed for the entire surface. To avoid
problems with excessive correlations, we alternated
between varying the parameters for each portion of
the potential.

As we are using ab initio data from three di� erent
sources it is necessary to de® ne a common energy zero
and to weight the data according to its approximate
accuracy. The energy zero was ® xed for each data set
by de® ning the potential of the equilateral triangle geo-
metry with r ˆ 1:65 a0 to be zero. The weighting used in
the ® ts was not an absolute error but a relative one. Our
® nal ® ts weighted the error of our calculations as 60
times less than, and Schinke et al.’ s as 19 760 times
less than, those of Cencek et al. Our calculations gave
a few points at relatively high energy. It was found that
there were too few of these for them to be ® tted accu-
rately, so 18 points, listed last in table 1, were dropped
from our ® ts. Thus, if one assumes that the 69 points of
Cencek et al. are accurate to 0.05 cm¡1, then this weights
our 115 points with an accuracy of 3 cm¡1, and Schinke
et al.’ s 650 points with an accuracy of 988 cm¡1. The low
weighting of the data of Schinke et al. was because this
data was used merely to constrain the surface to physi-
cally reasonable values in regions where no other infor-
mation is available.

Initially we used PPT’s values for the switching func-
tion, f §… D E†. Introducing our new data allowed us to
determine further parameters in V 2. These were intro-
duced until all parameters up to twelfth-order were
included in the ® t. A large number of iterations were
then performed to obtain optimum parameters for
both V 1 and V 2. The more di� cult ® ts, namely those
for V 1 which are nonlinear, were performed using the
sophisticated interactive nonlinear least squares (I-
NoLLS) [36] program. For the linear V 2 ® ts, a much
simpler ® tting program was su� cient.

The result of this ® t reproduced our input data rea-
sonably satisfactorily but inspection of the resulting
potential showed that there was a problem with unphy-
sical holes in what should have been the high energy
region. Analysis showed that this problem was due to
large oscillations in V 2 outside its domain of validity. To
cure this problem we investigated changing the par-
ameters in the switching function, f §… D E†. Essentially
these are of two types: the parameter E0 where the
switching occurs and the parameter ® determines how
fast the switching occurs. As our new data leads to V 2
being determined to signi® cantly higher energies than
the DPT potential used by PPT to de® ne V 2 , we decided
to raise E0. Conversely the unphysical holes were caused
by the switching being too soft allowing V 2 to in¯ uence
regions of the potential where it was not well deter-
mined. We therefore decided to sharpen the switch
over by increasing ®2. There is a certain arbitrariness
in this procedure and in practice we found little sensi-
tivity in our ® ts once ®2 was raised above a certain value.
We therefore chose a value of ®2 at the low end of this
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range so as not too make the switch over excessively
sharp.

Use of the new switching function not only removed
problems with the arti® cial holes in the potential, it also
gave an improved representation of our data. We used
this as a starting point for more iterations ® tting alter-
natively V 1 and V 2. This yielded a further signi® cant
improvement in the ® t of our data. However graphical
analysis of our potential showed that our changes to
f §… D E† had introduced another problem: as the
switching energy was raised, V 2 was now found to
make a small but signi® cant contribution in the long-
range region. As discussed above, PPT only matched the
three-body terms in V 1 to the correct long-range func-
tions. We found it was necessary to treat V 2 in a similar
fashion and generalize its de® nition:

~V 2 ˆ g…R†V 2 ‡ ‰1 ¡ g…R†Š…V LR
aa ‡ V …2†

HH…r† ¡ V …2†
HH…re† ‡ De†;

…16†

where g…R† is the switching function as de® ned in (15)
using RL IM ˆ 4:5 a0 and RM ˆ 10:0 a0 ; V …2†

HH is the H2
potential curve of Bishop and Shih [33] used above.
The energy zeroes are made consistent by setting the
energy V …2†

HH to zero for at the H2 equilibrium bond
length, re and setting De to the dissociation energy of
H‡

3 . For De we used the best available ab initio value of
RoÈ hse et al. [28] of 37 170.4 cm¡1. This is the same value
of De that was used by PPT, and hence us, in parame-
trizing V 1. It should be noted that the best experiment-
ally determined dissociation energy of H‡

3 is about
320 cm¡1 higher than this [37] and that the theoretical
(§0:5 cm¡1) and experimental (§20 cm¡1) error bars
means that these values are incompatible with each
other.

After performing further iterations using ~V 2 in the
potential we obtained our best ® t to the input data,
which we call Fit 1 below. Fit 1 reproduces all Cencek
et al.’ s data with a standard deviation of 0.059 cm¡1. It
reproduces the 115 of our electronic structure used in
the ® t with a standard deviation of 5.8 cm¡1. Table 1
gives individual residues for these newly calculated
points, including those not included in the ® t. Schinke
et al. ’ s data was ® tted with a standard deviation of
535 cm¡1.

