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A general, full-dimensional computational method for the accurate calculation of rotationally and
vibrationally excited states of tetra-atomic molecules is further developed. The resulting computer
program may be run in serial and parallel modes and is particularly appropriate for molecules
executing wide-amplitude motions and isomerizations. An application to the isomerizing acetylene/
vinylidene system is presented. Large-scale calculations using a coordinate system based on
orthogonal satellite vectors have been performed in six dimensions and vibrational term values and
wave functions for acetylene and vinylidene states up to<23 000 cm−1 above the potential
minimum have been determined. This has permitted the characterization of acetylene and vinylidene
states at and above the isomerization barrier. These calculations employ more extensive vibrational
basis sets and hence consider a much higher density of states than in any variational calculations
reported hitherto for this system. Comparison of the calculated density of states with that determined
empirically suggests that our calculations are the most realistic achieved for this system to date.
Indeed more states have been converged than in any previous study of this system. Calculations on
lower lying excited states of acetylene based on HC–CH diatom-diatom coordinates give nearly
identical results to those based on orthogonal satellite vectors. Comparisons are also made with
calculations based on HH–CC diatom-diatom coordinates. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1850471g

I. INTRODUCTION

Recent interest in understanding wide-amplitude
s“floppy” d molecular motions has been stimulated by the
drive to develop theories of intermolecular forces, isomeriza-
tion, and coherent control of chemical reactions. Methods for
calculating the rotation-vibration energy levels and wave
functions of floppy systems have advanced greatly in the last
decade. It is now feasible to study wide-amplitude motions
of tetra-atomic molecules in full dimension.1–8

The accurate calculation of thesrodvibrational bound
states of the acetylene/vinylidene system is particularly chal-
lenging because of the drastic differences in the equilibrium
geometries of the two isomers and the high density of states
at energies sufficient for vinylidene formation, which is
about 15 000 cm−1 above the acetylene ground state. The
acetylene/vinylidene system is a very important prototype for
isomerization reactions and in particular for 1,2-hydrogen
shifts, while vinylidene itself is an important reactive inter-
mediate in organic chemistry.

Acetylene has been very extensively studied, especially
at energies well below the barrier to isomerization, as a

benchmark case for the development of experimental and
theoretical techniques in molecular physics, and for the elu-
cidation of intramolecular vibrational coupling and energy
exchange. Such work has been reviewed by Hermanet al.9

Most recently Xuet al. reported full-dimensional calcula-
tions, using a diatom-diatomsHC–CHd coordinate system, of
the vibrational energies of acetylene up to 13 000 cm−1

above the ground state.10

There have been fewer studies of acetylene at energies
approaching the barrier to isomerization and still fewer of
vinylidene. The work most relevant to the understanding of
intramolecular energy flow has been reviewed by Jacobson
and Field.11 There has been considerable controversy con-
cerning the lifetime of vinylidene in the gas phase.12 Recent
contributions to the understanding of acetylene/vinylidene in
the energy regime associated with isomerization that are
most relevant to the present work include four papers from
the Bowman group, on the six-dimensionals6Dd ab initio
acetylene/vinylidene potential energy surface,13 on full-
dimensionality quantum calculations of acetylene-vinylidene
vibrational states,3,14 and on an empirically adjusted 6Dab
initio potential.15

In this work we use the purelyab initio potential of Zou
and Bowman13 to perform realistic full-dimensional calcula-
tions up to and including vinylidene energies. This potential
is far from being spectroscopically accurate but it does de-
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scribe the acetylene/vinylidene isomerization and is therefore
suitable for full-dimensional test studies. Our objective in the
present work is not to calculate high-accuracy energy levels
per sebut to test coordinate systems and methods which will
be suitable for spectroscopically accurate potentials when
they become available. We note that the empirically adjusted
potential15 only became available near the completion of the
present work but in any case was fitted only to acetylene
spectroscopic data.

Our computational methods are outlined in Sec. II. Cal-
culations using various coordinate systems are described in
Sec. III and the results for acetylene and vinylidene bound
states are discussed in Sec. IV. Section V concludes the pa-
per.

