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I Introduction

The tansition from regubin (Guasiperiodic) to cha-
otic motion observed in classical dynamical systems is
now well known. e has triggered an intensive investiga-
tion to find a quantum anadop of classical chaos |1 12].
This subject has recently been reviewed by Reinhardt
{13].

The characterization of a classical trajectory as
guasiperiodic or chaotic is usually accomplished by
studying (i) Poincard surfaces of section ar the projec-
tion of the trajectory in a coordinate plane, (b) the
power spectrim of @ dynamical variable, and (¢) by
computing the rate of exponential divergence of two
intially adjacent trajectories. The latter quantity pro-
vides it measure of chaos and it has been shown by nu-
merijcal experiments that it is related to the character-
istic time for energy randomization in the system | 14--
16].

In the case of quantum dynamics the energy levels
and the topography of wavefunctions have both been
used 10 establish criteria for quantum chaos [13]. It
has been shown that at energies where the phase space
is occupied by quasiperiodic trajectories the wavefunc-
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tion is loealized on the coordinate space with ampli-
tade maxima on the clussicnl causties [ 1], Hose nnd
Taylor [2] have proposed as a criterion for the assign-
ment of u regular state the appearance of a coefficient
in the expansion of the wavefunetion the square of
which is greater than 0.5, However this criterion is
limited since it does not imply chaos when it is not
satisfied. In the chaotic regions of phase space the
wavelunction is spread over all configuration space [1}.
Furthermore the complicated nodal structure of the
wavefunction found for these states has also been used
as a criterion for quantum chaos {3]. On the other
hand regular states show an ordered nodal pattern that
an be used to assign good quantum numbers.

Marcus and co-workers [4-6] have suggested as a
criterion of quantum chaos the appearance of multiple
avoided crossings in energy level diagrams constructed
by varying a parameter in the Hamiltonian. In the
quasiperiodic regime there are only isolated avoided
crossings. The different behaviour of the energy levels
in the two regimes, quasiperiodic—chaotic, is also
manifested in the different level spacing distributions.
Berry and Tabor [17] have shown that for classical
regular systems the distribution is completely random.
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It can be represented as a Polsson distribution
P=cxp(-8/85)S, )

where S'is the spacing between adjacent Hnes and S Is
the average value. It has been proposed that chaotic
stutes obey o Wigner distribution |13}

Pe(nS282) exp(—nS?/452). )

The criterion of level spucing distribution {7} is appeal-
ing as it can be applied to experimental results |8].

Most studies of quantum chaos have been restricted
to two-dimensional model systems such as Hénon-
1eiles typo problems [13]. The conclusion of these
studies Is that classleal chaos does not always fmply
quantum chaos,

Lehmann et al, [9] tried to correlnte the experimen.
tully observed vibrational spectrum of HCN with the
results of classical dynamices on a real potential energy
surface. They found that the chaotic behaviour of the
dynumics was not in accordance to the simple and reg-
ular spectrum of HHCN which they observed. Although
comparison of clussical or quantum theoretical results
with the experiment {s the ultimate goal, it is necessary
first to carry out classical and quantum-mechanical
studies on real potential energy surlaces. This is dictat-
ed firstly by the lack of a complete theory of quantum
chaos. Secondly while solutions to a chaotic problem
are completely determined by a given potential, small
changes to this potential can be expected to change
these solutions unpredictably. Thus comparison be-
tween experiment and theory by use of an imperfect
surface is unlikely to be fruitful. Indeed, Lehmann et
al. [10] found the classical onset of chaos to vary by a
factor of nearly 3 between two similar surfaces.

If progress is to be made on quantum chaos, we be-
lieve, that it is necessary to study real systems using
both quantum and classical mechanics and identical
potentials. This view has recently been given strong
support by Reinhardt [13].

In this article, which is the first in a series, we pre-
sent results of classical and quantum calculations on
KCN. The spectroscopy of this “floppy™ molecule has
recently excited much interest both experimentally
[18,19] and theoretically {20—23]. In particular, the
large-amplitude bending motion and the low barrier to
linear KNC structure from the triangular equilibrium
geometry stimulated the development of new theoret-
ical methods for tackling floppy molecules [22], We
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note that calculations have shown that KCN displays

a complicated nodal pattern even a few quianta above
the ground state [21]. KON thus suggests itself as a
suitable starting point for the study of vibrational chaos.

2. Classical ealculations

Following the previous woik on KCN, we ficeze
the CN bond. This is a physically motivated approx.
imation because of high frequency of the CN vibration.
Henee the problem is restricted to a two-dimensional
world and we leave the thiee-dimensional case for
future consideration,

We use the potential energy surface caleulated ab
{nitio by Wormer and Tennyson [24], which correctly
predicts the abserved triangular structure of KCN [19].
The potential is expressed as a function of the distance
R,of K from the centre of mass of CN, and the angle
U, which is formed between R and the bond length of
CN,». A value of r = 2,186 4, was assumed. Since we
are interested in studying only vibrational excitations,
we use the Hamiltonian appropriate to a rotationless
molecule

H=p 20+ (120, R4 12r2) pd + VR, 9). (3)

where 4y and p are the reduced masses of KCN and
CN respectively, and p; is the momenta conjugate to
coordinate i. This is the classical analog of the body-
fixed J = 0 Hamiltonian of Tennyson and Sutclifte
{22]. Hamilton's equations were integrated by an
Adams—Moultan fifth-order predictor sixth-order cor-
rector method initialised with a fourth-order Runge--
Kutta procedure.

A characteristic measure of chaos is the maximal
Lyapunov number calculated for a pair of trajectories
as described previously |[14,15]. This number tends to
zero for quasiperiodic trajectories and to a positive val-
ue for chaotic trajectories. Generally, numerical calcu-
lations have shown that this quantity increases with the
energy. We have obtained average values of the maxi-
mal Lyapunov number from batches of fifty trajec-
tories in the energy range 207—1067 cm~1. Initial con-
ditions for the trajectories are chosen by using orthant
sampling [25]. The results are shown in fig. 1. We note
that for KCN chaos starts very early. Even 225 cm—!
above the absolute minimum of the surface at
—39086.1 cm~! (—4.85 eV) which corresponds to the
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f“ig. 1. The stochastic parameter for KCN, « in reciprocal time
units of about 101978,

ground state,a substantial region of phase space is cover-
ed by chaotic trajectories. Study of individual trajec-
tories started from the equilibrium geometry with the
kinetic energy distributed between the stretching and
bending modes confirms this. We examine for each
trajectory: (a) the power spectrum of the momentum,
(b) Poincaré surface of section and (c) the projection
of the trajectory on the coordinate plane. Two exam-
ples are shown in fig. 2; all indicators show both trajec-
tories to be chaotic. The second trajectory has an ener-
gy which is above the barrier (503.9 cm—1) separating
the symmetric minima of KCN. The trajectory is ob-

served to ergodically fill the energetically available space.

Table |
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3. Quantum calculations

Quantum-mechanical calculations were performed
on KCN using the body-fixed method of Tennyson
and Sutcliffe [22] and program ATOMDIAT [26].
Table 1 shows the convergence of the lowest 35 excit-
ed states with increasing basis set and gives details of
the basis used. All results quoted below are forJ =0
with n =21, 1= 30, giving a basis of 651 functions, at
which level the lowest 35 states are converged to 0.1
cm—1.

Fig. 3 shows sample wavefunctions for 4 vibrational
states of KCN. The ground, first excited and second
excited (fig. 3a) states can be assigned unambiguously
as the (0,0), (0,1) and (0,2) states, where we used the
notation (Vg erch» Ypeng)- The third and fourth excited
states (figs. 3b and 3c) cannot be assigned directly
from their nodal structure. States above the fourth ex-
cited state show a complicated nodal pattern, see for
example fig. 3d.

Following Marcus and co-workers [4—6], we have
tested the effect of perturbing the KCN potential. To
do this we perturbed the third term in the Legendre
expansion of the potential:

V'R, 9)= V(R, 8) + 6 V5(R) P5(cos 9), (4)

where § = 0 gives the unperturbed potential V. Fig. 4
depicts variations in the energy levels as a function of
this perturbation. Despite the fact that we are only
varying one term in the potential by +3%, we find many
avoided crossings, which occur with increasing frequen-
cy above the second excited state.

We have analysed the level spacing distribution for

Convergence of the first 35 vibrationally excited states of KCN with basis set. All frequencies in cm™ are relative to the ground

state ar ~38861.4005 em™!

Tl 10 Excited state

5 10 15 20 25 30 35
21 30 314538 530.235 688.891 838.635 949.607 1067.83 1173.97
23 30 314538 530.234 688.890 838.602 949.606 1067.79 1173.95
21 32 413538 530.235 688.890 838.634 949.594 1067.76 1173.89

4) Number of Morse oscillator-like functions in the R basis with Ro=5.13ay,Dg = 0.1777 Ey;, we = 0.0013 Ey, {26].

b) Maximum / in Legendre polynomial basis for 9.
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Fig. 3. Amplitudes of low-lying vibrational states of KCN. The
contours link points where the wavefunction has 4%, 8%, 167,
32% and 64% of its maximum amplitude. Solid curves enclose
regions of positive amplitude and dashed lines of negative am-
plitude.

the 72 levels lying above the second excited state.
They are approximately fitted by a Wigner distribu-
tion, which should represent chaotic states [13]. How-
ever, the small number of available states does not al-
low us to calculate a distribution with high statistical
accuracy.

4. Discussion and conclusions

Analysis of the contour plots of the lowest 35 vibra-
tional states has led us to the following conclusions.
The ground and first two excited states are regular,
none of the remaining states can be assigned from their
nodal structure. However, the presence of what appears
to be an isolated avoided crossing for 5= 0.0 for the
third and fourth excited-states suggests that they
could be regular states in resonance. This behaviour

has recently been commented on by De Leon et al. [11].

The floppy molecule method which we apply yields
no dominant coefficients for the near-harmonic low-
lying states of KCN. It is thus not useful to apply the
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Fig. 4. Variation of vibration frequency with 6 (see text). All
frequencies are plotted relative to the vibrational ground state.

criterion of Hose and Taylor [2] to these calculations.
However, previous calculations by Tennyson and
Sutcliffe [20] on the vibrational states of KCN used a
normal mode expansion to solve the Eckhart Hamil-
tonian. These results have since been shown to be un-
reliable for higher states because of the singularity en-
countered for linear geometries with this formalism
[21]. Inspection of their results suggest that the ground
and first three excited states should be classified as
regular according to the criterion of Hose and Taylor.
We can draw no conclusions about the states above
these because of the increased importance of linear
geometries in these higher states.

The complicated nodal structure, the appearance
of frequent avoided crossings and perhaps the Wigner-



Volume 109, number 2

like spectral distribution all suggest chaotic behaviour
above the fourth excited state. Classically a substantial
region of phase space is occupied by chaotic trajec-
tories even when they are below the zero point energy.
Thus for both quantum and classical mechanics KCN
displays chaotic behaviour at surprisingly low energies
when comparison is made with other strongly bound
molecules [10,14].

However, the transition from regular to chaotic be-
haviour occurs later in the quantum results. This phe-
nomenon, called quantum *‘sluggishness”, can be ex-
plained by the large spacing (relative to % [61) of the
low-lying levels. It has recently been observed in the
“stadium problem™ {27].

In conclusion, the early onset of chaos in both
quantum and classical calculations suggests at least
qualitative agreement between the two methods.

This early occurrence of chaos in KCN, with its
strongly anharmonic potentiai and low barrier to lin-
earity, has led us to investigate other floppy systems
in a similar manner. In particular, LiCN is known to
support relatively low-lying vibrational states with ir-
regular nodal structure [28]. In a future publication
we will analyse the behaviour of LiCN and hence the
criteria that we have used here for establishing quan-
tum chaos [29].
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