It is di� cult to prove that a potential hyper-surface is
smooth everywhere and contains no unphysical regions.
Besides analysing the various residuals of our ® ts, we
also inspected plots of the potential, see ® gure 1 (a) for
example. These plots showed the potential to be smooth
but also suggested that the result of this ® t, Fit 1, was to
produce a s̀houlder’ in the potential for some near-
linear geometries for 50 000 cm¡1 and above. This fea-

ture was not present in the PPT potential and appears to
be unphysical.

Although the main goal of this work was to produce
an accurate potential for energies up to 40 000 cm¡1, we
thought it desirable to construct a potential which did
not show this unphysical behaviour. As there were no ab
initio points calculated in the region of the shoulder, it
was not possible to just manipulate the weights of the
points in the shoulder region to produce smoother be-
haviour. As an alternative, 100 arti® cial points were
produced using the PPT potential. When these points
were weighted equal to those of Schinke et al. , no
signi® cant change of the form of the potential was
produced in the ® t. It was necessary to increase the
weighting of the points by a factor of four to be able
to produce a relatively shoulder-free shape potential , see
® gure 1 (b). Other aspects of this ® t were unchanged
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a

b

Figure 1. Contours of the H‡
3 potential energy surface in

Jacobi coordinates with ³= 908: (a) Fit 1 and (b) Fit 2.



from the previous one except that RL IM ˆ 4:5 a0 was
used in equation (16).

This ® t, Fit 2, represents a compromise between the
form of the potential and the accuracy of the ® t. The
standard deviation with which Fit 2 reproduces the
points of Cencek et al. and Schinke et al. increases by
less than 10% to 0.069 cm¡1 and 711 cm¡1 respectively.
As can be seen from table 1, Fit 2 represents the 115 of
our points included in the ® ts with a standard deviation
of 10.5 cm¡1 , which is reduced to 6.9 cm¡1 if the worst 5
points are discounted. Increasing the weight of the
arti® cial points in the ® t leads to signi® cantly larger
deterioration in the results, although the shape of the
potential improved somewhat further. A full resolution
of these problems must await the calculation of a much
more extensive grid of high accuracy electronic structure
points. Such a calculations is presently beyond our com-
puter budget.

Tables 3± 5 give our ® nal parameters for the V 2 poten-
tial, the switching function and the V 1 potential respect-
ively. Parameters for both Fit 1 and Fit 2 are presented.
Potential parameters not speci® ed here were frozen at
the values of PPT for both ® ts. Fortran subroutines
containing these potentials can be obtained from one
of the authors (JT).

We consider Fit 2 to be the best compromise between
the shape of the potential and the accuracy of the ® t. In
short, when accurate reproduction of the ab initio points
is required, Fit 1 should be used. If the desired potential
needs to be smooth at energies of 50 000 cm¡1 or higher,
Fit 2 should be used.

The surfaces we present are constructed within the
Born± Oppenheimer approximation. Actually our treat-
ment of the H2 diatomic limit contains some allowance
for adiabatic e� ects [33]. A proper treatment of adia-
batic e� ects for the whole system would be of interest;
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Table 3. Fitted coe� cients for the V 2 Born± Oppenheimer potential, equation (7), in 10¡6 atomic
units. Errors, in the same units, are those given in the ® nal iteration of the ® t.