II. COMPUTATIONAL METHOD

We recently described a method for solving the problem
of the calculation of bound rovibrational levels and wave
functions of a tetra-atomic molecule.2,4 Our approach is
based on the well-established technique of sequential diago-
nalization and truncation.17 Our code WAVR4sRef. 4d is a
general suite of computer programs which utilizes a class of
coordinate systems based on “generalized orthogonal
vectors.”18 The use of orthogonal vectors makes the Hamil-
tonian structure very simple and yet allows a variety of pos-
sible choices of coordinate system.16 Several possibilities rel-
evant to acetylene are presented in Fig. 1. The HC–CH
diatom-diatom coordinates given in Fig. 1sad correspond to
traditional valence coordinates in the limit that the masses of
atoms 1 and 4 are small compared to those of atoms 2 and 3.
Note that the Hamiltonians are equally rigorous in all three
coordinate representations shown in Fig. 1.

For the isomerizing acetylene/vinylidene system, coordi-
nates based on orthogonal satellite vectors16 fFig. 1sbdg seem
to be the most natural choice because large changes in the
radial coordinates involving the hydrogens are avoided.
Similar coordinates have been used by Schork and Köppel12

to study vinylidene/acetylene isomerization, albeit with the
molecule held fixed in a plane. It is worth emphasizing that
orthogonal satellite vectors do allow the full symmetry of
acetylene to be employed as elaborated below.

Another possible choice is to use HH–CC diatom-diatom
coordinatesfFig. 1scdg. These coordinates favor the vi-
nylidene configuration and calculations of acetylene states
may be hampered by slow convergence because there is a
singularity in the Hamiltonian at the acetylene equilibrium
geometry, which corresponds toR=0. Zou and Bowman3

recently used this coordinate system successfully in their
simulation of the photodetachment spectrum of the vi-
nylidene anion.

Our code allows the use of all three coordinate systems
and implied symmetries of the molecule in question. Indeed,
acetylene is invariant under the operations of inversion and
permutation of the hydrogensPsHHd and the carbonsPsCCd.
Thus the total symmetry group of acetylene isG8.

19 The
coordinate system in Fig. 1sad easily supports only the op-
erations of inversion and simultaneous permutation of car-
bons and hydrogens,PsCCd3 PsHHd. These two operations
generate the groupG4 which is a subgroup ofG8. Having
reduced symmetry is not a problem if only low-lying energy
levels are of interest. However, for highly excited energy
levels the isomerization to vinylidene becomes feasible thus
connecting two equivalent acetylene geometries. Therefore
the full symmetry must be properly accounted for and this is
done most readily using the coordinates shown in Fig. 1sbd
or Fig. 1scd.

The original WAVR4 code2,4 supported only inversion
symmetry and the symmetry operations which reverse a vec-
tor connecting two identical atoms. For example, for the
CC–HH diatom-diatom coordinate system presented in Fig.
1scd these latter operations interchange the hydrogensq1

→−q1d and carbon atomssq2→−q2d, respectively. Thus us-
ing CC–HH diatom-diatom coordinates the full symmetry
can be most straightforwardly exploited. However for
HC–CH diatom-diatomfFig. 1sadg and orthogonal satellite
fFig. 1sbdg coordinate systems the symmetry of operations
PsCCd3 PsHHd andPsHHd, respectively, could not be used.
The implementation of the additional symmetries is possible.
Below we present modifications which have been made in
WAVR4 to make use of hydrogen permutation symmetry
PsHHd.

A. Existing method

Here we recall only the key features of the computa-
tional method.2,4,20 Our primitive basis set is a product of
radial and bending-rotation functions. A discrete variable
representationsDVRd sRef. 21d is used for the radial coordi-
nates, which are described as a direct product of either
Morse-oscillator-like or spherical oscillator functions.22 The
bending-rotation basis functions are defined as

ug K k j l,Jpl = NKkg
kPj

uk−gKufYl
gkuJ,Kl

+ s− 1dJ+p+K+kYl
−gkuJ,− Klg, s1d

whereg is an auxiliary number taking the values −1 and +1,
J andK are the usual rotational quantum numbers associated
with the total angular momentum and its projection on the
body-fixed z axis, j and l are angular momenta associated
with rotation ofq1 andq2, respectively,k is the projection of
l onto R, p takes the values 0 and 1 for even and odd total

FIG. 1. Coordinate systems supported
by WAVR4 and relevant to acetylene:
sad diatom-diatomsHC–CHd, sbd or-
thogonal satellite vectors,scd diatom-
diatomsCC–HHd. The positions of the
points CM12,CM34, andM are as de-
fined by Mladenović sRef. 16d.
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parity, respectively,NKk is a normalization factor,Pj
k are as-

sociated Legendre functions of the angleu1 betweenR and
q1, Yl

k are spherical harmonics of the body-fixed angles
su2,wd defining the direction ofq2, anduJ,Kl are symmetric
top eigenfunctions. Wheng= +1 our angular basis functions
are the same as the ones proposed by Mladenović,16 but
wheng=−1 they differ by a factors−1dJ+p+K. The full primi-
tive basis set is obtained as a direct product of the bending-
rotation basis sets1d and a suitable radial DVR basis set
un1lun2lun3l for q1,q2, andR, respectively.

The total Hamiltonian

H = Tq1
sq1d + Tq2

sq2d + TRsRd + o
K

Tang
K sq1,q2,Rd

+ o
K

Tang
K,K+1sq1,q2,Rd + V s2d

is a sum of potential energyV, radial kinetic energy opera-
tors Tq1

,Tq2
, and TR, and bending-rotational kinetic energy

angular operatorTang. In Eq. s2d, the first sum represents the
part of Tang which is diagonal inK while the second part is
off-diagonal inK.

While the radial kinetic energy operators depend only on
the respective radial coordinates, the bending-rotational op-
eratorTang depends not only on the angles but also function-
ally on q1, q2, andR. However the radial DVR basis set is
essentially a three-dimensional grid and therefore when
evaluating the matrix elements ofTang the functional depen-
dence on radial coordinates can conveniently be approxi-
mated by the radial DVR approximation. The matrix ele-
ments of the potential are also evaluated in the DVR
approximation for radial coordinates and using Gaussian
quadrature for the angular coordinates.2,4,20

The diagonalization-truncation method is implemented
in WAVR4 in three vibrational steps and one rovibrational
step. The first phase of the basis set contraction scheme is to
construct and diagonalize the matrix representation of the
Hamiltonian

H1 = Tang
K sq1,q2,Rd + V s3d

for every radial 3D grid point. This results in a set of eigen-
valuesEa

bcdK and eigenfunctions

Ca
bcdK= o

a

Ca,a
bcdKual. s4d

The indexa is a cumulative index forg ,K ,k, j , andl where
K is fixed. The indicesb,c, andd enumerate the grid func-
tions inq1,q2, andR, respectively. The next phase is to con-
struct the matrix of the Hamiltonian

H2 = TR + H1 s5d

in the new contracted basis setCdCa
bcdK and diagonalize it.

Note that in the new basis set the operatorH1 is diagonal.
The result of diagonalization ofH2 is a new set of energies
Eb

bcK and eigenfunctions

Cb
bcK = o

da

Cda,b
bcK CdCa

bcdK. s6d

The third stage requires construction of the matrix represen-
tation of the operator

H3 = Tq1
+ Tq2

+ H2 s7d

and its subsequent diagonalization. This gives full-
dimensional pure vibrational energies ifK=0. The energies
Eh

K and eigenfunctions

Ch
K = o

bcb

Cbcb,h
K CbCcCb

bcK s8d

can then be used in a final step to solve the final full rovi-
brational problems2d if desired.

B. Modifications of the method

The implementation ofPsHHd symmetry for orthogonal
satellite vectors can be achieved in two ways. One can either
symmetrize the bending-rotation primitive basis sets1d from
the start and carry on as above or postpone the symmetriza-
tion until phase three. To keep the simplicity and efficiency
of the earlier codesparticularly the evaluation of matrix ele-
ments of the potential energy20d we chose the latter.

The action ofPsHHd on the full primitive basis set maps
it into itself as follows:

PsHHdun1 = blun2 = clun3 = dlug K k j l,Jpl

= s− 1dgun1 = clun2 = blun3 = dlug8 K k8 l j ,Jpl,

s9d

where the resulting primed quantum numbers depend on the
initial ones and are summarized in Table I along with the
quantity “g.” Since in practice the basis set is finite one
needs to be careful about choosing the range of quantum
numbersj , l, andk so that for every bending-rotation func-
tion its image underPsHHd belongs to the basis set. Note
also thatPsHHd preservesK thus allowing retention of the
four-step diagonalization-trunction scheme described above.

During phases one and two, two cases must be distin-
guished. IfbÞc then the eigenfunctionsCa

cbdK andCb
cbK can

be obtained fromCa
bcdK and Cb

bcK, respectively, because
PsHHdH1sq1,q2,Rd=H1sq2,q1,Rd and PsHHdH2sq1,q2d
=H2sq2,q1d. Thus one can skip nearly half of the radial grid
points and construct the orthogonal symmetrics+d and anti-
symmetrics−d functions simply by making linear combina-
tions

TABLE I. Action of PsHHd on the primitive basis functions as given in Eq.
s9d; the quantitiesg ,K, andk are the initial quantum numbers;g8 andk8 are
the final quantum numberssK is unchangedd and the quantityg is used in
Eq. s9d.

g K k g g8 k8

−1 K=0 kù0 J+p −1 k

−1 K.0 kù0 J+p +1 K+k

+1 K.0 kùK J+p −1 k−K

+1 K.0 k,K K +1 K−k
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Cbsq1dCcsq2dCb
bcK ± Ccsq1dCbsq2dPsHHdCb

bcK. s10d

If b=c then the eigenfunctionsCa
bbdK and Cb

bbK are ei-
ther symmetric or antisymmetric with respect toPsHHd be-
cause H1sq1,q2,Rd and H2sq1,q2d are symmetric under
PsHHd. The symmetry of eigenfunctions is determined nu-
merically by computing a vector product ofCa

bbdK with its
symmetry imagePsHHdCa

bbdK. If the product is equal to 1
swithin minor numerical errorsd then the function is deter-
mined to be symmetric, if it is equal to −1 then the function
is antisymmetric. Therefore among the functions
Cbsq1dCbsq2dCb

bbK some are symmetric and some antisym-
metric.

The above considerations require only relatively minor
modifications to our computer code, mostly for “house keep-
ing” regarding the symmetry of computed eigenfunctions.
Furthermore we do not explicitly create symmetrized func-
tions during the third phase. Instead the elements of the final
symmetric and antisymmetric Hamiltonian matrices are con-
structed as linear combinations of the unsymmetrized matrix
elements. Finally, the symmetric and antisymmetric eigen-
values and eigenfunctions are obtained by diagonalization of
the respective matricessusing a dense-matrix diagonalizerd.

The computations at different points on the radial grid
are independent of each other and require only eigenvectors
from the previous phases. This is true not only for phases one
and two but also for the computation of matrix elements
during phase three. Therefore these computations can be par-
allelized in a straightforward way. The code was parallelized
using OpenMP compiler instructions thus allowing the com-
pilation of the same code in both serial and parallel modes.
When the parallel mode is being used then a parallel diago-
nalizer is used in phase three. Another advantage of using
OpenMP is that it supports dynamic scheduling for parallel
sections of the code. This makes it possible to have a varied
job load for computations at each grid point and still achieve
reasonable load balancing per CPU on average. In contrast,
the implementation of a parallelization strategy for the
DVR3D code using message passing interfacesMPId had to
employ a fixed number of selected eigenstates for every grid
point to achieve load balancing.23

III. CALCULATIONS

Below we present details of calculations using the coor-
dinate systems given in Fig. 1. All calculations have been
performed using the recentab initio potential of Zou and
Bowman.13 The computations were initially carried out on a
Compaq Alpha workstation and then on a Sun Fire V880
cluster comprising four nodes each with eight processors and
32 GB of RAM.

A. Diatom-diatom HC–CH

The diatom-diatomsHC–CHd calculation was performed
using six radial functions in each CH coordinate and nine
radial functions in the CC coordinate. The parameters used
for CH stretching Morse-oscillator-like functions24 were re

=1.164 Å,we=2900 cm−1, andDe=36 000 cm−1; the param-
eters for CC stretching werere=1.4135 Å,we=2000 cm−1,

andDe=55 000 cm−1. The bending basis set was defined by
jmax= lmax=26 andkmax=7. These quantum numbers define
4460 bending functions which are totally symmetric with
respect to inversion. Only states of this symmetry have been
computed. Thus the total size of the primitive basis set was
1 445 040. To contract this basis set, up to 300 optimized
bending functions were selected for each radial grid point
during phase one with an upper energy cutoff of 30 000 cm−1

and up to 450 functions during phase two with an energy
cutoff of 30 000 cm−1. The computation of all states symmet-
ric and antisymmetricfwith respect toPsHHd permutationg
took a total of about 15 h on an eight CPU node of the Sun
cluster. The zero-point energy and the lowest 25 excited state
energies of each computed symmetry are presented in the
columns “DD” of Tables II and III. Approximate assignments
are given in terms of the conventional normal mode quantum
numbers for acetylene,v1, v2, v3, v4

l4, andv5
l5.

B. Diatom-diatom CC–HH

As mentioned above an alternative arrangement of
diatom-diatom coordinatessCC–HHd is also possiblefsee
Fig. 1scdg. The problem with this choice is the singularity in
the Hamiltonian at the acetylene equilibrium configuration.
At the equilibrium,R=0 and the direction of the correspond-
ing vector is not defined. The terms proportional to 1/R2 in
the Hamiltonians2d can be very large whenR is near zero

TABLE II. Comparison of calculations of totally symmetric energy levels
performed using the coordinate systems presented in Fig. 1. DD, diatom-
diatomsHC–CHd; Satssd, small basis set orthogonal satellite vector calcula-
tion described in Sec. III B; CCHH, diatom-diatomsCC–HHd. Identification
of states follows Ref. 15.

Assigment DD Satssd-DD CCHH-DD

0 ZPE 5715.5 0.2 0.0
1 0,0,0,20,00 1203.5 0.1 0.1
2 0,0,0,00,20 1448.6 0.3 0.7
3 0,1,0,00,00 1950.7 0.8 0.0
4 0,0,0,40,00 2419.0 0.1 0.9
5 0,0,0,22,2−2 2632.1 0.5 1.7
6 0,0,0,20,20 2675.9 0.4 1.8
7 0,0,0,00,40 2922.3 0.8 8.0
8 0,1,0,20,00 3143.5 1.0 0.4
9 1,0,0,00,00 3371.1 2.6 0.3
10 0,1,0,00,20 3379.2 2.1 2.4
11 0,0,0,60,00 3642.6 0.7 9.0
12 0,0,0,42,2−2 3839.6 3.0 7.8
13 0,2,0,00,00 3886.0 2.4 0.1
14 0,0,0,40,20 3911.9 0.9 6.0
15 0,0,0,22,4−2 4096.2 4.2 15.2
16 0,0,0,20,40 4170.6 1.4 14.4
17 0,1,0,40,00 4349.5 1.4 2.3
18 0,0,0,00,60 4406.2 3.1 46.2
19 0,0,1,11,1−1 4525.3 0.0 1.6
20 1,0,0,20,00 4546.6 3.5 0.4
21 0,1,0,22,2−2 4556.2 2.6 4.1
22 0,1,0,20,20 4595.6 2.3 5.5
23 1,0,0,00,20 4803.5 5.5 1.1
24 0,1,0,00,40 4834.2 4.1 22.3
25 0,0,0,80,00 4871.0 3.8 62.7
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and must be treated with care. We successfully used WAVR4
with these diatom-diatom coordinates when tackling the
Ar2–HF system,2 where R values near zero are accessible
but relatively far from the Ar2–HF equilibrium. When we
applied CC–HH diatom-diatom coordinates to the acetylene
system we found extremely slow convergence of the energy
levels. Also the range of H–H distances must be very large to
cover both acetylene and vinylidene. As a result we found
orthogonal satellite coordinatesssee belowd to be a prefer-
able choice for the simultaneous treatment of acetylene and
vinylidene.

Recently Zou and Bowman successfully applied diatom-
diatom CC–HH coordinates when testing their newab initio
acetylene/vinylidene potential for acetylenic bound states13

and then performing calculations of vinylidene states.3 How-
ever these two bound-state calculations used basis sets which
were each tailored specifically to either acetylene or vi-
nylidene and would not be suitable for global calculations.

Table II presents the results of our test calculation using
diatom-diatom CC–HH coordinates. We used nine Morse-
oscillator-like functions to describe CC stretchingsre

=1.24 Å,we=2200 cm−1, andDe=50 000 cm−1d, six Morse-
oscillator-like functions for HH coordinatesre=3.41 Å, we

=3200 cm−1, andDe=45 000 cm−1d, ten spherical oscillator
functions for theR coordinatesh=0 and we=1600 cm−1d,

and jmax= lmax=kmax=36 to describe bending. The matrix el-
ements of 1/R2 were computed analytically.2 The bending
basis set for totally symmetric states comprised 4579 func-
tions but it is clear, by comparison with the DD calculation,
that the bending states are still poorly converged. The
diatom-diatom CC–HH coordinates, and hence the corre-
sponding basis functions, are not well adapted for the lowest
25 excited states of acetylene given in Table II. The singu-
larity associated withR=0 may also contribute to the poor
convergence of these levels. The calculation took 42 h on an
eight-processor node of the Sun cluster.

C. Orthogonal satellite vectors

For comparison, Table II also presents a calculation,
“Satssd,” with a small basis set using orthogonal-satellite co-
ordinates. The whole calculation took only 4 h to compute
both symmetric and antisymmetric states. The bending basis
set was defined byjmax= lmax=32 andkmax=7 s3504 func-
tions in totald and the radial basis set had six points for
CC–H stretch and nine points for CC stretch. Although the
bending basis set is smaller, the bending states are much
better than obtained in the diatom-diatom CC–HH calcula-
tion fthe maximum error “SATssd-DD” is an order of mag-
nitude smaller than that for “CCHH-DD”g.

TABLE III. Comparison of calculations of energy levelsfsymmetric with respect to inversion andPsCCdg
performed using the coordinate systems presented in Fig. 1. DD, diatom-diatomsHC–CHd; Sats1d, large basis
orthogonal satellite vector calculation described in Sec. III C; ZB, diatom-diatomsCC–HHd Ref. 13; ZPE,
zero-point energy.

States symmetric underPsHHd States antisymmetric underPsHHd

Assignment DD Sats1d-DD ZB Assignment DD Sats1d-DD ZB

0 ZPE 5715.5 0.2 5716.3
1 0,0,0,20,00 1203.5 0.2 1208.7 0,0,0,11,1−1 1311.6 0.1 1312.7
2 0,0,0,00,20 1448.6 0.2 1449.7 0,0,0,31,1−1 2519.5 0.3
3 0,1,0,00,00 1950.7 0.4 1950.3 0,0,0,11,3−1 2772.0 0.4
4 0,0,0,40,00 2419.0 0.3 0,0,1,00,00 3241.1 0.4
5 0,0,0,22,2−2 2632.1 0.3 0,1,0,11,1−1 3254.3 1.0 3256.4
6 0,0,0,20,20 2675.9 0.4 0,0,0,51,1−1 3735.0 0.5
7 0,0,0,00,40 2922.3 0.4 0,0,0,33,3−3 3955.6 0.6
8 0,1,0,20,00 3143.5 0.5 0,0,0,31,3−1 3999.7 0.7
9 1,0,0,00,00 3371.1 1.0 0,0,0,11,5−1 4246.6 0.8
10 0,1,0,00,20 3379.2 0.8 3381.4 0,0,1,20,00 4417.7 1.4
11 0,0,0,60,00 3642.6 0.5 0,1,0,31,1−1 4447.3 0.9
12 0,0,0,42,2−2 3839.6 0.5 1,0,0,11,1−1 4656.5 1.7
13 0,2,0,00,00 3886.0 0.7 0,0,1,00,20 4671.1 1.6
14 0,0,0,40,20 3911.9 0.6 0,1,0,11,3−1 4691.1 1.1
15 0,0,0,22,4−2 4096.2 0.7 0,0,0,71,1−1 4954.9 0.8
16 0,0,0,20,40 4170.6 0.7 0,2,0,11,1−1 5158.1 1.0
17 0,1,0,40,00 4349.5 0.7 0,0,0,53,3−3 5161.4 1.0
18 0,0,0,00,60 4406.2 0.9 0,1,1,00,00 5200.0 2.6
19 0,0,1,11,1−1 4525.3 1.5 0,0,0,51,3−1 5232.4 1.0
20 1,0,0,20,00 4546.6 1.7 0,0,0,33,5−3 5416.2 1.1
21 0,1,0,22,2−2 4556.2 1.1 0,0,0,31,5−1 5493.6 1.2
22 0,1,0,20,20 4595.6 0.9 0,0,1,40,00 5601.5 2.5
23 1,0,0,00,20 4803.5 1.9 0,1,0,51,1−1 5654.0 1.1
24 0,1,0,00,40 4834.2 1.0 0,0,0,11,7−1 5722.9 1.4
25 0,0,0,80,00 4871.0 0.9 0,0,1,22,2−2 5815.0 2.6
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Further calculations using orthogonal satellite vectors
were performed with the objective of computing vinylidene
states while maintaining good accuracy of acetylene states.
Accurate calculations of low-lying levels using orthogonal
satellite vectors required a radial basis set of about the same
size as the HC–CH diatom-diatom calculation above but the
bending basis set required was somewhat larger. The bending
basis set was chosen by considering the results of 3D bend-
ing calculations with the radial coordinates fixed to acetylene
and vinylidene geometries, respectively. It was found that the
basis set withjmax= lmax=41 andkmax=9 provided good ac-
curacy for low-energy states and a sufficiently high density
of excited bending states. For example, the estimate from the
calculation with fixed acetylene radial geometry predicted
that this basis set should provide about 95% of all excited
bending functions up to 22 500 cm−1 above the global poten-
tial minimum scomparing with the same calculation using a
much largerjmax= lmax=51 andkmax=15 bending basis setd.
The bending basis set comprised 7075 3D bending functions
which are symmetric under inversion andPsCCd. Among
this number there are both symmetric and antisymmetric
functions with respect to permutation of the hydrogens.

Initial calculations using the bending basis set defined by
jmax= lmax=41 and kmax=9, with seven CC–H stretching
functions and ten CC stretching functions, gave reasonable
energy values. However our objective was to compute vi-
nylidene states while maintaining good accuracy of acetylene
states. As a result the radial basis set of CC–H was increased
from seven to ten functions. The parameters for the radial
basis set were selected to cover the range of acetylene and
vinylidene geometries. We used Morse-oscillator-like func-
tions with parametersre=1.76 Å, we=2100 cm−1, and De

=50 000 cm−1 for CC–H stretching andre=1.24 Å, we

=2400 cm−1, andDe=35 000 cm−1 for CC stretching. To test
the radial basis, if the angles are fixed to the equilibrium
geometry of acetylene, the 3D radial calculation produces
reasonably good vibrational states with accuracy better than
100 cm−1 for levels up to 20 000 cm−1 swhen compared with
a much larger basis 3D radial calculationd.

One of the crucial choices in our calculation is the se-
lection of energy cutoffs required by the diagonalization-
truncation method. If the cutoffs are too high, then the opti-
mized basis set is very large and the final matrix is too big
for direct diagonalization methods. If, however, the cutoffs
are too low, then at a given radial grid point,all the angular
sor angular +Rd eigenvalues may be above the cutoff, so that
the whole radial grid point is effectively discarded. The lack
of some essential grid points may result in severe errors in
the DVR energies. Therefore the choice must be a balance
between the basis set sizesand hence computer timed and the
desired accuracy. For example, the same 3D radial calcula-
tion with all the angles fixed to the acetylene equilibrium
values and the energy cutoffsEcut

s1d=29 000 cm−1 shere used
to remove the highest energy DVR points in the coordinate
Rd and Ecut

s2d=26 500 cm−1 fhere used to truncate eigenfunc-
tions of the 1DsR Hamiltoniandg gave accuracy better than
100 cm−1 only for levels up to 17 000 cm−1 scompared with
up to 20 000 cm−1 when no energy restrictions were usedd.
Furthermore when the analogous 3D test calculations were

performed for vinylidene, first without and then with the
above energy cutoffs, the accuracy of the vinylidene zero-
point energy decreased from about 1 cm−1 to about 20 cm−1.
Unfortunately we had to be rather restrictive and use the
energy cutoffs above during phases one and two to make the
final matrix of manageable size.

With ten basis functions used for each radial degree of
freedom, the total size of the primitive basis set was
7 075 000 states. The first phase produced 165 594 optimized
functions and the second phase resulted in two matrices of
about 45 000 each in size for totally symmetric and antisym-
metric statesswith respect to HH permutationd. The calcula-
tion took about two monthsswall clock timed on an eight-
processor node of the Sun cluster. This time was dominated
by the preparation of the final matrixsphase threed. The zero-
point energy and the lowest 25 excited state energies of each
computed symmetry calculated with this large basis set using
orthogonal satellite vectors are given in the column “Satsld”
of Table III. Selected vinylidene state energies are given in
Table IV and discussed below. All the computed energy lev-
els sup to <18 000 cm−1 above the acetylene ground stated
for this Satsld calculation are given in supplementary tables
available through the EPAPS depository.25

The ten-point CC–H stretching basis set covered both
acetylene and vinylidene minima well but not the saddle
point. This deficiency may have resulted in a failure to re-
produce low-energy bending states in the vinylidene mini-
mum ssee belowd. Thus the radial basis set in CC–H should
have been even larger. The machine we used is not particu-
larly fast by modern standards and we plan to address the
problem of the CC–H basis set in subsequent even larger
calculations.

D. Identification of vinylidene states

To find vinylidene states among the many acetylene and
vinylidene states computed using orthogonal satellite vectors
the wave functions have been converted back to the primitive
basis set and then integrated over the radial coordinates.
Then a cut atw=p was considered and probability density
functions plotted in theu1,u2 plane. Acetylene states have
probabilities localized in the upper left and lower right cor-
ners since at the equilibriumu1=p and u2=0 or u1=0 and
u2=p sby inversion symmetryd. Vinylidene states have both
angles<140° and therefore they occupy the lower left and
upper right quadrants. In Fig. 2 selected totally symmetric
excited states are presented. The first two states are clearly
localized in the vinylidene local minima. These are the vi-

TABLE IV. Comparison of vinylidene energies. ZBB, diatom-diatomsCC–
HHd Ref. 3; Sat, large basis set orthogonal satellite vector calculation de-
scribed in Sec. III C; ZPE, zero-point energy with respect to acetylene po-
tential minimum.

ZBB Sat Sat-ZBB

ZPE 20424 20490 66
n3 1179 1195 16
n2 1654 1683 29
n1 2783 2783 0
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nylidene ground state and a bending excited statesthe first
excited state of the vinylidene totally symmetric CH2 bend-
ing moded. The third state is a highly excited acetylene state.
The latter two states are separated by only 0.6 cm−1.

IV. DISCUSSION

A. Acetylene

For low-energy levels of acetylene all three coordinate
systems given in Fig. 1 are usable. Thus using them provides
an excellent opportunity to test our computational methods
and computer code and compare the coordinate systems.

The HC–CH diatom-diatom coordinate system is the
most natural choice for computing low-energy levels of
acetylene. It is therefore not surprising that this type of cal-
culation is computationally the least expensive. Recently
Guo and co-workers10 used these coordinates to compute
acetylene states up to 13 000 cm−1 susing different potentials
from the one used hered. They also used a mixed basis set/
grid representation but developed a different method to solve
the full problem. Their method is a combination of basis set
contraction analogous to our phase 1 contraction and subse-
quent application of the Lanczos algorithm. More recently
the same approach and coordinates have been used to adjust
theab initio potential of Zou and Bowman15 empirically. The
authors of Ref. 15 also reported the energy levels computed
using the pureab initio potential used here. These energies
agree to better than 0.04 cm−1 with our calculations using the
same coordinate systemscolumn DD, Tables II and IIId. Thus
we will use our diatom-diatom calculation as a reference.

It can be seen in Table III that the large basis set or-
thogonal satellite calculation agrees rather well with the
HC–CH diatom-diatom calculation. It is also clear that or-
thogonal satellite energies are systematically higher which
indicates incomplete convergence despite a bigger basis set.
Note that comparisons of the energy levels of one-
dimensional CC–H and CC radial calculations with calcula-
tions using bigger bases or finite basis representations indi-
cated that the quadrature errors in these lowest energy states
due to the DVR approximation are small relative to the basis
set convergence errors.

The “ZB” column in Table III presents energies com-
puted using CC–HH diatom-diatom coordinates as reported
by Zou and Bowman.13 While the agreement with the

HC–CH diatom-diatom energies is also rather good the dis-
crepancies are typically larger than those for the present or-
thogonal satellite calculation. The accuracy achieved by Zou
and Bowman is consistent with the moderate size of their
basis set.

B. Density of states

Zou, Bowman, and Brown3 recently carried out a calcu-
lation of vinylidene energy levels. They reported a density of
roughly one totally symmetric state per 7 cm−1 in the region
from 20 000 to 22 500 cm−1 sabove the acetylene potential
minimumd which corresponds to the lowest vinylidene ener-
gies. According to our calculations there is on average one
totally symmetric state per 2.2 cm−1 in this region. We have
independently estimated the number ofsacetylened states at
high energies using effective model parameters obtained by
fitting to experiment.26,27 This gives sapproximatelyd 1350
totally symmetric vibrational states up to 15 000 cm−1 above
the ground statesthis energy corresponds to<20 700 cm−1

above the potential minimumd. This number of states com-
pares very favorably with the 1352 states obtained up to the
same energy in our variational calculations. Thus our calcu-
lations have achieved a realistic density of states.

Figure 3 illustrates the growth with energy in the cumu-
lative number and density of totally symmetric states. The
energies are given relative to the acetylene ground state. By
18 000 cm−1 the number of states reaches nearly 3000 and
the average density of states is one state per 1.4 cm−1.
Throughout the range 15 000–18 000 cm−1 the energy spac-
ings between neighboring states are very uneven, varying
between 0.1 and 10 cm−1.

C. