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Relative equilibria of molecules are classical trajectories corresponding to steady rotations
about stationary axes during which the shape of the molecule does not change. They can be
used to explain and predict features of quantum spectra at high values of the total angular
momentum J in much the same way that absolute equilibria are used at low J. This paper gives
a classification of the symmetry types of relative equilibria of AB, molecules and computes the
relative equilibria bifurcation diagrams and normal mode frequencies for D,H* and H,D".
These are then fed into a harmonic quantization procedure to produce a number of predic-
tions concerning the structures of energy level clusters and their rearrangements as J increases.
In particular the formation of doublet pairs is predicted for H,D* from J ~ 26.

1. Introduction

Relative equilibria play a central role in classical
mechanics as organizing centres for more complex
dynamics. They typically take the form of steady rota-
tions about stationary axes during which the ‘shape’ of
the system does not change. In applications to molecular
spectroscopy they have previously been referred to as
‘stationary points’ [1, 2] or J-dependent reference
points [3]. Unstable relative equilibria have also been
studied in the guise of ‘rotational’ or ‘centrifugal bar-
riers’ [4, 5] and ‘transition states’ [6]. Symmetry aspects
related to relative equilibria have been discussed in the
context of rotational energy surfaces [7, 8] and a detailed
group theoretical analysis of relative equilibria of Ryd-
berg states of atoms and molecules has been given in [9].
Dynamical symmetry breaking in H,X molecules has
also been formulated in terms of a modification of
Longuet-Higgins’ concept of feasible symmetry opera-
tions [10].

In a previous paper [11] we suggested that relative
equilibria could be used systematically to explain and
predict features of the quantum spectra of molecules
at high values of the total angular momentum J in
much the same way that ordinary (absolute) equilibrium
points are used for J/ =0 and, combined with perturba-
tion theory, at low values of J. We also presented a
complete bifurcation diagram of all the relative equili-
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bria of Hj and used this to predict a number of features
in its energy spectrum.

In this paper we give a general analysis of AB, mol-
ecules and, in particular, of the two Hj isotopomers
D,H* and H,D". Our interest in J-dependent relative
equilibria of these ions was stimulated by their possible
importance in the context of predissociation spectra [12]
in which very high rotational excitations are possible.
Classical interpretations can also be of assistance in
understanding the results of quantum variational calcu-
lations.

In section 2 of the paper we present the classical equa-
tions of motion of a molecule (in the Born-Oppen-
heimer approximation) and use these to show that
relative equilibria are precisely the critical points of
effective potential energy functions obtained by adding
appropriate ‘centrifugal potentials’ to the molecular
potential energy function. We then give the linearized
equations of motion near a relative equilibrium. These
are used later to compute normal mode frequencies and
to determine stability properties. The modifications that
are needed for linear configurations of molecules are
also described. The final part of the section summarizes
the harmonic quantization procedure introduced in [11].
For each relative equilibrium this yields estimates of the
energies and symmetries of quantum states with wave
functions localized near the relative equilibrium and its
symmetry-equivalent counterparts.

In section 3 we give a complete classification of all
possible symmetry types of relative equilibria of AB,
molecules, distinguishing them by both their ‘shape’
and the orientation of their total angular momentum
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vectors. The symmetry types of their normal modes and
ground state are also listed. This is the data that is
needed to determine the symmetries of localized
quantum states in the harmonic quantization procedure.

These methods are applied to D,H™ in section 4 and
to H,D" in section 5. In both cases we have computed
all the relative equilibria and the frequencies of their
normal modes. The energies of the relative equilibria
as functions of the total angular momentum J are pre-
sented in figures 1 and 4 up to J = 70. The normal mode
frequencies for some of the linearly stable relative equi-
libria are presented in the other figures in sections 4 and
5. These results are then used to draw some conclusions
about the existence of energy level clusters with particu-
lar multiplicities and symmetry types for specific ranges
of total angular momentum values.

2. Classical equations of rovibrational motion

This section describes the classical equations of
motion for molecules and derives from these the equa-
tions for its relative equilibria and the linearizations of
the equations of motion at the relative equilibria. The
methods used to analyse the stability of relative equili-
bria and to obtain harmonic quantization estimates
from them are outlined.

2.1. Nonlinear configurations
With the standard choice of Euler angles [13], the
kinetic energy of a nonlinear molecule with N nuclei
takes the form

T=4o"lo+ o'gq+ 34 aq, (1)

where q is the 3N — 6 dimensional vector of internal
displacements, q the corresponding vector of velocities,
o the angular velocity, | the inertia tensor, a the reduced
mass matrix and g the Coriolis interaction. This expres-
sion can be rearranged to give

T =(w+ AQ) N o+ AQ) + 14"b'q, (2)

where A =1 'gand b™! =a — g'lI"'g =a — ATIA. This
splitting of the kinetic energy into two parts is gauge
invariant, in other words it is independent of the
choice of internal coordinates q [14]. The first term is
the ‘vertical’ kinetic energy and can be taken to be a
gauge independent definition of the rotational energy
of the molecule while the second is a gauge independent
definition of the ‘horizontal’ vibrational energy. In the
language of [14] A is a gauge potential.

The canonical coordinates conjugate to @ and q are

oT
J=—=Ilo+ Aq), (3)
oo
oT 1 .
=—=A"J+b g 4
P =5 +b 7 q (4)

Here J is just the angular momentum in body coordi-
nates. Substituting into equation (2) gives the Hamil-
tonian form of the kinetic energy

T =M Lp— AT b(p - ATY), (5

where again the first term is the rotational kinetic energy
and the second the vibrational kinetic energy. The full
Hamiltonian is obtained by simply adding the potential
energy function V(q) to this. Note that the Hamiltonian
can also be expressed as the sum of the vibrational
kinetic energy and the effective potential

vy=v+ iy (6)

In this context the rotational kinetic energy term is
sometimes referred to as the centrifugal potential [14].

To obtain this form for the kinetic energy both the
inertia tensor | and the matrix a—g'l-'g =a — ATIA
are required to be invertible. The former condition
holds precisely for nonlinear configurations of the mol-
ecule. Since a is always invertible the latter condition
holds for configurations which are sufficiently close to
one for which the internal coordinates satisfy the Eckart
condition g =0, or equivalently A =0. Such internal
coordinates can be chosen for any nonlinear configura-
tion. Hamiltonians near linear configurations are dis-
cussed in the next subsection.

The equations of motion for the Hamiltonian
H =T+ V with T given by equation (5) are

oH

_ _ -1y _ AT
J=Jdx— Jx ('3 = Ab(p — ATY)),
. OH T
q ap (p ),
. OH
p 2
10 T T T Wy
=———((p-A"D)bp-A"D))-=—. (7
35q (P~ AT b~ ATD)) — =L (7)

Relative equilibria are just equilibrium points of these
equations and these are easily seen to be the solutions of
the following system of equations

7'y =\J,
oy
oq ’
p="J, (8)
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for arbitrary \. The first two equations involve only J
and q. Any solution of these determines a relative equi-
librium by taking p to be given by the third equation.
Thus we can conclude that a relative equilibrium always
rotates about a principal axis of its configuration, and
the configuration is a critical point of the effective poten-
tial for the corresponding value of J. Note that for a
triatomic molecule the principal axes, and hence the
rotation axes and angular momentum vectors, must
either lie in the molecular plane or be perpendicular to
it.

This suggests a very simple recipe of finding molecular
relative equilibria. Take the potential function, find the
inertia tensor from geometrical properties of the mol-
ecule, form the effective potentials with J parallel to
the principal axes of the inertia tensor and search for
their stationary points.

The absolute value J of the total angular momentum
J is an integral of motion and so the number of inde-
pendent equations in (7) is actually (6N — 10) where N
is number of nuclei in the molecule. Therefore the
number of degrees of freedom in the reduced ro-vibra-
tional problem is (3N —5). The value J of the total
angular momentum can be regarded as a parameter.

To obtain the linearized equations at a relative equi-
librium we assume that internal coordinates have been
chosen so that the Eckart condition A = 0 is satisfied at
the relative equilibrium. The values of the variables
(J,q,p) at the relative equilibrium are denoted
(J.,q,,0) and infinitesimal perturbations from these
values are written J=J,+ &xJ,, q=q,+s and
p = o, where & is a vector in the plane perpendicular
to J,. Let J, denote the 2 x 3 matrix which satisfies
J,E=J,xE Let Ay =JTA. Then with respect to the
variables (&,s,o) the second derivative, or Hessian, of
the Hamiltonian is given by:

Jhy, ~JIc 0

—C'J, U
0 —a 'B' a!

where I"! and
s s B _ A

T 9Joq’ oq? oq

are all evaluated at the relative equilibrium. The linear-
ized equations of motion are:

£ (' -)nJ, -C 0 b3
s | = 0 —a'B" a’' S 1>
& c'J, ~U Ba')\o

(10)

where C is the projection of C to the plane perpendicular
to J,, I is the identity matrix and ), is the principal
moment of inertia of the configuration about the axis
parallel to J,. Equivalently these equations can be
written as:

E- (1" - A1)JE=-TCs, (11)
as+ B"—B)s+ (U-Ba 'B)s =C'J,E (12)

Note that BT — B is skew-symmetric while U — Ba 'BT
is symmetric. A calculation shows that U— Ba™'B' is
the Hessian of the modified potential V + JTyJ at the
relative equilibrium, where y is the inverse of | — ga~'g!.

A relative equilibrium is linearly stable if the four
normal mode frequencies determined by equation (10)
are all real. Note that in general the precessional motion
is coupled to the internal vibrations though the Coriolis
interaction and it does not always make sense to distin-
guish the precessional mode from the vibrational modes.
In some cases symmetries force C =0, in which case the
precessional mode is decoupled from the others.

To each normal mode of equation (10) we can assign
anindex 1, —1 or 0 as follows. A stable normal mode for
which the energy increases as its amplitude grows is
labelled by 1, one for which the energy decreases by
—1, and an unstable normal mode by 0. A relative equi-
librium is a local minimum of the energy if its normal
modes all have the index 1. In this case it is Liapunov
stable: all trajectories with initial conditions close to the
relative equilibrium remain close to it for all time. A
relative equilibrium which is not a local minimum may
still be linearly stable, though typically it will not be
Liapunov stable as nearby classical trajectories may
slowly drift away from the relative equilibrium as a
result of Arnold diffusion [15].

2.2. Linear configurations

In the case of perturbations from linear molecules the
transformation to internal coordinates described above
becomes singular because the inertia tensor | has a zero
eigenvalue at the linear reference configuration. More-
over an extra coordinate is required to describe the
internal displacements of the molecule, making q into
a 3N — 5 dimensional vector. To compensate for this
only two independent Euler angles are used [16]. We
choose the z axis for the molecular coordinate system
to be the principal axis direction parallel to the linear
reference configuration. The two Euler angles are the
angles which describe this direction in space. This
restricts  to be two dimensional, @y, = (w,,w,), and
we can replace the inertia tensor | by

1., Ixy
hin = ( )
IXy Iyy
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and the 3 x (3N — 6) Coriolis interaction matrix g by a
2 x (3N — 5) matrix g;;,. We may now proceed as in the
nonlinear case. The matrix |, is invertible and the
kinetic energy (2) becomes [16]

T =4 (o, + Agp@) i (045, + Ajind) + Iq'b'q, (13)

where Ay, = I} g, and b' =a— Al l;,A;,. As in the
nonlinear case the internal coordinates can be assumed
to satisfy the Eckart condition Ay, =0 at the linear
configuration and so b is well defined.

