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Variationally exact rovibrational levels for the H3 + and H2D ÷ molecules 
are calculated using a recently published accurate potential. Vibrational 
fundamentals are va1=3191 cm -1 and vE=2494 (2521.6) cm -1 for H3 + 
and vl=3000cm -1, v~=2184cm -x and v3=2310cm -1 for H~D +. For 
H3 + calculated ground state rotational constants are B0 = 43.51 (43-57) cm -1, 
Co = 20.59 (20-71) cm -1, Dj  ° = 0.04 (0.05) cm -1, Djn° = - 0.07 ( - 0.10) cm -1 
and DK=0.04 (0-04)cm -1 (where experimental results are given in paren- 
thesis). An attempt is made to stabilize many vibrational states. We thus 
reassess the results of Carney and Porter. The implications for astrophysics, 
the interpretation of the infrared spectrum of H3 + near its dissociation limit 
and the unassigned spectrum of H,D + are discussed. 

1. INTRODUCTION 

T h e  H3 + molecular ion and its isotopic variants (HD~ +, H~D +, Ds+ etc.) 
are the simplest known polyatomic molecules f rom the point of view of electronic 
structure.  T h e  vibrat ion-rotat ion spectra of these systems are of considerable 
consequence in astrophysics [1, 2]. H3 + and HD~ + have been the subject of 
extensive experimental  investigation by Carrington et al. [3 ], who observed more 
than 26 000 transitions arising f rom molecules near their  dissociation limit. 
These  results are as yet unexplained. Infrared vibrat ion-rotat ion spectra have 
been repor ted for H3 + by Oka [4] and for D3+ [5] and H2D+ [6] by Shy and 
co-workers. T h e  H~D + spectrum remains unassigned. 

T h e  simplicity of the systems means that it is possible to calculate ab initio 
and with high accuracy their rotat ion-vibrat ion spectra, assuming that electronic 
and nuclear motions are separable. The re  are many highly accurate electronic 
potential energy surfaces available in the li terature for these systems [7-11] 
and it is thus possible to concentrate on ab initio calculation of the vibra t ion-  
rotation structure.  

T h e  vibrat ion-rotat ion spectra of these systems have been studied extensively 
by Carney and Porter  [12-16] in a series of very detailed and careful papers. 
T h e  potential energy surface used by these authors [9] was however variationally 
inferior to several [8, 10, 11] that are now available and they used one of a family 
of conventional methods  of vibrational analysis based on the Eckart  hamiltonian 
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[17]. In the work reported here one of the improved potential energy surfaces is 
used and the vibration-rotation problem is solved by a method that does not 
depend on any equilibrium-geometry assumptions as for the Eckart method. 
In this way it is hoped to reassess the results of Carney and Porter, to elucidate 
certain of the astrophysical implications of the spectra of the systems and to 
further the understanding of the infrared results of Carrington et  al.  [3]. 
We also discuss the possibility of assigning the H~D + spectrum of Shy et  al.  [6]. 

The potential energy surface used in this work is that of Schinke, Dupuis 
and Lester [11] which, besides givingenergies about 200 cm -1 below those of 
the Carney and Porter surface [9], is easily the most extensive of the accurate 
surfaces available, based as it is on CI calculations at 650 different geometries. 

The vibration-rotation hamiltonian used is one that has proved extremely 
satisfactory in earlier work by the authors on systems as diverse as KCN [18], 
H~Ne [18], H e H F  [19] and CH~ + [20, 21]. It is particularly appropriate for 
systems that can be thought of as formed by atom-diatom collisions and which 
undergo large amplitude internal motions. It is thus suitable for the present 
investigations, both in view of the probable way in which the systems are formed 
and in view of the fact that the light H atoms can be expected to vibrate with much 
larger amplitudes than would be found in near-rigid systems. Recent work by 
the authors [18-22] and by Carter and Handy [21, 23, 24] has shown the danger 
of using the Eckart hamiltonian in such circumstances. 

2. T H E  VIBRATION ROTATION HAMILTONIAN 

It was shown in [18] that if a triatomic molecule was considered as an atom 
(1), H or D, colliding with a diatom (2-3), H~, then the hamiltonian for internal 
motion could be written in terms of the space-fixed coordinates t i with 

t l = X l - - X d '  / 

t 2 = X 3 -- X2, 
as  

(1) 

/q t_  h~ hZ 2/~ V2(tl)- VZ(t2) + V. (2) 
2/~d 

In these equations the x I represent the laboratory-fixed coordinates of the 
nuclei with 

and 
X d = md-l(m~x2 + maX3) (3) 

~-i __ ml-1 + rod-l, 1 (4) 

]£d -I = / I / 2  -1 -.[- ~v~3--1" J 
The transformation inverse to (1) above is 

x 1 = X + M-lmdti,  

x ~  = X - -  m l  M - x  t 1 - mama -1 t~, 1 (5) 

x 3 = X - m l  M - 1  t 1 + m2md - x  t2, J 
where X is the centre-of-nuclear mass coordinate, M is the sum of the nuclear 
masses and m d is (ms + m8). 
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In [18] a 
orthogonal matrix C such that 

body-fixed coordinate system was introduced by means of an 

t~ = C z  i ( 6 )  

sin 0 ) 

z ~ = r  0 . ( 7 )  

cos 0 

with C defined by choosing (o) 
Z 1 = 0 , 

R 

Here R is the length of tl,  r the length of t 2 and 0 the angle between t 1 and t z. 
This choice corresponds to choosing a body-fixed coordinate system in which the 
z-axis is along t I with 0 in the range (0, 7r) so that the diatomic system lies in the 
positive half of the xz-plane. 

The  hamiltonian expressed in this coordinate system is then 

H = / ~ v  + / ~ v n +  V(R, r, O) (8) 
where 

Kv 2/zR 2 OR R~" ~-R 2- 2/zdr 2 ~R r2 - 

1 1 b ( ~ 0 )  + - -  sin O (9) 
/Ldr 2 sin 0 b0 

1 2 cot s 0 0'~ 
/~vrt=½ [~ -~ ( I I~  + I I u 2 ) + ( - - ~ +  c°sec---~2/zdr2 J II~2 

cot0  1 h 1 [ b co t0~  n,,. (10) 

The jacobian for integral evaluation in this coordinate system is just R2r 2 sin 0. 
The H~ are components of the total angular momentum and, as explained in [18], 
are chosen to satisfy the normal commutation relations. They are functions of 
the Euler angles 3, y and E only and they represent the angular momentum of the 
system. 

In this work, as previously [18-20], a basis set of nuclear motion functions is 
used, which is essentially composed of product functions of the form 

~b,,m(r , R)O~k( O)DMka( 3, 7, ,), (11) 

where ~bn. m is a function of the internal radial coordinates, 0jk is a standard 
associated Legendre polynomial [25] and DMk J is a rotation matrix element 
(symmetric top function) in the convention of Brink and Satchler [26]. The  
acronym L C - R A M P  (linear combination of radial and angular momentum 
products) has been coined for this approach [27]. 

In fact, for reasons discussed in the Appendix (see also [18]), it is always 
possible to choose symmetrized angular functions of the form 

2112[0ik( O)DMkJ(3, c) + (--1)POj_k(O)OM_ka(3, 7, 

p = 0 ,  1 ; k > 0 ,  / (12) 

")]' / 

Ojo(O)D~xoa(a, ~,, ~), p = 0 ; k = O. J 

Following convention [28], the p = 0 functions are labelled e and p = 1 functions f. 
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I f / q  is allowed to operate from the left on the angular functions (12) and the 
result multiplied from the left by their complex conjugate, integrating over all 
angular coordinates gives an effective hamiltonian for the radial coordinates [18]. 
This is usually known as the close-coupling hamiltonian [29]. In order for the 
angular integration discussed above to be analytic, it is necessary to express the 
potential in the form 

A 
V(r, R, 0)= Y. Pa(cos O)Va(r, R). (13) 

A=0 

This can be done for an arbitrary potential by performing (A + 2) point Gauss- 
Legendre integration in 0 for each (r, R) point of interest as explained in [20] 
(see also [30]). Providing A is chosen large enough this entails no loss of 
accuracy. When the diatomic part is homonuclear, as here, only terms with A 
even appear in (13). 

For the Ha + potential of Schinke et al. [8] the use of A = 30 was found to 
give a very accurate representation of the surface. Care only needed to be taken 
with the representation of the nuclear singularities at R = r/2. All the calculations 
reported here used A = 30 ; tests showed that the results are insensitive to larger 
expansions. 

The radial basis functions are chosen here, as previously [18-20], to be of 
the form 

~b..m(r, R) = r -1 H n ( r ) R  -1 H m ( R  ). (14) 

For the diatomie-like radial coordinate we have found functions based on 
Morse oscillators to be appropriate 

Hn(y ) =/3113 Nn ~ exp ( -  y/2)y (~+1)12 Ln~(y), ! (15) 

y = A exp [ - / 3 ( r -  re)], J 
where N~,L,~ ~' is a normalized Laguerre polynomial [31] and r e is the equilibrium 
value of r. A and/3 can be related to the dissociation energy, De, and funda- 
mental vibrational frequency, oJe, 
curve 

A = 4De 
hc.D e ' 

and ~ is the integer closest to A. 

of the appropriate pseudodiatomic Morse 

( ~d )112 (16) 

In practice re, D e and co e are optimized 
variationally to give the best basis set expansion for a particular problem. 

For the R coordinate we have previously used both Morse oscillator-like 
functions and functions based on spherical oscillators [32] 

H,~(y) = Nm~y(~ +1)/~ exp (-~/2)Lm~+ll2(y), ! (17) 

y = ~R ~, J 
where ~: equals (/~oJe)t/2 with e% equal to the fundamental R stretching frequency. 
Again ~7 and co e are optimized for each problem. 

As observed by ter Haar [33], the Morse oscillator-like functions do not obey 
the correct boundary conditions at x = 0 (where x is r or R) and can only be used 
if the wavefunctions have effectively vanished at this limit. This is not a 
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limitation on the spherical oscillator functions and such functions have been used 
successfully in earlier work [20] to describe motions that have large amplitude 
at R = 0. Trial functions composed of both types of functions are used in the 
present work since it is at least possible that quasi-linear configurations of the 
system are important at high energy. The calculations reported here were 
performed with programs A T O M D I A T  [34] and A T O M D I A T 2  [30]. We 
refer to these for details of the numerical procedures used. Program G E N P O T  
[30] was used for the numerical Legendre expansion of the potential. All 
calculations were performed on the CRAY-1 at Daresbury Laboratory. 

We note that (as established in the Appendix) the functions (11) used in 
these calculations are adapted to be a basis for irreducible representations of the 
permutation group of order 2 ($2). They are not, however, adapted to be a basis 
for S 8. Thus the full permutation symmetry of the H~D + problem is automati- 
cally reflected in the chosen basis, but that of the H3+ problem is not. In the 
Appendix it is established that functions with even and functions with odd j 
respectively form bases for the two different irreducible representations of S v 
Since S~ is a sub-group of $3 this symmetry distinction will persistinS a. Inboth 
the H~D + and He+ problems, therefore, the secular equations will split into four 
parts, corresponding to the p parity (e or [ see equation (12)) and the j parity 
(even or odd). When J =  0, p can only be e so that here there is only a twofold 
splitting. 

The precise permutational symmetries in the H3 + problem are of central 
importance in determining the nuclear spin statistics of the problem and detailed 
discussion of appropriate assignments is given in the Appendix. 

So far we have not specified the form of the potential in detail. However if 
the electronic Born-Oppenheimer potential were to be used directly, then it 
would belong to the totally symmetric representation of S 3. In practice the 
potential is fitted and though from the fitting (see [11]) it may be ascertained 
that the potential has the correct symmetry for R < 4 a o, it is possible that at 
greater distances this is not accurately the case. 

3. CALCULATIONS WITH J = 0  

For a non-linear molecule, such as H3+ , a calculation with J =  0 is sufficient 
to define the vibrational states of the system. In Hz + itself, of course, nuclear 
spin statistics dictate that these J = 0  levels are never actually occupied (see 
Appendix). 

We started by optimizing a basis for the diatomic coordinate r for an isolated 
H 2 molecule. Basis functions for the scattering coordinate R were then obtained 
by optimizing for H3 + with r frozen at its equilibrium separation, 1.65 a 0. 
Contrary to our previous experience [19], the basis set obtained in this fashion 
was found to give a poor representation of H3+. The diatomic r functions in 
particular were found to be inadequate and could only be improved by optimizing 
them for a full H3+ calculation. The diatomic Hz functions were particularly 
poor at representing the higher vibrational states supporting the impression 
gained during this work that the higher vibrational states of H3+/H~D+ do not 
behave like H 2 and H+/D +, as was suggested by Carrington et al. [3]. 

As we were interested in a broad range of vibrational states, we decided to 
optimize the basis sets by focusing on the 40th J =  0 level of.a calculation wi th j  
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Table  1. Vibrational ( J = 0 )  energy levels for Ha + in cm -1. All energies are relative to 
the dissociation l imit  of H ~ + H  +. T h e  calculations used basis funct ions  with 
n < 7 ,  m<~10 and j~<19 and for the diatomic r basis, r e=2-1  a0, D e = 4 5  000 cm -1 
and eOe= 2590 cm -1. T h e  states are n u m b e r e d  f rom the lowest level upwards  for 
each par i ty  of j .  

j even j odd  
M o r s e t  Spherical$ M o r s e t  Spherical~ 

1 -32580 .48  --32580-48 

2 - 30086.1 - 30086.1 

3 - 29389.4 - 2 9 3 8 9 . 4  

4 -27855 . 5  -27855 . 5  

5 - 27622.3 - 27622-2 

6 - 27035.2 -27035 -2  

7 -26303-7  - 26303.7 

8 -25635-1  - 25635.6 

9 - 2 5 3 4 4 - 4  - 25345.2 

10 - 24840.2 --24840-2 

40 - 1 8 4 8 3  - 1 8 4 5 5  

1 - 30086.22 - 30086.22 

2 -27622 .5  - 2 7 6 2 2 .5  

3 - 2 7 0 3 5 . 6  -27035-6  

4 - 2 5 6 3 7 . 2  - 25637.2 

5 - 2 5 1 2 9 . 2  - 25129.2 

30 - 1 8 0 5 6  - 1 8 0 5 5  

t Morse  oscillator-like funct ions  of equat ion (15) wi th  R e =  1"71 ao, De = 50 500 cm -1 
and OJe= 1866 cm -1. 

Spherical  oscillator-like funct ions of equat ion (17) wi th  , /=8 .05  and OJe= 6145 cm -1. 

Table  2. Vibrational  ( J = 0 )  energy levels for H2D + in cm -1. All energies are relative to 
the dissociation l imit  of H~ + H +. T h e  calculations used basis funct ions  wi th  n ~< 7, 
m~<10 and j~<19 and for the diatomic r basis, r e=2-1  a0, D e = 4 5  000 cm -1 and  
~Oe = 2590 cm -1. T h e  states are n u m b e r e d  f rom the lowest  level upwards  for each 
parity of j .  

j even j odd  
M o r s e t  Spherical~ M o r s e t  Spherical~ 

1 -32962 .30  - 32962-29 

2 -30778-3  -30778 . 3  

3 - 29962-4 - 2 9 9 6 2 . 4  

4 - 2 8 7 1 7 . 0  - 2 8 7 1 6 . 9  

5 - 2 8 3 9 8 . 2  - 28398.2 

6 - 2 7 9 3 7 . 2  -27936 -9  

7 -27074.5 - 2 7 0 7 4 . 4  

8 - 2 6 7 2 5 . 0  - 26725.0 

9 -26361-8  -26361 -9  

10 -25997-7  - 25997.2 

40 - 1 9 9 5 2  - 1 9 9 4 0  

1 - 30652-57 - 30652.57 

2 - 2 8 5 3 7 . 4  --28537-3 

3 - 2 7 7 2 9 . 4  - 2 7 7 2 9 - 4  

4 - 2 6 6 1 7 .2  -26617-2  

5 - 2 6 1 9 5 . 4  - 2 6 1 9 5 - 4  

30 - 1 9 4 1 0  - 19405 

t Morse  oscillator-like funct ions  of equat ion (15) wi th  R e =  1"71 ao, D e =  50 500 cm -1 
and w e =  1866 cm -1. 

Spherical  oscillators wi th  */= 9.80 and OJe= 5926 cm -1. 
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even. Test calculations showed that the parity ofj  used in basis set optimization 
calculations was unimportant. Tables 1 and 2 present results for optimized 
H3+ and H2D+ calculations respectively. These calculations were performed 
with large basis sets, 880 functions, in an attempt to converge as many vibrational 
states as possible, although it was clear that the low-lying levels could be satis- 
factorily represented by a much smaller calculation (see § 4). 

Tables 1 and 2 show excellent agreement between calculations perfomed 
with different R basis functions. Both calculations clearly converged to the same 
limit and no problems were encountered with the domain of the Morse-like 
functions. However, the functions based on Morse oscillators were found to 
perform consistently better than those based on spherical oscillators. This can 
be attributed to the extra flexibility of the three adjustable parameters which allow, 
in particular, the functions to be shifted to an appropriate R e. These Morse 
oscillator-like functions were thus used for all calculations with J >  0. 

Convergence checks on the results of tables 1 and 2 showed that whilst the 
lower states were well converged (1 cm -1 or better), the high-lying states were 
still poorly represented at this level of calculation. The 40th j even state, for 
example, is only converged to about 100 cm -1. As this state lies less than half 
way to dissociation, direct calculations on the near dissociation states observed 
by Carrington et al. [3] were deemed impractical. 

However, even at this binding energy the spacing between vibrational states 
is only 140 em -1 in H3 + and 120 cm -1 in H~D+ (and might be decreased by a 
better calculation). This spacing will be even lower in the near dissociation 
region. This region will thus contain a very dense and complicated manifold 
of vibrational states which would almost certainly be" chaotic in the sense of 
classical trajectory calculations [35]. If this is the case, a small change in the 
calculation (either through the potential or the basis set) can be expected to 
impart a large perturbation to the calculated spectrum. Such perturbations give 
rise to a web of avoided crossings [36]. Current quantum mechanical methods 
cannot yet cope with this complicated stochastic behaviour in real potentials. 

Because, as explained above, the basis functions used are not adapted to S 3, 
it is not possible to assign, a priori,  symmetry designations to the states of H3 + 
shown in table 1. In the Appendix it is established that, if a state is non- 
degenerate, then, if j is even, it is a basis function for the totally symmetric 
representation of S~ and ifj  is odd then it is a basis function for the antisymmetric 
(alternating) representation of S 3. If there are a pair of degenerate states, one 
wi th j  even and the other wi th j  odd, then they form a basis for the two dimen- 
sional irreducible representation of S 3. Because C~ is isomorphic with S~ it is 
possible to label these representations by their C8~ designation. Thus if the 
state is non-degenerate then it may be labelled A 1 i f j  is even or A S i f j  is odd. 
The degenerate states may be labelled E. This labelling is convenient because it 
enables the present results to be put into correspondence with results calculated in 
a conventional way, based on an equilibrium geometry. It should be remembered, 
however, that no such conventional assumption is made in the present calculations. 

Given that the basis functions used are not adapted to $3, then the degeneracy 
of certain solutions is not built into the calculations from the start. But if the 
set of basis functions is sufficiently complete, it should turn out that certain of the 
solutions are degenerate to within computational accuracy. Table 1 is laid out in 
such a way as to indicate where it is believed that these degeneracies lie, in some 



894 J. T e n n y s o n  a n d  B. T .  Sutc l i f fe  

of the  lower  e n e r g y  s ta tes  of the  sys t em.  F o r  the  reasons  o u t l i n e d  above ,  these  
d e g e n e r a c i e s  wil l  be  ve ry  d i f f i cu l t  to i den t i fy  in  t he  h i g h e r  e n e r g y  s ta tes  of the  
sys t em.  H o w e v e r  t he  p r e s e n c e  of  c o n v i n c i n g  d e g e n e r a c i e s  in  the  l ower  ly ing  
s ta tes  w o u l d  s eem to i n d i c a t e  t ha t  for  these  s ta tes  t he  p r e s e n t  ca lcu la t ions  are  wel l  
c o n v e r g e d  a n d  t ha t  t he  e x t e n t  of t he  bas i s  f u n c t i o n  set  is a d e q u a t e .  

I t  s h o u l d  be  n o t i c e d  too,  t ha t  a l t h o u g h  the  f i t t ed  p o t e n t i a l  of S c h i n k e  
et at. [11] m a y  no t  be  fu l ly  s y m m e t r i c  for  R > 4  a 0, th is  a p p a r e n t l y  has  l i t t le  
effect  on  the  l o w - l y i n g  s ta tes .  

Table 3. The zero point energy and ten lowest vibrational band origins of H3 + in cm -t .  

Quantum numbers CP Carney 

vA, vE 1 Symmetry [14, 15] [15] This work 

0 1 1 E 2515.99 2545.99 2494-3t 
2516.17 2494.4 

1 0 0 A1 3185.32 3220.48 3191.1 
0 2 0 A1 4799.19 4864.82 4725.0 
0 2 2 E 5004.13 5050.99 4958.0 

4958.3 
1 1 1 E 5567-81 5622.35 5544.9 

5545.3 
2 0 0 A1 6267.77 6334.18 6276.8 
0 3 1 E 7123.07 7210.07 6943-3 

6944.4 
0 3 3 A1 7441.85 7505.21 7235.0 
0 3 3 A2 7515.61 7565-56 7451"3 
1 2 0 A1 7821"21 7906.80 7740-3 
Eo 4345"19 4327"7 

Table 4. 

t Experimental result 2521.56 + 0-14 [4]. 

Zero point energy and ten lowest vibrational band origins of H2D + in cm -1. 

Quantum numbers CP 
vl v~ v3 [13 ] This work 

0 1 0 2203 2184.0 
0 0 1 2329 2309.7 
1 0 0 3000 2999-9 
0 2 0 4314 4245.3 
0 1 1 4490 4424-9 
0 0 2 4605 4564.1 
1 1 0 5067 5025.1 
1 0 1 5264 5232-9 
2 0 0 5888 5887.8 
0 3 0 6430 6236.4 
Eo 3963.0 [16] 3945.9 
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Tables 3 and 4 give our calculated band origins and zero point energies for 
Ha + and H2D ÷. Those obtained by Carney and Porter (CP) [13-16] are given for 
comparison. The only relevant experimental observation is the infrared measure- 
ment of the degenerate bending fundamental by Oka [4]. The theoretical 
results agree with this result to within 1 per cent (the better agreement by CP 
with their less accurate surface must be regarded as fortuitous). 

The agreement between our calculations and those of CP is very good for the 
stretching fundamentals and overtones (especially for H2D +, where it is exact). 
For the bending modes our results are consistently lower than those of CP for 
both systems. In comparing results one must remember that not only do the 
vibrational basis sets differ, but also the potential energy surfaces upon which 
the calculations are based. This makes a direct comparison difficult. Our 
results suggest that the surface of Schinke et al. [11] is flatter in the bending 
coordinate than the surfaces of CP [9, 15]. Also, the comparatively large 
discrepancies in the higher bending modes (100-200 cm- '  for the second 
bending overtones compared with 20 cm -1 for the bending fundamentals) 
suggest that these states are not fully converged in the CP calculations. 

Although our zero point energies are lower than those of CP, the differences 
nearly cancel between Ha+ and H2 D+ so that we obtain essentially the same energy 
differences as they do for the exchange reaction 

Ha+ + HD~-H~D + + H  2. (18) 

However, a complete understanding of this reaction requires knowledge of states 
with J >  0 which are considered in the following section. 

4. CALCULATIONS WITH J> 0 

The low-lying rotational states of H3 + and H~D + are of major interest in 
astrophysics as they determine the equilibrium in reactions such as (18). In 
particular, they are important because of the observed over-abundance, due to 
fractionation [2], of molecules containing (rare) heavy isotopes (for example 
D, laC, 15N, IsO) in interstellar clouds. Whilst for astrophysics the lowest 
allowed states are of primary importance, in order to understand laboratory 
infrared spectra a range of rotational states must be considered. 

In general, the size of the basis needed for a rovibrational calculation grows 
linearly with J, unless the so-called off-diagonal Corio]is interactions are neglected 
[18-20]. Neglect of these terms proved to be a poor approximation for Ha +. 
It was important, therefore, for us to optimize small basis sets to represent the 
vibrational ground states, so as to keep the problem tractable. Wc optimized 
basissets with m~<4, n~<4 and j ~< 15 to represent the ground states of Ha+ 
and H2D+. Table 5 shows the convergence of the Ha + basis for the lowest 
J -0 -+ l .  e transition. This transition is never actually observed as the J=0  
state is spin forbidden. Indeed the j_-]e state is the ground state of Ha +. 
Clearly the small (m ~< 4, n~< 4 and j ~< 14) basis is very well converged for this 
transition. 