Fit 1 Fit 2

n m k V n;m;k error V n;m;k error

0 0 0 ¡0.400 00 0.0a ¡0.400 00 0.0a

1 0 0 4.467 30 0.0a 4.467 29 0.0a

2 0 0 204 411.007 18 6.542 21 204 417.306 39 7.706 08
0 2 0 97 853.681 20 1.710 49 97 855.721 79 2.024 88
3 0 0 ¡49 416.182 13 27.117 44 ¡49 443.692 31 32.057 87
1 2 0 ¡235 073.540 99 10.852 51 ¡235 062.571 42 13.271 74
0 0 3 ¡32 823.035 09 2.681 27 ¡32 825.900 65 3.185 15
4 0 0 26 670.140 67 139.580 19 26 561.628 09 164.517 42
2 2 0 237 716.732 91 55.104 55 237 566.798 68 65.230 91
1 0 3 99 387.654 20 17.190 01 99 398.354 37 20.468 38
0 4 0 ¡760.066 93 9.979 24 ¡773.710 59 11.850 39
5 0 0 2 248.799 20 522.556 76 2 906.895 59 615.982 82
3 2 0 ¡146 180.296 74 194.265 92 ¡146 392.559 73 231.125 49
2 0 3 ¡130 013.625 50 63.388 33 ¡130 039.688 62 73.174 06
1 4 0 ¡13 130.504 35 58.123 48 ¡13 116.920 17 71.328 61
0 2 3 1 632.732 16 13.060 69 1 654.954 85 15.462 93
6 0 0 ¡10 984.105 67 1 100.920 51 ¡10 612.643 80 1 300.133 51
4 2 0 67 614.837 69 631.098 05 69 629.799 44 731.448 74
3 0 3 97 480.901 90 194.729 52 97 294.540 87 229.301 49
2 4 0 44 037.665 60 161.663 06 44 492.204 76 189.788 73
1 2 3 1 902.803 13 62.524 99 1 820.719 02 73.326 84
0 6 0 241.257 86 17.982 17 259.278 92 21.454 60
0 0 6 20.762 27 2.383 33 22.197 34 2.917 51
7 0 0 ¡33 576.699 19 3 312.431 49 ¡38 301.309 73 3 900.301 94
5 2 0 ¡21 488.782 63 1 502.532 22 ¡21 770.628 36 1 774.474 77
4 0 3 ¡56 328.317 80 616.601 61 ¡56 386.817 69 715.786 15
3 4 0 ¡62 205.948 19 722.466 83 ¡62 114.281 16 852.533 39
2 2 3 ¡18 233.711 27 292.421 45 ¡17 951.859 32 343.426 85
1 6 0 ¡2 118.627 57 115.022 22 ¡2 287.051 70 141.698 70
1 0 6 ¡1 178.768 26 17.907 63 ¡1 172.019 78 20.348 00

continued
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Table 3. Continued

Fit 1 Fit 2

n m k V n;m;k error V n;m;k error

0 4 3 0.541 90 0.490 16 ¡48.567 40 24.119 92
8 0 0 75 158.195 43 4 488.886 19 76 486.267 73 5 303.295 18
6 2 0 37 795.302 10 2 854.223 72 29 251.591 30 3 283.99166
5 0 3 61 665.888 44 1 019.879 25 65 239.578 46 1 145.121 70
4 4 0 69 885.589 19 1 169.188 26 65 706.681 88 1 321.930 57
3 2 3 43 380.857 30 362.805 90 42 544.580 04 401.793 69
2 6 0 5 273.175 78 247.291 32 5 122.497 54 298.617 39
2 0 6 4 040.641 11 43.890 40 3 947.616 29 42.752 78
1 4 3 ¡429.724 94 83.231 49 ¡169.054 63 93.983 03
0 8 0 ¡133.612 75 11.049 20 ¡119.993 90 13.284 72
0 2 6 1.355 32 0.602 19 8.238 89 4.551 46
9 0 0 82 487.068 03 8 173.053 45 95 599.814 46 9 620.024 89
7 2 0 ¡43 553.747 10 5 547.795 97 ¡35 124.308 26 6 398.057 17
6 0 3 ¡54 784.526 49 1 879.081 53 ¡56 206.204 70 2 206.683 17
5 4 0 ¡78 239.034 41 2 307.694 08 ¡75 825.866 06 2 747.042 99
4 2 3 ¡55 920.500 22 1 096.872 48 ¡56 210.749 91 1 298.139 25
3 6 0 ¡4 552.838 92 754.456 41 ¡3 657.320 20 889.592 21
3 0 6 ¡6 113.435 98 71.504 62 ¡6 198.674 71 83.259 97
2 4 3 998.651 82 343.834 96 520.228 15 404.975 24
1 8 0 1 275.893 97 76.212 23 1 380.664 65 93.122 52
1 2 6 564.111 15 26.784 05 520.228 15 32.316 22
0 6 3 35.504 57 10.494 38 62.455 89 12.315 23
0 0 9 ¡1.471 69 0.625 63 0.387 37 0.229 29

10 0 0 ¡164 462.751 26 9 437.382 32 ¡172 799.660 23 11 134.794 24
8 2 0 ¡45 557.050 60 4 523.739 15 ¡36 825.643 08 5 314.295 40
7 0 3 ¡42 858.636 89 2 219.703 54 ¡53 125.617 63 2 524.673 19
6 4 0 ¡25 696.207 04 4 277.865 86 ¡17 514.937 75 4 894.206 39
5 2 3 ¡25 241.907 65 2667.246 84 ¡26 846.724 27 3 004.361 25
4 6 0 ¡6 357.229 75 1 906.184 61 ¡4 661.552 92 2 240.895 01
4 0 6 4 953.057 23 344.404 18 5 611.982 60 349.806 58
3 4 3 2 597.156 88 906.772 83 4 328.871 50 1 061.596 56
2 8 0 ¡1 997.367 41 250.936 48 ¡2 381.056 63 304.447 76
2 2 6 ¡1 855.784 30 93.073 63 ¡1 772.154 67 108.042 88
1 6 3 180.321 70 56.501 61 ¡44.807 34 64.173 61
1 0 9 20.358 34 3.304 62 12.559 49 3.698 56
0 10 0 9.676 88 2.395 49 ¡10.768 57 2.969 32
0 4 6 ¡11.046 59 1.319 01 ¡24.517 41 1.639 28

11 0 0 ¡65 222.142 70 6 742.538 03 ¡77 658.373 97 7 936.372 52
9 2 0 47 356.152 20 8 121.034 22 30 189.194 83 9 235.540 50
8 0 3 85 983.939 16 2 798.065 38 89 665.675 96 3 226.296 70
7 4 0 174 677.722 09 5 239.260 22 165 258.924 21 6 074.079 72
6 2 3 137 109.945 84 3 272.302 61 149 053.561 26 3 696.428 99
5 6 0 31 232.405 86 2 219.874 54 26 585.899 13 2 559.718 47
5 0 6 ¡4 630.579 65 518.295 40 ¡4 964.277 08 538.903 20
4 4 3 258.289 23 58.750 94 ¡3 568.701 84 1 220.936 71
3 8 0 ¡599.578 83 355.648 94 ¡477.371 00 426.204 07
3 2 6 2 685.260 47 135.601 87 2 491.674 43 153.788 12
2 6 3 ¡1 672.088 79 99.811 54 ¡1 247.473 65 111.594 04
2 0 9 ¡89.133 97 5.789 96 ¡75.454 74 6.261 32
1 10 0 ¡162.619 52 7.334 97 ¡94.898 64 9.281 44
1 4 6 ¡91.490 30 3.950 21 ¡47.106 83 4.908 31
0 8 3 ¡15.375 16 0.365 78 ¡11.758 51 0.480 37
0 2 9 0.058 63 0.000 32 0.060 82 0.000 46

continued



in particular , for the mixed isotopomers, it would
require the introduction of extra dissociation channels.

4. Conclusions

We have produced an ab initio potential energy sur-
face for the important and fundamental H‡

3 molecular
ion within the Born± Oppenheimer approximation. This
potential is expected to be accurate to a few reciprocal
centimetres at all energies below the dissociation energy
of the H‡

3 system and to be reliable at energies above
this. Such a potential is necessary [16] if progress is to be
made on the challenging problem of analysing the near-
dissociation spectrum of H‡

3 recorded by Carrington
and his co-workers [1± 3].

Preliminary calculations performed using the empiri-
cally derived and less accurate PPT potential [18] sug-
gest that the vibrational states supported by these
potentials are somewhat di� erent from those found in
previous studies of H‡

3 vibrational states in the disso-
ciating region [38]. The major reason for this appears to
be the accurate treatment of long-range e� ects included
in our new potentials which lead to much more attrac-

tive potentials as the ion dissociates. Our new potentials
include these long-range e� ects. Nuclear motion calcu-
lations using the new potentials are in progress.

Alan Carrington’s experiments have proved a conti-
nuing source of inspiration to us and we wish to dedicate
this paper to him. We thank Sophie Kain for help with
the ® gure and a referee for commenting on the adiabatic
e� ects in the H2 potential. This work has been sup-
ported by the Research Council of Norway (Programme
for Supercomputing , Grant No. NN2694K) through a
grant for computer time and the United Kingdom UK
Engineering and Physical Sciences Research Council.
The work of OLP is supported in part by the Russian
Fund for Fundamental Studies. RP gratefully acknowl-
edges a TMR Fellowship, under contract ERBFMBICT
960901. The research of WK has been made possible by
a fellowship of the Royal Netherlands Academy of Arts
and Sciences.
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C1111111 /AÊ ¡7 0.063 88 0.011 49 0.013 63 0.007 35
C1111122 ¡0.588 26 0.062 21 ¡0.477 22 0.039 64
C1111112 0.160 07 0.022 11 0.176 97 0.016 99
C1111123 ¡0.393 37 0.084 78 ¡0.352 02 0.075 25
C1111222 0.361 43 0.054 32 0.289 53 0.032 19
C1111223 0.283 91 0.051 97 0.201 80 0.078 10
C1112223 ¡0.270 02 0.150 56 ¡0.294 58 0.099 51
C1122333 0.109 65 0.095 93 0.170 27 0.059 86
V 0

a/eV 3.782 643
R0

a/AÊ 0.891 756
g1

a/AÊ ¡1 0.820 040
a Constant ® xed at value determined by PPT [18] in both ® ts.
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