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Abstract

At low energies, the major pathway for the electron impact dissociation of
H, is through excitation to b *E*. Ab initio calculations using the adiabatic
nuclei, energy balance model of Stibbe and Tennyson (1998 New J. Phys. 12.1)
of total cross sections, angular differential cross sections, energy differential
cross sections and double differential cross sections for the electronic ground
state initial vibrational v = 0 level, dissociating into continuum states are
presented. The formal expressions needed for such calculations, which involve
three fragments in the exit channel, are derived.

1. Introduction

Electron impact dissociation of molecular hydrogen is considered to be a major route to
molecular break-up in cool hydrogen plasmas (Kushner 1998, Fantz ef al 1999). Such plasmas
are found in a number of astrophysical environments and in the divertor region of tokamak
fusion plasmas. In all cases, it is the rate of electron impact dissociation in the near-threshold
region which is the important physical quantity.

Experimentally it is difficult to measure cross sections (or rates) for electron impact
dissociation of a neutral species into neutral fragments. Only limited experimental data are
available for this process (Corrigan 1965, Khakoo and Segura 1994, Nishimura and Danjo
1986, Hall and Andri¢ 1984), all of them for H; in its v = 0 vibrational ground state. However,
calculations by Stibbe and Tennyson (1998a, 1999) have shown that the rate of near-threshold
electron impact dissociation is strongly dependent on the initial vibrational state of Hj.

Although velocity distributions of final states within the context of dissociative
autoionization of H, and D, have been studied classically (Hazi 1974, Hazi and Wiemers
1977), until now there has been no theoretical work on differential cross sections for electron
impact dissociation. Differential cross sections are of interest for two reasons. Most of the
near-threshold experimental measurements of the dissociation cross sections actually measured
angular differential cross sections over a limited range of angles. A more rigorous test of any
theory is therefore given by a direct comparison at the angular differential cross section level,
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rather than by comparing with integral cross sections which are only determined experimentally
with large uncertainties.

A break-up process, such as electron impact dissociation, also has an energy differential
cross section. Although the energy with which the H atoms are created is of considerable
interest for models of cool hydrogen plasmas (Kushner 1998, Tawara et al 1987, Matveyev
and Silakov 1995, Silakov et al 1996), there appears to have been no previous work, either
experimental or theoretical, on the energy differential cross section for the electron impact
dissociation of H,. Indeed, there appears not even to be a proper theoretical formulation for this
process, although related processes in nuclear physics have been studied (Ohlsen 1965, Tostevin
et al 1998). The outlines of a general theory which accounts for all the possible excitations of
the molecule by electron impact but excludes break-up (ionization or dissociation) have also
been presented (Shugard and Hazi 1975)

In this paper we formulate the differential cross section for electron impact dissociation in
terms of T -matrices. We use the adiabatic nuclei approximation and the energy balance model
of Stibbe and Tennyson (1998a) to obtain the appropriate energy-dependent 7-matrices. This
model assumes that the dissociation of H, for energies below around 12 eV proceeds exclusively
via electronic excitation to the first excited state of H,:

e” +Hy('Z)) - Hy(b°T)) +e” — H(ls) + H(ls) +e™. (1)

Our formulation of the problem leads to a slightly different expression for the total electron
impact dissociation cross section to that of Stibbe and Tennyson (1998a). In practice this
results in cross sections about 10% higher than those obtained previously using the same,
bondlength-dependent T -matrix data (Stibbe and Tennyson 1998b). Our angular differential
cross sections can be compared directly with measurements and, for the first time, we present
energy differential cross sections.

2. Theory

Consider the electron impact dissociation of a molecule XY,
XY+e - X+Y+e . 2)

To describe the three particles in the final state of this break-up process, we adopted Jacobi
coordinates. Parameters that refer to the outgoing electron are labelled with subscript e and,
for the purpose of generality, those denoting the outgoing atoms with subscripts X and Y. Let
the three particles have masses m., mx, my and position vectors 7., rx and 7y, respectively
(which are referred to an arbitrary fixed or uniformly moving origin). We define the following
coordinates:

S = MeTe + MxTX + MyTy 3)
mxrx + myry
SeXy =Te — ———————— 4)
myx +my
SX-y =TX — Ty (5)

and reduced masses:
me(mx +my)

He-xy = v (6)
mxm
Ux-y = X (N
mx +my

M =me+mx +my. (8)
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The total kinetic energy E\y in this arbitrary coordinate system is

2 2 2
Pexy Px-vy P
Eo=—""——+—""—+—=FE.xy+Ex_ 9
tot 2H«e—XY ZMX—Y M e-XY X-Y ( )

since P = 0 in the centre-of-mass system.