Table 6 presents energy levels for Ha + rotational states up to J=4, in both 
the ground and first excited vibrational states. The rotational levels have been 
labelled so as to identify the basis set symmetries used in each calculation (note 
that k is not actually a good quantum number). They have also been labelled 
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T a b l e  5. C o n v e r g e n c e  of  the  lowes t  J =  1 e s tate  and  of the  lowes t  J =  0 ~ 1  e t r ans i t i on  
f r e q u e n c y  for  Ha + in c m  -1. T h e  basis  set  u s e d  Morse - l ike  f u n c t i o n s  w i t h  re = 1.71 a0, 
D e = 2 2  000 c m  -1 and  eOe=2590 c m  - t  for  r, and  R e = 1 " 6 8  a0, D e = 5 7  000 c m  -1 and  
~Oe=2410 c m  -1 fo r  R.  

mmax nmax jmax j =  1 e j = O _ + l  e 

4 4 14 - 32516.386 64-047 

6 4 14 - 3 2 5 1 6 . 3 9 4  

4 6 14 - 32516.438 

4 4 18 - 32516.386 

5 8 16 - 32516-446 64.048 

T a b l e  6. L o w - l y i n g  ro ta t iona l  s ta tes  of  H3 + relat ive to the  J =  0 s tate  at - 3 2  580.433 c m  -1 
for  the  g r o u n d  state  a n d  - 3 0  083.8 c m  - I  fo r  the  f i rs t  ( r E =  1) exci ted state.  T h e  
ca lcula t ions  u s e d  basis  sets w i t h  m ~< 4, n ~< 4 a n d  j ~< 15 basis  of  table 5. 

J K k 

G r o u n d  s ta te  Exc i ted  s ta te  

F r e q u e n c y /  F r e q u e n c y /  F r e q u e n c y /  

J'l" c m  -1 i t  c m - 1  J'l" c m  -1 

0 1 f o 86.870 o 88.1 e 85.8 

1 1 0 e e 64.047 e 25.7 o 25.8 

1 1 e o 64-048 o 93-6 e 104.8 

1 2 f e 237.095 e 257.9 o 290-8 

1 1 f o 237.090 o 201.5 e 201.9 

2 2 0 e e 169.083 e 92-0 o 92.1 

2 1 e o 169.081 o 231-0 e 282-4 

0 2 e e 259.615 e 269.0 o 267.4 

0 3 f o 516-296 o 542.6 e 541.6 

2 2 f e 427.520 e 478.3 o 479.5 

2 1 s o 427.520 o 354.8 e 355.6 

3 3 0 e e 314.945 e 197-7 o 197.5 

3 1 e o 314.927 o 407.5 e 407-4 

1 2 e e 494.202 e 470.5 o 470.9 

1 3 e o 494.207 o 502.0 e 566-2 

1 4 f e 832.593 e 831-2 o 1030.0 

1 3 f o 832.598 o 830-4 e 822.9 

3 2 f e 657-853 e 735.9 o 735.5 

3 1 r o 657-923 o 547.5 e 547-7 

4 4 0 e e 501-376 e 342.5 o 342-2 

4 I e o 501.356 o 620-9 e 620.7 

2 2 e e 767.568 e 710.3 o 712.1 

2 3 e o 767-559 o 800.5 e 802.5 

0 4 e e 854-140 e 903.2 o 902.6 

t Par i ty  of j in the  basis  : e = even,  o = odd .  
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by the conventional symmetric-top label K [37], which has been assigned on the 
basis of the calculated energy ordering. We have not distinguished between 
levels which differ by the sign of K.  

Again, although our basis set does not have the full symmetry  of the H3 + 
problem, converged results should reflect the full symmetry  of the system. 

For a non-degenerate vibrational state, such as ground state H3 +, states with 
K =  1, 2 and 4 are of E symmetry and this is apparent in our results. States with 
K = 3  are only pseudo-degenerate [37] and show larger splittings. It is 
customary to fit these rotational levels with perturbation-type hamiltonians [38]. 
Table 7 compares our results with those obtained experimentally by Oka [4]. 
The  agreement is very good. With these parameters it is possible to predict 
higher J states for H3+. 

Table 7. Comparison of calculated and experimental rotational constants in crn -1 for the 
vibrational ground state of H3 +. 

Experiment Calculated 
Oka [4] CPt This work 

B 43.568 + 0.048 43.3223 43.507 
C 20-708 + 0.048 20-565 20-589 
Dj 0.047 + 0.007 0-040 
DdK - -  0.099 + 0-018 - 0.071 
Dn 0-040 + 0-003 0-035 

t Quoted by Oka [4]. Carney also calculated B=43-62 cm -~ [16]. 

For a degenerate vibrational state, such as the first excited state of H3 +, 
the situation is more complicated. The states with K = 0  should form, on the 
conventional analysis, a rigorously degenerate pair f o r j  even and odd, for all J. 
Similarly, the states with K =  3 should form two degenerate pairs for all values of 
J. Since our results for the rotational levels of the first state are not as well 
converged as for those of the ground state, this degeneracy is less well reflected 
but  still apparent. For  states with K =  1, 2 and 4 there should be one pair of 
properly degenerate states with E symmetry  and a pair of states, A 1 and A~, 
which may be nearly degenerate. In H3 + the A 1 states are nuclearspinforbidden.  
Our K =  1 results can easily be assigned into degenerate (for example J, k = 1, 0 e) 
and non-degenerate (J, k =  1, le) pairs on energetic grounds. For the K >  1 
levels such assignments are not practical on energetic grounds alone. 

These rotational levels can also be fitted to perturbation-type hamiltonians. 
For example, the term due to ~=  - 1  [37] can easily be detected in our results. 
A complete fitting, however, would require representing the Coriolis terms in the 
fashion of Alieve and Watson [39]. We did not feel our results were accurate 
enough to warrant such treatment. 

Table 8 gives the results of calculations on the low-lying levels of H~D + in its 
ground and first excited vibrational states. The  rotational levels have been 
labelled by -/7 as H2D+ is a highly asymmetric top with x_~ -0 .07 .  
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Table 8. Low-lying rotational states of H2 D+ relative to the J = 0  ground state at 
- 3 2  962.259 cm -1 and (0, 1, 0) state at - 3 0  776.6 cm -1. The calculations used 
basis sets with m~<4, n~<4 and j~<15, Morse-like functions with r e = l ' 71  a0, 
De=22 000 cm -1 and ~Oe=2590 cm -1 for r, and Re= 1.65 a0, De=47  200 cm -1 and 
toe= 1964 cm -1 for R. 

J ~ k Jt 

Ground state (0, 1, 0) state 

Frequency/cm - t  Frequency/cm - t  

+ 1 1 ~ o 72.369 72.5 
1 - 1  0 e e 45.634 40.6 

0 1 e o 59.958 52-6 

+ 1 2 f e 218-417 209.2 
0 I f o 175-702 173-3 

2 - 2  0 e e 131-461 111-9 
- 1 1 e o 138.665 116-1 
+ 2 2 e e 223-610 221.1 

+ 3 3 f o 459.318 450.1 
0 2 f e 354-344 332-9 

- 1  1 r o 325.711 314.0 
3 - 3 0 e e 251.055 208-8 

- 2  1 e o 253.689 209.7 
+ 1 2 e e 375.865 374-3 
+ 2 3 e o 457.837 399.9 

+ 3 4 f e 777.799 648-7 
+2  3 t o 653-699 647-3 
- 1  2 t e 530.652 491-8 
- 2  1 t o 515-435 484-0 

4 - 4  0 e e 402.310 332.9 
- 3 1 e o 403.080 333-2 

0 2 e e 580-699 566.1 
+ 1 3 e o 644.782 566.7 
+ 4  4 e e 778.136 584-3 

t Parity of j in the basis : e - e v e n ,  o = odd. 

Se lec t ion  rules  for the  in f ra red  t r ans i t i on  of H~D + wi th  our  n o t a t i o n  are 
A J =  0, + 1 wi th  the  par i ty ,  J + p ,  changed  and  the  par i ty  o f j  conserved .  T a b l e  9 
gives f r equenc ie s  for P,  O and  R t r ans i t ions  f rom states up  tO J =  3 for the  lowest  
v ib ra t iona l  f u n d a m e n t a l .  T h e s e  were  c o m p u t e d  u s i ng  v 2 = 2 1 8 4 - 0 c m  - I  (see 
table  4). 

T h e s e  resul ts  may  be c o m p a r e d  wi th  the  u n a s s i g n e d  s p e c t r u m  of Shy  et al. 
[6]. E v e n  w h e n  a l lowance is m a d e  for a possible  1 per  cen t  e r ror  in  v 2 (20 cm-X), 
it is a p p a r e n t  tha t  there  is no c o r r e s p o n d e n c e  b e t w e e n  the  levels in  table  9 a n d t h e  
observed  t rans i t ions .  T h i s  suggests  tha t  the  expe r imen ta l  s p e c t r u m  arises f rom 
ro ta t ional  levels wi th  J >  3, which  wo u l d  fo rm the  u p p e r  range  of the  levels 
sugges ted  by  Shy  et al. However ,  we hope  tha t  ou r  resul ts  m i g h t  assist in  the  
ass ign ing  of lower t e m p e r a t u r e  observa t ions .  C ons i de r a t i on  of the pa r t i t ion  
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T a b l e  9. Ca lcu la ted  ro ta t iona l  s t r u c t u r e  of  the  us f u n d a m e n t a l  of H a D  + for  initial J~< 3. 

( J  k) ~ ( J '  k ' )  J t  F r e q u e n c y / c m - t  ( J  k) - ~ ( J '  k ' )  J t  F r e q u e n c y / c m - 1  

3 3 f 2 1 e o 1842.3 3 2 r 3 3 e o 2229.6 

3 3 ~ 2 1 ~ o 1898-0 1 1 f 3 2 e o 2232-6 

3 2 e 2 0 e e 1920.1 3 1 e 2 1 e e 2240-1 

3 3 f 3 0 e o 1933.4 1 0 e 3 1 f e 2246-1 

2 2 e 1 0 e e 2001.0 2 0 e 2 0 e o 2246.9 

3 2 e 2 2 e e 2029.2 2 1 e 2 2 f o 2250-3 

3 1 t 2 1 t o 2031-6 3 1 e 3 1 e e 2254.5 

3 2 e 2 2 t e 2038.8 2 2 e 3 3 f e 2255.0 

3 2 t 3 1 e e 2039.3 3 0 e 3 0 e o 2258.2 

3 0 e 2 0 e e 2044.9 3 1 e 3 2 t o 2261.3 

3 I e 2 1 e o 2046.4 3 1 e 4 1 e o 2263.3 

3 3 e 3 2 f o 2059-1 1 0 r 4 0 e e 2263-5 

3 3 e 4 1 e o 2059-3 3 1 e 2 I t o 2265.8 

2 1 f 3 0 e o 2067-0 2 3 t 4 3 e o 2284-0 

2 I t 1 1 t e 2080-8 3 2 f 3 2 f e 2292-9 

2 2 e 2 1 e e 2081.7 2 2 r 3 2 ~ e 2298.5 

2 0 e 1 0 e e 2093.2 2 1 e 3 I r o 2321.4 

3 1 e 1 I e o 2097.0 3 2 ~ 3 2 r e 2322-3 

2 3 t 3 2 e o 2098.0 1 I e 4 I e o 2334.7 

3 1 t 2 0 e e 2120-2 1 0 e 2 2 e e 2359.4 

2 2 e 3 1 t e 2122.1 3 3 f 4 3 t o 2372.0 

1 2 e 2 I f e 2133.7 3 2 e 4 2 e e 2374.2 

3 0 e 0 0 e e 2738.4 3 0 e 3 3 t e 2382-0 

1 2 e 4 0 e o 2141"0 3 2 e 4 4 e e 2392.5 

3 1 t 1 0 e e 2152-3 2 0 e 3 2 e e 2426-8 

2 0 e 2 2 e e 2154.0 2 I e 3 3 e o 2445-2 

3 2 e 3 0 e o 2169.1 2 I f 3 3 f o 2458.4 

1 3 t 4 1 f e 2208-7 3 2 r 4 4 t e 2478.4 

0 0 e 1 1 f e 2210.9 3 1 e 4 3 e o 2497.0 

2 0 e 1 0 e e 2224-6 3 0 e 4 2 e e 2499.0 

2 0 e 2 1 ~ o 2225-9 3 1 r 4 3 t o 2505-6 

3 1 t 2 2 e e 2229.4 3 0 e 4 4 e e 2517-3 

t Pa r i ty  of  j : e = even,  o = odd .  

f u n c t i o n  ( s e e  b e l o w )  s h o w s  t h a t  t h e  t r a n s i t i o n  f r e q u e n c i e s  s h o w n  i n  t a b l e  9 

w i l l  d o m i n a t e  a s p e c t r u m  r e c o r d e d  b e l o w  100  K .  

T h e ' p a r t i t i o n  f u n c t i o n  f o r  a s y s t e m  w i t h i n  t h e  e l e c t r o n i c  B o r n - O p p e n h e i m e r  

a p p r o x i m a t i o n  i s  d e f i n e d  a s  

z - -  ~ . g i  e x p  ( - E J k T ) ,  ( 1 9 )  

w h e r e  t h e  e n e r g i e s  a r e  t h o s e  o f  t h e  n u c l e a r  m o t i o n  s t a t e s  a n d  t h e  gl t h e i r  s t a t i t i c a l  

w e i g h t s .  A t  l o w  t e m p e r a t u r e s  i t  i s  s u f f i c i e n t  t o  c o n s i d e r  o n l y  t h e  r o t a t i o n a l  s t a t e s  
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Logarithms of the partition functions as a function of temperature for H3 + and H~D +. 

of the lowest vibrational level. (The v s state for Hz + makes a significant contri- 
bution to the partition function only above 250 K.) The gi are determined by 
the nuclear spin statistics as identified in the Appendix. 

The figure shows the calculated partition functions for H3 + and H2D + as a 
function of temperature. It should be noticed that we have used the lowest 
J =  0 states as the energy base. Thus for H3+, z-+0 as T ~0.  

Finally our best value for the ground state energy of HzD + is - 32 962.30 cm -1 
and for the lowest J = l  state of Hz + is - 3 2  516.45 ( - 3 2  580.50 cm -1 for the 
J = 0  state). These figures confirm the theoretical values of AHo°/R= 136 K 
used by Smith, Adams and Alge [2] for the isotope exchange reaction (18). 

5. CONCLUSION 

In this work we have calculated the rovibrational levels of H3+ and H~D + 
using an accurate potential energy surface. These results enable us to reassess 
fhe extensive work of Carney and Porter [9, 12-17] on these systems. In 
general, we obtain good agreement. 

We find significantly lower zero point energies than Carney and Porter for 
both H3 + and H~D +. However, this lowering is uniform and hence our zero 
point energy contribution to the predicted equilibrium constant of the isotope 
exchange reaction (18) agrees with the value derived by Smith et al. [2] from the 
results of Carney [16]. 

The energies of our bending fundamentals and overtones for Ha + and H~D + 
are lower than those of Carney and Porter suggesting that the surface of Schinke 
et al. [11] is flatter in this coordinate than the surfaces used by Carney and 
Porter, and that the higher bending overtones reported by Carney and Porter 
may not be fully converged. 

Experimental data on H3 + and H~D + is limited. However, we obtain good 
agreement with the results of Oka [4] for H3+. In particular, the agreement with 
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his rotational levels is excellent. Both the agreement with the calculations 
of Carney and Porter, and that with the experiments of Oka is particularly 
gratifying as we make no assumptions whatsoever about equilibrium structure. 

The vibrational spectrum of Ha+ (and H2D +) near dissociation proved too 
dense to be easily amenable to this sort of variational approach. Its density 
suggest that the levels are probably chaotic. 

We thank Dr. Reinhard Schinke for supplying a copy of his Ha + potential 
energy surface and Dr. David Clary and Dr. David Smith for drawing our 
attention to the astrophysical significance of the system. 

A P P E N D I X  

The laboratory-fixed hamiltonian is invariant under all rotation-reflections 
and under all permutations of identical particles. The space-fixed hamiltonian 
(2) is similarly invariant but, because of the coordinate change xi-+ti, the 
permutational invariance may be obscured. In the body-fixed hamiltonian this 
invariance may be even further obscured by the choice of internal coordinates 
and can in general result in mixing of the two parts of the hamiltonian H v and 
Hvr t (see for example (8)). In this Appendix we consider these problems for 
our internal coordinate system. 

Let it be supposed that the transformation from the laboratory-fixed co- 
ordinates to the space fixed coordinates is written 

N 

X = M  -1 ~ mix~, (A1) 
i = 1  

N 

t i=  E VijxJ (A2)  
j = l  

and its inverse written as 

N - 1  

x i : X + Y, I?ijtj. (A 3) 
j = l  

Here X is the centre of mass and M the total mass of the system. V and 
are constant matrices. (A 2) is exemplified by (1) in the text and (A 3) by (5). 

If a permutation P is realized on the x i so that 

N 

x i ~x'.~: = ~ P~jx~, (A 4-) 
j=l 

where P is a standard orthogonal permutation matrix, then the same permutation 
is realized on t i by 

N - 1  N - 1  

ti-~t'i= ~ (VPg)otj= ~ Hotj. 
j = l  j = l  

(A 5) 

If the permutation involves only identical particles then X is invariant. Such 
invariance will be assumed from now on. 
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In the special case of three particles of identical masses it is easily established 
from (1) and from (5) that 

(11/2:2)  lj2 
0 - 1  

\ -  1/3 + 1121 
Simple algebra then shows the following correspondences 

P 1 (1)(2)(3) 2 (23) 3 (12) 

(i°!)ol (!O!)Ol (!1!)oO P 

H(::) (:_:) (-:t2-ii:) 
P 4 (13) 5 (132) 6 (123) 

(i° I!° (,o1!)o o 
0 1 1 0 

N(_I/2 3j4 / (_1j2 3j4  (_,j2 _3/4 t 
1 112 ] 1 - 112 ] 1 112 ] 

(A 6) 

(A 7) 

If the particles 2 and 3 alone are permuted then only the first two matrices 
are relevant. 

The matrices PI of (A 7) provide a faithful but non-orthogonal representation 
of $3, which may be shown to be equivalent to the standard representation {21} 
(or E in C8~ notation). 

The space-fixed coordinates t i are related to the body-fixed coordinates and 
the Euler angles by (6) supplemented by three accessory conditions which may be 
written generally as 

fm(CT(t)ti)=O, m= 1, 2, 3 (A8)  

and are exemplified by the vanishing elements in (7). 
The constraint relations (A 8) define the elements of ¢ as functions of the 

t i and, once C is so determined, the relation (6) defines the z~ and hence the 
body-fixed internal coordinates. Given that the z i have been expressed as 
functions of the t i then (A 8) can be rewritten as the set of functional identities 

/ . ,(z,)  = 0, m = 1, 2, 3. (A 9) 
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The effect of a permutation t--> H t  on the definition of C can be obtained 
from (A 8) by writing the induced change as 

[m H.,,.-t tj  = 0, •(t) = C(H -t  t), m = 1, 2, 3. (A 10) 

By virtue of the orthogonality requirement, C(t) is another orthogonal matrix 
and so, on the same assumptions that lead to (A 9), the induced change in 
Ira(z,) is 

fm H~j - l ~ j  =0,  m = 1 , 2 , 3 ,  
j =  

with 
i j  = ~,tj. 

But (A 11 ) and (A 9) are functional identities so it follows that 

N - - 1  

z i =  ~ Hi i - l i j  
j = l  

and, using (A 12), that 

( A l l )  

(A 12) 

(A 13) 

Comparing (A 14) with (6) it is seen that the transformation induced by the 
permutation is just 

N - 1  

zj->i'j=F ~ Hj~zi, F=CT~, .  (A 15) 
j = l  

The orthogonal matrix F will in general be a function not only of the Euler angles 
but of the internal coordinates too. It can be regarded as transforming the 
body-fixed frame. The transformed internal coordinates are generated from the 
permuted z i just as the original internal coordinates are generated from the z i 
themselves. 

It should be clear from the above discussion that, unless F and the permuted 
z i are reasonably simply related to C and to the original z~ respectively, then the 
changes induced in the function space built on the Euler angles and the internal 
coordinates will be too complicated to be of any practical use in the formation of 
symmetry functions. In the present case it turns out that only the permutation 
P~ has usefully simple properties. To see this, imagine t I expressed in polar 
form as (R, 7', 8) and t 2 likewise as (r, a, fl). Standard matrix algebra on (7) 
then shows that ~, and 8 are two of the Euler angles and E= f l - ~  is the third. 
This is as indicated in the designation of DMkJ in (11). The internal coordinates 
R and r are just the moduli of t 1 and t 2 (and hence z 1 and z2) respectively and, 
again by standard algebra 

cos 0=cos  c~ cos y + s i n  a sin y cos ~ (A 16) 

= Z 1Tz2/rR. 

If the permutation P5 is considered then after a fair amount of tedious algebra 
it is possible to establish that, for example 

R2-+(R2 +~r2 + 3rR cos O)/4=R '2 (A 17) 

N - 1  

t j = c  y, Hjii . (A 14) 
1=1  
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and 
C=-->-(C~z~r sin O+ C~u~r cos 0+ CzzR/2)/R', (A 18) 

which are obviously unpromising expressions from the point of view of practical 
function manipulation. 

If the permutation P2 is considered however then it is easily established that 
0 ~ r r - 0 ,  E ~ r r+  ~ and that r, R, 9' and 8 are invariant. (In this case I= is a 
constant matrix.) The only induced functional changes relevant to (11) are 
then easily found. They are 

Ojk(O ) -+Ojk(Ir-- O) = ( -- 1)J+kOjk(O) (A 19) 
and 

DMkJ( 8, 7, e) -+DMkJ(8, 7, rr + , )  = ( -- 1 )kDMkJ(8 , 7, ")" (A 20) 

The radial functions are invariant. 
Thus the functions of the form (11) are split into two subsets, the set wi th j  

even which do not change sign under Pe and the set withj  odd which do. The 
first set are the basis functions for {2} of S 2 and the second set for {12}. (Since 
S 2 is isomorphic with C" v the designations A 1 and/ /2  may be used if desired.) 

Before considering how S 2 can be used to classify the representations of $3, 
it is appropriate to consider the inversion symmetry to establish that it introduces 
no complications. The inversion symmetry of planar systems requires somewhat 
delicate consideration because the three constraint relations (A 8) are not 
independent in the planar case. Thus the relations (7) actually define only the 
~ and ~x axes. The ~y axis is chosen subsequently to make the system right 
handed. (For a more detailed discussion see Ezra [40].) In the present case 
the inversion is realized on the t i by the change t i --~-t~. and it follows that 
r, R,  0 and E are invariant while 7->Tr-7, 8-->rr + 8. Thus the change induced 
in the functions (11) is 

DMkJ( 8, 7, E)-->DMkJ( "n'+8, rr--7,  E ) = ( - - I ) J D M - - k J (  8, 7, ~)" (A21) 

The inversion has therefore no implications for j  and the form of (12) follows at 
once from (A 21). 

Now from the theory of the symmetric group (see for example Hammermesh 
[41]) it can be established that if functions form a basis for {3} (-=A1) in S 3 then 
in S 2 they can form a basis only for {2}. Similarly if functions form a basis for 
{13} (=A2) in S 3 then in S 2 they can form a basis only for {12}. If functions 
form a basis for {21} ( = E )  in S 3 then they form a basis for either {2} or {12} in 
S 2 according to the row of {21} to which they belong. 

Now in the present case it has been established that the variables t i them- 
selves form a basis for a representation of S 3 and so functions of the t i must be 
constructable to form a basis for S 3 too. It follows therefore that the function 
set (11), if sufficiently extensive, can form a basis for S 3. This and the dis- 
cussions above justify the identifications made in § 3. 

Consider now the nuclear spin multiplicity of the states, assuming that the 
identical particles are spin 1/2 fermions. Again standard theory (see for example 
Hammermesh [41]) establishes that for a total (space and spin) function to obey 
the Pauli principle, if the space part is a basis for a particular irreducible repre- 
sentation of the permutation group, then the spin part must be a basis for the 
conjugate representation. Thus, in the case of HeD +, the j-even states have a 
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space part belonging to {2} so the spin part must  belong to {13 } and hence only 
triplet states will occur w i t h j  even. I f j  is odd then the spin part can only be 
{2} and thus only singlet states occur wi th j  odd. This  is, of course, the classical 
ortho/para distinction and leads to a statistical weighting of 3 : 1 between the 
states. In the case of Ha+ it is not possible to find a spin function basis for 
{13} so that the states w i t h j  even belonging to {3} (=.41) cannot occur and they 
have zero statistical weight. For  states w i t h j  odd the spin part is {3} and thus 
non-degenerate states with j odd are all quartets. For degenerate states the 
spin part is {21} so that all degenerate states are doublets. Thus  the statistical 
weight of a degenerate state is 2 and the statistical weight for a non-degenerate 
state wi th j  odd is 4. These assignments of statistical weights lead to exactly the 
same weightings as are obtained using the conventional arguments as in [37]. 
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