Momentum coordinates Jy;, and p are defined by
equations (3) and (4) with @, | and A replaced by @y,
i, and Ay,. The vector Jy,, = (J,,J,) continues to give
the x and y components of the angular momentum in
molecular coordinates. The z component is equal to the
projection of the ‘vibrational angular momentum’ onto
the z axis, J. = (ga 'p).. This is known as the Sayvetz
condition. The Hamiltonian form of the kinetic energy
becomes

T =330l T + 2 (p — ALJi) 'b(p — Afpdin).  (14)

The first term may still be regarded as the vertical kinetic
energy and the second as the horizontal kinetic energy.
The full Hamiltonian Hj, is obtained by adding the
potential energy V' to this and may therefore be written
as the sum of the horizontal kinetic energy and an effec-
tive potential Vy ~defined as in (6) with Jy, and Iy,
replacing J and I.

The equations of motion for the internal variables
(q,p) are completely analogous to those given in (7).
Those for Jy, = (J,,J,) become:

OH lin

J. ; 0 -1 aJ
Jy : 1 0 aI—Ilin

a7,

=(ga'p) ot
“\1 o0

X (lin Jiin — Asinb(p — AfnJiin)).  (15)

It is easily seen that equilibrium points of the full set
of equations of motion must satisfy either J, =J, =0
or J. =0. In the first case they must also be critical
points of the original potential V/, and so can only be
equilibrium points of the full molecular Hamiltonian.
However the second case yields non-trivial relative equi-
libria, the shapes of which are given by critical points of
the effective potential V' . For these relative equilibria
the axial symmetry of the effective potential implies that
the direction of the total angular momentum J can be
anywhere in the xy plane.

When the equations of motion are linearized at a
linear relative equilibrium it is found that J, =J, and
the 3N — 5 normal mode frequencies are all given by the
linearized equations for q and p:

§ —a'B" a' \/s
= (16)
& ~U Ba'! c
or, equivalently
$+ BT—B)s+ (U-Ba'B")s =0, (17)
where
82 VJ]in and B = a(J?i—nAlin)
o oq

evaluated at the relative equilibrium.

U:

2.3. Harmonic quantization
The energies of quantum states which are localized
near linearly stable relative equilibria are given approxi-
mately by the harmonic quantization formula [11]:

d
1
E, . =E.(J)+ E kyw,(J) (n,+ §>, (18)
=

where E,.(J) is the energy of the relative equilibrium, #;
is the number of quanta in the /th normal mode, w;(J) is
its frequency, k; its stability index and d = 3N — 5 is the
number of degrees of freedom. A better correspondence
with the quantum energy levels is obtained by replacing
J by [J(J + 1)]'/%. This estimate ignores anharmonic
corrections and also the splitting due to tunnelling
between symmetry equivalent relative equlibria. It will
clearly only be useful for wave functions which are
localized near to the relative equilibrium.

Approximate wave functions localized near a relative
equilibrium can be labelled according to how they trans-
form under the molecular symmetry group of the rela-
tive equilibrium [11]. A wave function with »n; quanta in
the /th normal mode will have symmetry type

e, =Tol®.. .o, (19)

where Iy is the symmetry of the ground state of the
relative equilibrium, i.e. the wave function with zero
normal mode quanta, I'; is the representation of the
symmetry group on the /th normal mode, ® denotes
the (tensor) product of representations and I')' is the
product of I'; with itself n; times. From the correspon-
dence principle in the classical limit the ground state of
the relative equilibrium must be the product of ground
state wave functions in each normal mode and the sym-
metric top wave function |J K =J M), where the quan-
tization axis is chosen along the axis of steady rotation
of the relative equilibrium [17]. Since ground state wave
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functions of normal modes are locally symmetric, the
local symmetry type is determined by the actions of
equivalent rotations [18] of the molecular symmetry
group of the relative equilibrium on |J K =J M) and
in general will vary with J.

Symmetry equivalent relative equilibria have sym-
metry equivalent wave functions which interact with
each other via tunnelling. The resulting wave functions
of the quantum states of the molecule given by harmonic
approximation are linear combinations of the localized
wave functions and can be labelled by how they trans-
form under the full molecular symmetry group of the
molecule. The representation of this group on the
space of all quantum states obtained in this way from
a single localized wave function of type I }f:cnl is the
corresponding induced representation. These are most
conveniently calculated using Frobenius reciprocity
[11] or, equivalently, the reverse correlation technique
[18]. In general these representations are reducible and
the energies of the irreducible components are split by
tunnelling, giving rise to energy level clusters with char-
acteristic symmetry properties. The structures of some
of these clusters for relative equilibria of AB, molecules
are described in the next section.

3. Symmetries of relative equilibria of AB, molecules

In this section we give the symmetry groups of all
possible types of relative equilibria of AB, molecules
and describe the appropriate symmetry labelling of
approximate wave functions localized near each type.
Our notation for molecular symmetry groups will
follow that of [18] except where explicitly stated other-
wise.

3.1. The group C,,(M)

In molecular coordinates the Hamiltonian of an AB,
molecule is invariant under the permutation-inversion
group C,,(M) = {E,(12),E*,(12)"} where (12) denotes
the permutation of the two identical nuclei, E* is inver-
sion and (12)* is their composition. The representations
of this group can be found elsewhere [18]. Occasionally,
for example when considering linear configurations, it is
more convenient to interpret this group as the iso-
morphic C,;(M) but we will use the C,,(M) group
only. We denote the subgroups of order two of
C,,(M) by

;M) ={E,(12)},
M) ={E,E"},
¢:(M) ={E,(12)"}.

To simplify notation we always denote the totally sym-
metric representations of these groups by A4 and the

Table 1. The representations of C,,(M) obtained by induction
from its subgroups.

(M) C(M) Gi(M) {£}
A A1+A2 A1+Bz A1+Bl A1+A2+BI+BZ
B Bl+Bz A2+ Bl A2+ Bz —

other representations by B. In table 1 we show the repre-
sentations of C,,(M) that are obtained by induction
from A and B for each of the order two subgroups.
The final column shows the representation obtained by
induction from the trivial representation of the trivial
group {E}.

3.2. Equilibria

There are four possible types of equilibrium config-
urations of an AB, molecule, symmetric linear (SL),
asymmetric linear (AL), isosceles triangle (IT) and
asymmetric triangle (AT). The SL and IT equilibria
are both invariant under the full symmetry group
C,,(M) while the AL and AT equilibria are only invar-
iant under C,(M). It follows that AL and AT equilibria
form symmetry equivalent pairs. The normal mode sym-
metries for each of these equilibrium types are

SLZA1+A2+232, ALZ3A+B,
IT : 2A1+Bz, AT : 34.

Note that the doubly degenerate bending modes of SL
and AL equilibria ‘split’ into 4, + B, and A4 + B repre-
sentations of their molecular symmetry groups. The
degeneracy is therefore due to spatial symmetries and
not permutation-inversion symmetries. The effects of
these extra symmetries can be captured using ‘extended’
molecular symmetry groups D_,(EM) and C_,(EM)
[18], however these symmetries disappear when we con-
sider relative equilibria and so we do not need to use
extended symmetry groups in this paper.

3.3. Relative equilibria

The possible configurations of relative equilibria are
the same as those for equilibria, namely SL, AL, IT and
AT. However two relative equilibria with the same con-
figuration may rotate about different molecular axes,
and thus have differently oriented total angular
momentum vectors. For linear configurations the
angular momentum vectors must be perpendicular to
the linear axis and so there is only one type of symmetric
linear and one type of asymmetric linear relative equi-
librium. We continue to denote these by SL and AL,
respectively.

We saw in section 2.1 that a relative equilibrium with
a nonlinear configuration must rotate about one of its
principal axes. Accordingly the IT relative equilibria
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Table 2. Symmetry types of relativ

¢ equilibria of AB, molecules.

Ground
Local Vibrational Prec. state
symmetry normal norm.

Label group No. modes mode J even J odd
SL CZV(M) 1 Al + A2 + 232 — Al Bl
AL C,(M) 2 34+ B — A B
IT C,(M) 2 34 B A B
IT” G (M) 2 24+ B B A B
IT C:(M) 2 24+ B B A B
AT C,(M) 4 34 B A B

AT {E} 4 — — — —

come in three different symmetry types, IT”, where
~ = Xx,y or z denotes the rotation axis. For AT config-
urations there are no symmetries to distinguish between
different directions in the molecular plane and so an AT
relative equilibrium can either have the rotation axis
perpendicular to the molecular plane, AT, or lying in
the molecular plane, AT*.

The local permutation-inversion symmetry groups of
each of the different types of relative equilibria are given
in the second column of table 2. The table also lists the
representations of these groups on the vibrational
normal modes, the precessional normal modes of non-
linear configurations and on the ground states of the
relative equilibria (see section 2.3). Note that in each
case the ground state is totally symmetric when J is
even, but has non-trivial symmetries when J is odd.

The third column in the table shows the number of
distinct symmetry-related relative equilibria that must
accompany a relative equilibrium of each type. In each
case except AT’ the number is equal to 4, the order of
C,,(M), divided by the order of the local symmetry
group. To understand the exceptional case note that
the molecular Hamiltonian is also invariant under the
time-reversal operation which multiplies all momenta by
—1. This operation maps each SL and AL relative equi-
librium to itself, but in all other cases maps a relative
equilibrium to a different relative equilibrium. We
include relative equilibria which are mapped to each
other by time-reversal symmetry in the definition of
‘symmetry-related’ relative equilibria. In the IT” and
AT™ cases time reversal maps a relative equilibrium to
another relative equilibrium that can also be obtained
from a permutation-inversion symmetry, so no extra
relative equilibria are obtained. However in the AT”
case time reversal maps a relative equilibrium to a dif-
ferent relative equilibrium than those that are obtained
from the permutation-inversion symmetries.

Note that the three different types of relative equili-
bria with C,(M) local permutation-inversion symmetry

groups, namely AL, IT” and AT, can be distinguished
by their time-reversal symmetry properties. The AL rela-
tive equilibria are mapped to themselves, the IT” relative
equilibria to distinct permutation-inversion symmetry-
related relative equilibria and AT’ relative equilibria
to otherwise unrelated relative equilibria. The quantum
consequences of these different time-reversal symmetry
properties will be explored elsewhere. In this paper our
labelling of quantum levels will make use of the C,,(M)
permutation-inversion symmetry group only.

3.4. Cluster symmetry types

Tables 1 and 2 together give all the information that is
needed to determine the possible symmetry types of clus-
ters of energy levels predicted by harmonic quantization
at relative equilibria. The symmetry types of wave func-
tions localized near a single relative equilibrium are
given by equation (19) with the appropriate entries
from table 2 substituted for the I';. The induced cluster
representations are then given by table 1. The dimension
of the cluster representation is always equal to the
number of symmetry-related relative equilibria. Thus
the energy levels associated to the SL relative equilibria
will be non-degenerate, while the others will be either
doublets (AL and IT relative equilibria) or quadruplets
(AT relative equilibria).

As an example we consider clusters associated to IT”
relative equilibria. The local symmetry type of an
approximate wave function with all » quanta in a
single symmetric normal mode is 4 if J is even and B
if J is odd. The corresponding induced cluster types are
A + B, and A4, + By, respectively. If all n quanta are in
the (asymmetric) precessional mode then the local sym-
metry typeis A if J + niseven and B if J + nis odd and
the cluster types are again A; + B, and 4, + By, respect-
ively.

If time-reversal symmetry is ignored the local sym-
metry types for AT” relative equilibria are the same as
those for IT” relative equilibria and so the induced
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cluster symmetry types are also the same. The effect of
the time-reversal symmetry is to ‘double-up’ the eigen-
spaces. Thus for symmetric (resp. asymmetric) normal
modes the cluster representations are 24, + 2B, and
24, + 2By for J (resp. J + n) even and odd. The AT"
quadruplets always have symmetry type A;+ A,+
By + B,.

4. Relative equilibria of D,H "

In the next two sections we describe the relative equi-
libria of the two isotopomers D,H* and H,D* of Hj
and make some predictions about associated spectral
patterns. The numerical calculations assume an isolated
ground electronic state, use the potential function of
Dinelli ez al. [19] and neglect non-adiabatic corrections.
Thus the only differences between the Hamiltonians
used here for D,H" and H,D* and in [11] for Hj are
the masses of the nuclei. For both D,H" and H,D" the
relative equilibria are found by solving for the critical
points of appropriate effective potentials Vy and V-
using the MATHEMATICA computer package [20]. Plots
of the energies of the relative equilibria as functions of J
are given as figures 1 and 4. The normal mode frequen-
cies for each of the relative equilibria were calculated
using equations (10) and (16), again with MATHEMA-
TICA. Plots of the normal mode frequencies for the lin-
early stable relative equilibria are shown in a series of
figures in this section for D,H™ and in the next section
for H,D". The rest of this section describes the bifurca-
tions of relative equilibria that occur for D,H" and their
associated spectral consequences, while the next section
does the same for H,D™.

4.1. Bifurcations of relative equilibria

The relative equilibrium bifurcation diagram for
D,H* up to J =70 is shown in figure 1. At low energies
for J < 50 the only relative equilibria are isosceles tri-
angles rotating about each of their three principal axes.
The IT” relative equilibria have minimum energy and so
have stability index (1111) and are both linearly and
nonlinearly stable. The IT relative equilibria are also
linearly stable, but with stability index (111—1) and
are likely to be unstable over long time periods as a
result of Arnold diffusion. The IT* relative equilibria
have stability index (1110) and so are both linearly
and nonlinearly unstable. As J increases centrifugal
forces elongate the IT” relative equilibria, reducing the
angle between the two HD bonds, until at J ~ 50 they
finally disappear in a bifurcation with branches of ‘rota-
tional barrier’ relative equilibria of the same symmetry
type which come in from infinity. However before this
happens the IT” relative equilibria lose stability in a
Hamiltonian Hopf bifurcation [11, 21] at J ~37. In
other words the frequencies of two normal modes

0 10

40000

30000

1

cm

20000

Energy /

10000

0 10 20 30 40 50 60 70
Total Angular Momentum J

Figure 1. The energies of linearly stable (—) and unstable
(---) relative equilibria of the D,H" ion as functions of
the total angular momentum J. The linearly stable con-
figurations are labelled by IT for isosceles triangle, AT for
asymmetric triangle, SL for symmetric linear and AL for
asymmetric linear. The superscripts indicate the direction
of the angular momentum vector. The horizontal dotted
line denotes the first dissociation energy of the ion to two
products.

become equal at the bifurcation point and thereafter
form a complex conjugate pair. This changes the stab-
ility index to (1100).

For both the IT* and IT” relative equilibria the cen-
trifugal forces act to increase the angle between the two
HD bonds until, at J ~ 50 and J ~ 59 respectively, they
become linear. These two bifurcations stabilize the SL
relative equilibria which start out at low values of J with
stability index (1100), along with branches of AL rela-
tive equilibria. The SL go on to lose stability again in a
bifurcation to AL relative equilibria at J =90 (not
shown in figure 1) before eventually colliding with
matching rotational barriers.

At J = 39 there is a fold bifurcation which gives birth
to a pair of branches of AT* relative equilibria with
stability indices (111—1) and (1110). The linearly stable
branch loses stability soon afterwards in a Hamiltonian
Hopf bifurcation and is unlikely to have any observable
influence on spectra. The unstable branch collides with
the AL relative equilibria, raising their stability, and
these are then stabilized in a bifurcation with AT at
J ~61. However both the AL and AT” relative equili-
bria quickly disappear in collisions with matching rota-
tional barriers and again no observable effects on the
spectrum are likely. The energies of the AT’ relative
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equilibria are so close to those of the AL relative equili-
bria that they are indistiguishable in figure 1.

4.2. Normal modes and spectral clusters

The normal mode frequencies of IT” relative equili-
bria are shown in figure 2. The two key features are a
Hamiltonian Hopf bifurcation involving the anti-sym-
metric precessional and stretching modes at J = 37
and a close avoided crossing between the two symmetric
vibrational modes at J ~ 25. It follows from the discus-
sion of section 26 that as the IT" relative equilibria have
symmetry group C;(M) the associated quantum energy
level doublets will be of types A; + B; and A4, + B,.
Excited symmetric modes will always be of type
Ay + Bj if J is even and type A, + B, if J is odd. The
avoided crossing will result in many resonances between
these around J = 25. Excited anti-symmetric modes will
give doublets of type A; + B; for even numbers of
quanta and 4, + B, for odd numbers when J is even
and the opposite for J odd. Since the precessional
mode has stability index —1 the corresponding energy
levels will decrease in energy as the numbers of quanta
increase. The effects of the Hamiltonian Hopf bifurca-
tion on these patterns remain to be investigated.

The normal mode frequencies of the IT” relative equi-
libria are given in figure 3 up to J ~ 60, where the
relative equilibria ‘become linear’. All the vibrational
modes are symmetric with respect to the local symmetry
group C,(M) while the precessional mode is anti-sym-
metric. There is therefore no interaction between the
precessional and vibrational modes. The most notable
feature is that the lowest frequency mode changes from
precessional to a bending vibrational mode at J = 41.
The frequency of the latter goes to zero at the bifurca-
tion point from the SL relative equilibria. The normal
mode frequencies of SL relative equilibria are given in
the same figure for the range J =~ 60 — 90 in which they
are stable. The 4; mode is the symmetric stretching
mode, the 4, mode consists of bending oscillations in
the plane containing the total angular momentum vector
and the B, modes are linear combinations of asymmetric
stretching and bending in the plane perpendicular to the
total angular momentum vector. The lowest frequency
B, mode changes from a bending oscillation near J = 60
to a stretching oscillation near J = 90.

The C,(M) symmetry group of IT” relative equilibria
implies that the associated energy level doublets are of
types Ay + B, and A, + B;. For low values of J the low
energy spectrum will consist of excited precessional
states with the alternating sequence of A4; + B, and
A, + B; doublets for J even, reversed for J odd, typical
of rigid rotors. This should change for J > 40 when the
lowest frequency becomes vibrational and consequently
the associated doublets will all have the same type as the
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Figure 2. Classical normal mode frequencies for the IT*° RE
of the D,H" ion. Solid lines correspond to modes which
are symmetric with respect to C;(M), large dashed lines to
modes which are anti-symmetric and the small dashed line
shows the real part of the complex frequency after the
Hamiltonian Hopf bifurcation at J ~ 37. Short dash
lines represent estimates of classical frequencies from
quantum calculations [23]. Circles indicate experimental
vibrational frequencies [22, 23].
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Figure 3. Classical normal mode frequencies for the IT” and
SL relative equilibria of the D,H™ ion. Solid lines corre-
spond to symmetric IT” modes, the large dashed line to
the anti-symmetric IT” precessional mode and individu-
ally labelled dotted lines to the SL normal modes. Short
dash lines represent estimates of classical frequencies from
quantum calculations [23]. Circles indicate experimental
vibrational frequencies [22, 23].
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ground state. However, the precessional frequency is
still very close and the next excited doublet should be
precessional.

The frequencies of the IT” relative equilibria trans-
form continuously into the frequencies of the SL relative
equilibria. However, the changes to the quantum spec-
trum will be more pronounced. The symmetry groups of
the SL relative equilibria are the full permutation-inver-
sion group of the molecule and there are no distinct
symmetry equivalent relative equilibria. It follows that
the energy levels should be singlets and we expect to see
a splitting of energy level doublets as J passes through
60. The symmetry of the ground state for SL relative
equilibria is A4; for J even and B; for J odd. The
lowest frequency normal mode is B, and so for J > 60
the two lowest energy states will have symmetries 4; and
B, when J is even and B; and 4, when J is odd.

5. H,D*
5.1. Bifurcations of relative equilibria

The energies of the relative equilibria of H,D" are
shown as functions of J up to J =70 in figure 4. The
bifurcation diagram is rather more complicated than
that for D,H" and we concentrate on describing some
of the key differences. First note that at low J it is the
IT* relative equilibria that are linearly stable, instead of
the IT” relative equilibria. These lose stability in a bifur-
cation to AT relative equilibria at J ~20 before
becoming linear at J ~ 36. The AT™ relative equilibria

0 10 20 30 40 50 60 70
Total Angular Momentum J

Figure 4. The energies of linearly stable (—) and unstable
(---) relative equilibria of the H,D" ion as functions of
the total angular momentum J. The labelling is the same
as in figure 1.

themselves lose stability in a Hamiltonian Hopf bifurca-
tion at J ~ 33 and then disappear in a collision with
rotational barriers. The unstable IT® become stable at
J ~ 24 as a result of a bifurcation to another branch of
(unstable) AT™ relative equilibria. The IT” relative equi-
libria go on to lose stability again in a Hamiltonian
Hopf bifurcation at J =~ 41 and then collide with rota-
tional barriers at J = 55.

In contrast to D,H" the AL relative equilibria have
lower energies than the SL relative equilibria. The AL
relative equilibria are stabilized as J increases by a bifur-
cation to AT* relative equilibria at J ~ 41, followed by
an exchange of stabilities with the minimal energy IT”
relative equilibria at J = 51. This exchange also involves
a branch of AT” relative equilibria that is not visible in
the figure. As a result the IT” relative equilibria lose
stability and the AL relative equilibria become the mini-
mum energy configurations. To begin with the AL rela-
tive equilibria give the absolute minimum of the energy,
but from J = 53 they are only a local minimum above
the dissociation energy. Both the AL and the IT” relative
equilibria go on to collide with matching rotational bar-
riers, at J ~ 68 and J ~ 63, respectively.

The higher energy SL relative equilibria are also sta-
bilized by a pair of bifurcations, first to IT* relative
equilibria at J ~ 34 and then to another branch of IT”
relative equilibria at J ~ 54. The SL relative equilibria
lose stability again in a bifurcation to AL relative equi-
libria at J ~ 61 while just before this the IT” relative
equilibria become stable as a result of a bifurcation to
AT’ relative equilibria. The IT” relative equilibria lose
stability in a Hamiltonian Hopf bifurcation at J ~ 74
(not shown) before colliding with its rotational barrier.
These are the (linearly) stable relative equilibria with
both the highest energy and the highest angular
momentum.

5.2. Normal modes and spectral clusters

The analysis of energy level clusters associated to lin-
early stable relative equilibria of H,D* proceeds exactly
as for D,H". Here we concentrate on features associated
with the IT* to AT and the IT” to AL bifurcations of
relative equilibria.

The normal mode frequencies for the IT" relative
equilibria in their stable range J ~ 0 — 20 and for the
ATY relative equilibria in the range J =20 —49 are
given in figure 5. The IT* local symmetry group is
C,(M) and so the associated energy level doublets will
be of types A; + A, and B + B,. The four-fold multi-
plicity of AT* relative equilibria implies that they will
have energy level quadruplets of symmetry type
A+ Ay+ B+ B,. Thus as J passes through 20 there
should be a merging of pairs of doublets of complemen-
tary symmetry type to form quadruplets.
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Figure 5. Classical normal mode frequencies of the IT" and
AT relative equilibria of the H,D" ion. Dash-dot lines
correspond to the symmetric modes of IT", large dashed
lines to the anti-symmetric modes, solid lines to the nor-
mal mode frequencies of AT and the dotted line shows
the real part of the complex frequency of AT™ after the
Hamiltonian Hopf bifurcation at J ~ 34. Short dash lines
represent estimates of classical frequencies from quantum
calculations [23, 24]. Circles indicate experimental vibra-
tional frequencies [23, 25].

The normal mode frequencies of the IT” relative
equilibria in their stable range J ~0 — 50 are given
in figure 6, followed by the normal mode frequencies
of the AL relative equilibria in their stable range
J ~50—-68. As for D,H", symmetries prevent the
IT” precessional mode from interacting with the
vibrational modes in harmonic approximation. There
is also a similar switch in the lowest frequency mode
from precessional to vibrational, and this will be
accompanied by a similar rearrangement of A; + B,
and A, + B; doublets. In this case it is likely to be
more distinct as there is a greater separation between
the precessional frequency and the lowest vibrational
frequency. However, the main difference between the
two cases comes when the ions ‘go linear’. In this case
the transition is to AL relative equilibria which appear
in pairs and so will continue to be accompanied by
doublets. Moreover the local symmetry groups of IT”
and AL relative equilibria are the same, C,(M), and
so their clusters will have the same symmetry types.
It is therefore likely that the transition from IT” to
AL structure will not be observable in the quantum
spectrum.
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Figure 6. The classical normal mode frequencies for IT” and
AL relative equilibria of the H,D* ion for the values of J
for which they are linearly stable. The dashed lines corre-
spond to symmetric IT”, the dotted line to the anti-sym-
metric IT” precessional mode, the solid lines to the
symmetric AL modes and the dash-dot line to the anti-
symmetric AL mode. Short dash lines represent estimates
of classical frequencies from quantum calculations [23,
24]. Circles indicate experimental vibrational frequencies
[23, 25].

6. Summary and discussion

We have described a general method for computing
the relative equilibria of a molecule and their normal
modes. The symmetry classification of all the possible
relative equilibria and their associated ‘harmonic’
quantum states has been given for an arbitrary AB,
molecule. The possible applications of these results to
specific molecules are illustrated using the examples of
D,H* and H,D". All the relative equilibria types listed
in table 2 exist for each of these examples, and almost all
of them are linearly stable for some range of angular
momentum values. The only exceptions are IT* for
D,H" and AT” for both D,H" and H,D". In general
we expect a linearly stable relative equilibrium to act as
an organizing centre for families of quantum states with
wave functions which are localized near it and its sym-
metry equivalent counterparts. Tunelling will create
clusters of energy levels of symmetry types which are
characteristic of the symmetry type of the relative equi-
librium and bifurcations of the relative equilibrium may
lead to rearrangements of these clusters.

Despite having the same potential function, the rela-
tive equilibrium bifurcation diagrams of H} , D,H" and
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H,D" are quite different. The differences are dictated to
a large extent by the symmetries of the ions and the role
of the centrifugal forces. Yet there are some common
features, for example the stabilization of linear config-
urations as J increases. This is well known [4, 26] and is
perhaps a general phenomenon of AB, molecules. Here
we have shown that both symmetric and asymmetric
linear configurations can be stabilized and that either
can occur as the global minimum of the total energy.
In the case of D,H™ the transition to a symmetric linear
(SL) global minimum occurs at J ~59. For H,D" it is
the AL configurations which become global minima of
the energy, in this case at J ~ 51. Their energy increases
above the dissociation level at J ~ 53. Linearly stable
SL relative equilibria exist above dissociation for
J ~ 54 —61. Moreover in this case, as for Hj [11],
there are also linearly stable relative equilibria with tri-
angular configurations above dissociation.

In [11] we predicted that for H3 the transition to
linear geometry will be accompanied by a rearrangement
of energy level doublets associated to equilateral triangle
relative equilibria to form triplets associated with sym-
metric linear configurations. The results of this paper
show that for D,H" the transition will be accompanied
by a splitting of the energy level doublets of types
Ay + B, and A, + By associated with the minimal
energy IT” relative equilibria to give singlets associated
with the SL geometry. The difference is due to the lower
permutational symmetry group of D,H". Since the AL
and IT” relative equilibria have the same symmetry
group the corresponding transition for H,D" may
have little effect on the spectrum.

Another common feature of all the ions is that the
lowest excited level changes from rotational to vibra-
tional as J increases. It happens most quickly in Hj
where the precessional frequency exceeds the smallest
vibrational normal mode at J= 30 [11]. This value is
35 for H,D*. The highest value is 42 for D,H" and
the effect here is probably the least likely to be observed
because the precessional and vibrational frequencies are
too close.

Perhaps the most likely event to be detected in the
quantum spectrum is the bifurcation from IT* to AT*
relative equilibria in H,D*. This should be accompanied
by a merging of pairs of energy level doublets of types
A + A, and By + B, to form quadruplets. This bifurca-
tion is somewhat unusual for AB, molecules. In most
cases rotation about the x axis is unstable and the IT*
relative equilibrium can simply ‘become linear’ without
any change in stability as the BAB bond angle increases.
However, because of the initially small bond angle, rota-
tion about the x axis is stable for H,D" at low values of
J, but becomes unstable as J and the angle increase.
Similar bifurcations, though with decreasing bond

angles, do occur from IT relative equilibria for a
number of AB, molecules [27]. In this case theoretical
predictions [1, 2, 28, 29] have been confirmed by full
quantum mechanical calculations [30, 31] and experi-
mentally for H,Se [32], H,Te [33] and H,S [34]. These
bifurcations are also accompanied by merging of pairs
of doublets. The value of J for which the IT* bifurcation
occurs in H,D™ is higher than that for the IT* bifurca-
tions in H,Se, H,Te, comparable with that in H,S and
lower than expected in H,O [35]. For H,D* the IT*
relative equilibria also undergo a bifurcation but the
mechanism underlying this is not so easily explained
and must be a more subtle interaction between the
potential and centrifugal effects.

The harmonic approximation used above is rather
poor in terms of high resolution spectroscopy when esti-
mating pure vibrational frequencies since the anhar-
monic effects are very strong in D,H" and H,D": the
normal modes at J= 0 overestimate the experimental
frequencies by 7-9% (see circles in figures 2, 3, 5 and
6). However, it is still instructive to compare the present
calculations with available experimental and calculated
data. For instance, it is clear from figure 2 that there
must be a strong AK,= 1 resonance at low J in D,H*
between the levels of the v, mode (the lowest symmetric
one) and the levels of the asymmetric ;3 mode having
one additional precessional quantum (recall that the pre-
cessional mode in IT” descends in energy). This is not
the case in H,D* for which v, and 13 always diverge (see
figures 5 and 6). Indeed, Foster et al. [22] noted in the
experimental analysis of D,H" that they had to add a
K ,-dependent interaction term and drop a J-dependent
term compared to their H,D™ model [25] when fitting
similar data. Similarly one can predict a number of other
resonances of which the most notable is the avoided
crossing again in IT® of D,H" between v, and v5 at
J = 25. Interestingly this feature resembles the crossing
in H,D" at slightly lower values of J (see figure 5).

It is often straightforward to correlate the classical
normal mode frequencies to a quantum spectrum.
For example, the energy differences E(K, =J)—
E(K, =J — 1) correlate with the precessional frequency
of the IT' relative equilibrium of H,D" and
E(K.=J—1)— E(K, =J) with the precessional fre-
quency of IT’. These J dependences of characteristic
frequencies present another way of comparing our clas-
sical calculations with experiment. Unfortunately the
assigned experimental data are very limited (J <6)
[22, 25]. The observed predissociation spectra of D,H™
and H,D™ should have very high J, especially when
kinetic energy release is high [12] but these spectra still
remain unassigned in detail. The only extensive source
of assigned levels known to us is [24] where the assign-
ment of the ground vibrational state of H,D*, obtained
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from quantum variational calculations, has been given
up to J = 30. Another source is the calculation of energy
levels in the ground and v, states of H,D* and D,H"
based on the effective Hamiltonian fitted to experi-
mental data [23].

The quantum data obtained in this way are presented
in the respective figures of the normal modes. One can
see that apart from the strong anharmonic shifts the J
dependences are reproduced rather well. For preces-
sional modes the classical frequency again gives an
upper boundary for quantum levels. The relative error
comes down to less than 6% for IT” relative equilibrium
of H,D* at J =30. For IT* the classical estimates are
also close to the quantum but become lower starting
from J = 14, ‘foreseeing’ the bifurcation. This is how-
ever not unusual since the quantum difference is some-
what more ‘inertial’. Quantum mechanically the
merging of two doublets is due to the tunnelling effect
between equivalent relative equilibria. But the tunnelling
takes place only if the height of a separation barrier is
higher than at least the ground state of the relative equi-
librium. We can estimate the ground state energy as half
of the precessional frequency (see equation (18)) and
compare it with the barrier height. The barrier exceeds
the ground state for J > 26. When this happens in H,Se
or H,S the ratio between the cluster width and the space
to the next level is 1:4 [35]. Therefore we can hope that
J ~ 26 gives us an estimate of the point above which
cluster features may be observed in the spectrum of
H,D*. However, there is a complication due to the
Hamiltonian Hopf bifurcation at J ~ 33. Energetically
this happens below the barrier which suggests that
cluster features may be perturbed but persist. To verify
this a detailed analysis is required.

The analogous comparisons of classical and quantum
data for D,H" illustrate mostly how little we know
about this ion. With recent advances in variational
methods it is becoming feasible to carry out more exten-
sive calculations which should clarify the quantum
structure of high ro-vibrational levels in H,D* and
D,H* and particularly show if the formation of four-
fold clusters of levels takes place in H,D" and what
happens to them in the Hamiltonian Hopf bifurcation.
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