According to the previous definitions (Ohlsen 1965, Tostevin et al 1998), the differential
cross section for the break-up in Jacobi coordinates may be written as

d’o 27 pexy
dQe xydEexy h> ke

with hik. the relative momentum of the electron and XY target. p is referred to as the ‘phase
space factor’ or as the ‘density of final states’. T,_,. represents the T-matrices associated with
the transition from bound state v to the continuous state ¢ of XY.

Starting from a constant cross section in the phase space of the six independent variables
involved, the density of final states will be proportional to the total number of ‘states’ available
to the three final particles and is given by Fuchs (1982) as

Ty~ c(Erots Eexy)|*p(Eexy) (10)

do = h™0d®pe xy & px_y 8(Eior — A) (11)

where E is fixed at a value A. The only constraint assumed so far is the total available
kinetic energy. This constraint introduces a relation between E. xy and Ex_y and allows Ex_y
to be eliminated by integration over Ex y, leaving only five independent variables (E. xy
and four angles). Using coordinate transformations (table 1 of Fuchs (1982)), we can write
equation (11) as

do = h™°pZ xy dpexy dQ% xy px_y dpx-y dQ2x_y8(Eiot — A)
= hpexyit e xy dEe xy dQe xy px_yix_y dEx_y dQx_y 8(Eoy — A)

= h0 pe_xyhtexy Pxy Hx_y A% xy dQ2x vy dEx_y dEor §(Eqor — A). (12)
Following Ohlsen (1965) and Fuchs (1982),
(E ) = do
Pilexy) = dQe xy dE. xy dQ2x_y
do
= dEx_ v dQ2x_
/ dQ2. xy dE.xy dQ2x_y dEx_y XYY

=dh™° / De-XY Me-XY PX-Y Ux-Y 0 (Eor — A) dEx_y

dEo

=4xh™° / Pe-XY Me-XY PX-Y UX-Y 8 (Eior — A)m

Pe-XY PX-Y ] . (13)
E tot =A

= 4mh e xyix-y |:—
0Ew/0Ex y

However,
aEtol _ 3Etol 8pX—Y (14)
dEx_y Opx-y 0Exy

Thus, using equation (9),
0Eq
0Ex_y

= pxyQuxyExy) " = pxypx'y = 1.
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We finally obtain

p(Eexy) = 4h™° lle Xy AX_Y Pe-XY PX_Y- (15)
In terms of energy,

p(Eexy) =272 () (1)~ (exy it x¥)"* (Eexy Ex-v)'/? (16)
or

memxmy

3/2
i ) [Ee xy(Ewr — Eexy)]"2. (17)

P(Eexy) =27(m)7 (h>6<

This expression for p can now be used in the expression for the double differential cross

sections, equation (10), to obtain a general, double differential, break-up cross section in terms
of T-matrices:

2
d“o Me-XY (memeY

3/2
1% oy dEoxy _ 4nnk\~ M ) [Eexy(Eot = Eex)1"| Ty c(Buot, Eexy)I.

(13)

Recasting this general break-up expression into the notation used by Stibbe and Tennyson
(1998a) for the electron impact dissociation of Hy, E._xy = Eoy represents the energy of the
scattered electron; E\, = Ej, — D, where Ej, is the energy of the incoming electron and D,
is the vibrational state-dependent dissociation energy; Ex_y = Ej., where Ej. is the kinetic
energy of the dissociating atoms. Finally, mx = my = my, where m, and my are the masses
of the electron and hydrogen nucleus, respectively.

hk., the relative momentum of the electron and XY target, can be approximated by pe,
assuming the standard Born—Oppenheimer approximation based on (mx + my) > m.. With
this, the double differential cross section can be expressed as

d20 _ mgmil/Z Egéf(Ein — D, — Eg)' e b o
dQdE..  1674H’ g2 |Ty—c(Ein, Eoul (19)

in
or, in terms of the scattering amplitude, f,_ .,

o myl> Eolt(Ein — Dy — Eou)'2

out

AQdEoy 47 E1/2

in

| fomsc(Eins Eoud)|* (20)

where use has been made of the following relation between T-matrices and scattering
amplitudes (Morrison and Sun 1995):

in?

T = ——
P 2me

fij- 2D
Equation (21) depends upon the normalization used and upon the choice of relationships
between the scattering matrices S and transition matrices . We use T = S — 1 and unit
normalization. For a further discussion on this topic, see Morrison and Sun (1995).

Stibbe and Tennyson (1998a) proposed an energy balance model which generalized the
adiabatic nuclei approximation to the break up problem of electron impact dissociation. Within
their model, T-matrices for transitions to the continuum are obtained from fixed-nuclei inelastic
(off-shell) T -matrices by

Ty c(Ein, Eou) = (Ec(Exes R)|Tij(€(R) + Eout, Eout, R)|Ey(R)) (22)
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where R represents the internuclear distance or bondlength, and €(R) is the fixed-nuclei or
vertical target electronic excitation energy. &, represent bound nuclear wavefunctions and .
represent continuum nuclear wavefunctions. Stibbe and Tennyson used energy-normalized
continuum function (in atomic units),

12
E.(R — 00) ~ (-“) sin(kR +5). (23)
wk

However, in order to be consistent with the expressions derived above for the double differential
cross sections and angular differential cross sections formulae discussed below, Z. needs to be
momentum normalized. Thus, when using E, from Stibbe and Tennyson, we need to include
a correction factor, & 2 such that

1/2
£2=2n (Ek> . 24)

my

We used the standard energy-normalized asymptotic form of the wavefunction for an electron
incident upon a neutral molecule, which can be found, for instance, in Burke (1982),
equation (5) or Malegat (1990), equation (1) and is consistent with the treatment given by
Friedrich (1990).

The relation between the scattering amplitudes, fi;, and the transition matrices, T;;,
has been derived by Burke (1982) and is used by Malegat (1990). Malegat developed a
computational code that calculates, among other things, angular differential cross sections,
do /d€, for elastic and inelastic scattering. According to Malegat’s expressions (6) and (7),
we can write

| fii]? = Z A% Pi(cos 0) (25)

where i, j label the initial and final electronic states of the molecule, respectively, and Afj are
coefficients given by Malegat’s equation (8):

(_1)1\ +A l l D
A = [@E + DL+ DL+ 1DEE +1
82+ 1)(2S; + DA} AXJ; a [« ) ) ) )]
Aull

x (1;01/0 | kO)([;00,0 | KO)(l; Ay — AILA" — A | kA" — A)

x(IjA; — AUN — A kA — A) Z(zs + l)T;;-\}-glf Tl?i," * (26)
where the indices i, j denote all quantum numbers needed to specify the electronic state i,
J of the molecule, respectively. i, j denote (A;, S;, v;) and (A, S;, v;), and l,, l run over
values satisfying (— l)l'v =v; (— 1)’/ v; = v; S represents the total spin and v labels the
gerade or ungerade symmetry in homonuclear molecules. Primed coordinates refer to the
molecular frame (MF), with the z’-axis along the interatomic axis and unprimed coordinates
to the laboratory frame (LF), with the z-axis along the incident beam. The 3-j coefficients are
those of Messiah (1960). Thus,

1/2

Eun, Eq)? = Cin Al(Ein, Eou) Pi(cosf 27
|fv—>c( mn» 0ut)| - 1/2 l‘j‘( mn» Out) t(COS ) ( )
out 1
Substituting (24) and (27) into (20), we obtain
d?o my
= Ein — D, — Eoy AL (Ein, Eou) P, 0). 28
a2 I)Z £:( 0 Pi(cos 6) (28)
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Figure 1. Electron impact dissociation cross sections for Hp (v = 0) as a function of the incoming
electron energy, Ei,. Full circles with error bars are measurements from Khakoo and Segura
(1994). Squares with error bars are measurements from Nishimura and Danjo (1986). The full
curve represents our calculations and the broken curve represents the fixed-nuclei model. The
chain curve represents total cross sections using the classical §-function approximation for the final
continuum vibrational function.

Integrating (28) over solid angle d2 will give

do _ H
dEout N 27T4h2

my  (En — Dy — Eou) AvS 2
= %0m. En AZ%QS+”mwﬂﬂmeﬂ (29)
Viilj

(Ein — Dy — Equ)41 A (Ein, Eow)

or, in terms of the kinetic energy of the dissociating H atoms,

do my Ee AS 2
— = — E 28+ )| T2 (Eq, E . 30
dEy.  8m3me Eiy AinIjS( ) lliﬂj( to)| (30)

For the angular differential cross sections, we can use Malegat’s expression (7):

where

do ,
1o = Z A% (Ein) Py(cos 6) C2))
Ein_Dv
Al (Ey) = 1 (Eip — Dy — Eou)AL-(Ein, Eoy) dE (32)
l_] m 27T4h2 0 m v out l] mo» out out-
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Figure 2. Angular differential cross sections for impact dissociation of H, (v = 0) by an incoming
electron energy of 9.2 eV. The full curve represents our model, which includes nuclear motion.
Full circles with error bars represent experimental values from Khakoo and Segura (1994).

Finally, for the total cross sections we used

En=Di dg
o (E) = / dEoy. (33)
0 dEout out

At the same time,
0 (Ein) = A%;(Ein). (34)

Total cross sections have been calculated by both methods as a numerical check of our
procedure.

3. Method

In the particular case of dissociation of molecular hydrogen from the X ! Eg ground state, only
S = % will survive, and this will reduce equation (29) to

do _ my (Ein - Dv - Eout) Z |

- TAY (B, Eou)|’ 35
dEo  473me Ein ( 0] (35)

il; jl;
AVLilj

The T-matrices used here were originally calculated in an investigation of H; resonances
as a function of the internuclear distance R (Stibbe and Tennyson 1997a, b, 1998b).
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Figure 3. Angular differential cross sections for impact dissociation of H, (v = 0) by an incoming
electron energy of 10.2 eV. The full curve represents our model, which includes nuclear motion.
Full circles with error bars represent experimental values from Khakoo and Segura (1994).

Calculations were performed for R ranging from 0.8 ag to 4.0 a¢ in steps of 0.1 ay using
the UK Molecular R-matrix suite of programs (Gillan et al 1995). Target wavefunctions were
represented using a full configuration interaction (CI) within a basis set of 40y, 30y, 37, and 37,
Slater-type orbitals (STOs) which have been energy optimized (Stibbe and Tennyson 1998b)
for the lowest seven target states (X ! zi.b 3utal ;. B v+ C'ny,c3M,,E,F! %;), those
retained in our close-coupling expansion. Numerical functions were used to represent the
continuum electron in a truncated (I < 6, m < 3) partial-wave expansion. Such calculations
yielded full 7-matrices linking all the (open) target states included in the calculation; in this
particular case only the off-diagonal portion of the matrix which links the X 12; and b 3%}
states is of interest. Full details can be found in Stibbe and Tennyson (1998b).

As the excitation is from a singlet to a triplet state, it is exchange dominated and rapidly
convergent with total symmetry. Only the lowest four total symmetries, 22; , 22 2,
and *I1,, were included. Stibbe and Tennyson found higher symmetries gave a negligible
contribution to the internal cross section, in accordance with previous calculations (Baluja
et al 1985, Branchett et al 1991). Nevertheless, we performed a symmetry convergence
check over a range of energies for the incoming electron in order to analyse how much the
inclusion of four further symmetries would affect angular differential cross sections. After
performing calculations of angular differential cross sections with a total of four and then eight
total symmetries and having found that differences between these calculations were within an



Differential cross sections for electron impact dissociation of Hy 2943

0.6
\\\
05 - \ 8
N
\
\
i \
\
% 04 - \ 8
c \
i) \
‘8‘ \
\
)]
2 03| \ 1
o \
(6]
<
5
E 0.2 E
=
L
SRR |
O L L L L L L

0 20 40 60 80 100 120 140 160 180
Angles (degrees)

Figure 4. Angular differential cross sections for impact dissociation of H, (v = 0) by an incoming
electron energy of 12 eV. The full curve represents our model, which includes nuclear motion. The
broken curve represents the fixed-nuclei model. Squares with error bars represent experimental
values from Nishimura and Danjo (1986).

acceptable range (between 0 and 7.7%) the decision to include only the lowest four symmetries
when analysing angular information was justified.

In Stibbe and Tennyson’s model, the low-lying 2+ shape resonance does not contribute
non-adiabatically, but that omission is not expected to make any measurable difference (Atems
and Wadehra 1993). Due to its short lifetime (I' ~ 1 €V), the adiabatic treatment of the B DN
H, resonance associated with the b 323 dissociative state should be sufficient. In practice,
the largest contribution comes from the non-resonant 2%} symmetry in line with previous
calculations (Rescigno and Schneider 1988, Atems and Wadehra 1993). Nevertheless, poor
differential cross sections reopen the issue of the contribution of resonances to this process
in the near-threshold region, as was recently highlighted by Xu et al (2000). Tests using
our results showed that doubling the 2X contribution to the differential cross sections gave
differential cross sections significantly closer in form to experiment, but somewhat too high.

Nuclear continuum wavefunctions, E.(Ey., R), were calculated by solving the
Schrodinger equation directly for the dissociating potential, and energy normalized according
to the asymptotic condition stated in equation (23). The exact potential of Kolos and
Wolniewicz (1965) was used in place of that implicit in the 7T-matrix calculations, which
is (~0.1 eV) less accurate. The initial vibrational wavefunctions and energies were found
with the program LEVEL (Le Roy 1996) also using the exact potential. For each value of Ey,
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Figure 5. Angular differential cross sections for impact dissociation of H, (v = 0) by an incoming
electron energy of 12.2 eV. The full curve represents our model, which includes nuclear motion. The
broken curve represents the fixed-nuclei model. Full circles with error bars represent experimental
values from Khakoo and Segura (1994).

the appropriate fixed-nuclei T-matrices were interpolated over 1000 points between R = 0.8
and 4.0 q prior to numerical integration to account for the rapid oscillations of the continuum
functions.

4. Results and discussion

Figure 1 shows the dissociation cross sections for H, (v = 0) as a function of incoming electron
energy. Although cross sections are shown up to 14.5 eV, our calculations, represented by
the full curve, are expected to be accurate only up to around 12 eV. Above that energy, the
molecule can be excited to higher states from which it can dissociate directly or cascade down
to the repulsive state. Another possibility above 12 eV is the excitation of an H, resonance
state which can then decay into the b > state. The adiabatic model we use is not valid
for these long-lived resonances and cannot model the additional dissociation pathways above
12 eV.

In the region where this model is valid, there are few available experimental results. Those
that are available have very wide error bars. The agreement with the measurements of Khakoo
and Segura (1994) is good considering the large experimental uncertainties, with errors ranging
from 22% to 31%. The agreement with the cross sections of Nishimura and Danjo (1986),
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Figure 6. Angular differential cross sections for impact dissociation of H, (v = 0) by an incoming
electron energy of 13 eV. The full curve represents our model, which includes nuclear motion. The
broken curve represents the fixed-nuclei model. Squares with error bars represent experimental
values of Nishimura and Danjo (1986).

with estimated errors of about +37%, is also good, although their results are in energy ranges
just above the region of validity of this model (12 eV). As expected at higher energies, our
calculations underestimate the experimental values, due to the additional dissociation pathways
that are not being taken into account.

Also shown in the figure are calculations performed using the fixed-nuclei model at the
equilibrium bond length for molecular hydrogen (R = 1.4 agp), represented by a broken
curve. Note that the dissociation cross section drops to zero below its vertical target electronic
excitation energy of 10.5 eV. This model cannot predict dissociation cross sections below that
threshold.

Most previous calculations (Fliflet and McKoy 1980, Baluja et al 1985, Schneider and
Collins 1985, Lima et al 1985, Parker et al 1991, Branchett et al 1990) have been performed
at the H, equilibrium bond length and do not take into account the nuclear motion. Rescigno
and Schneider (1988) performed a series of two-state, fixed-nuclei calculations using the
Kohn variational method to find R-dependent T -matrices which they averaged using an initial
vibrational and a §-function approximation to a final continuum function. However, they made
no allowance for the variation in the vertical excitation energy with R, and took no account of
energy partitioning between the outgoing atoms and the exciting electron. This prevents their
method from being used near the effective Franck—Condon threshold.
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Figure 7. Angular differential cross sections for impact dissociation of H, (v = 0) by an incoming
electron energy of 15 eV. The full curve represents our model, which includes nuclear motion. The
broken curve represents the fixed-nuclei model. Squares with error bars represent experimental
values from Nishimura and Danjo (1986).

Celiberto et al used the semiclassical Gryzinski approximation to look at the dissociation of
H, (Celiberto et al 1989) and D, (Celiberto et al 1990), again using a §-function approximation
for the continuum, which they suggest should be useful for a qualitative comparison. Gorse
et al (1992) also used the Gryzinski approximation and by adjusting parameters within that
approximation gained good agreement with experiment at higher energies. The method they
used for the nuclear dynamics is not well documented, making it difficult to judge the accuracy
of their near-threshold results. For comparison purposes, we have also included total cross
sections using the classical §-function approximation for the final continuum vibrational
function in figure 1, represented by the chain curve. Such an approximation appears to
significantly underestimate the total cross sections, suggesting that the approximate treatment
of the continuum nuclear wavefunction is inappropriate for a light system near threshold.

The vertical target electronic excitation energy (or fixed-nuclei energy) at the outer
classical turning point for the vibrational ground state of H, using the exact potential curves
is 8.7 eV. Within our model, this means that any dissociation found at electron energies below
this arises via tunnelling, for which this model explicitly allows. The effective Franck—Condon
threshold region has not been well characterized experimentally, although there are indications
in the results of both Nishimura and Danjo (1986) and Khakoo and Segura (1994) that it lies
below 8.7 eV.



Differential cross sections for electron impact dissociation of Hy 2947

22

—_ — —_ — N
no e (o) (o) o

—_
o

Differential cross sections (atomic units)

ke

Figure 8. Energy differential cross sections electron impact dissociation of Hy (v = 0) as a function
of the energy of the dissociating atoms for different values of incoming electron energies.

(This figure is in colour only in the electronic version, see www.iop.org)

Figures 27 illustrate angular differential cross sections for different values of incoming
electron energy. The full curve represents our calculations; the broken curve represents
the fixed-nuclei model. Full circles with error bars represent the available experimental
values. At energies below 10.5 eV the fixed-nuclei model cannot predict dissociation cross
sections. As expected, above 12 eV our results do not model the experimental results
properly.

Figure 8 shows energy differential cross sections as a function of the energy of the
dissociating atoms for different values of incoming electron energies. At low energies (below
12 eV), most of the available energy above dissociation is carried away by the dissociating
hydrogen atoms. This suggests that electron impact dissociation is unlikely to be the source
of anomalously cold H atoms which have been found in a number of hydrogen plasmas (Hey
et al 1996, 1999, 2000, Mertens and Silz 1997).

5. Conclusions

Up until now, models for the electron impact dissociation of molecular hydrogen found it
difficult to predict experimental cross sections near threshold energies. Our calculations
provide a better agreement with experiment than previous models at electron energies below
12 eV.
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Integral cross sections were found to give good agreement with experimental results. We
were also able to model dissociation at electron energies below the classical turning point value
by taking into account the effects of tunnelling. The poorer angular differential cross sections
reopen the issue of the contribution of resonances to this process in the near-threshold region.

We presented, for the first time, energy differential cross section electron impact
dissociation of Hy(v = 0) as a function of the energy of the dissociating atoms for different
values of incoming electron energies. Our results suggest that this process is unlikely to explain
the presence of the cold H atoms which have been found in a number of hydrogen plasmas.

Although calculations have been carried out only for the initial vibrational ground state
(v = 0), we expect to find a strong dependence of the thermal rate of dissociation on initial
vibrational states, in accordance with Stibbe and Tennyson’s (1998a) results. Currently, we
are performing calculations for further initial vibrational levels and extending our work to also
describe the dissociation of deuterium and tritium.
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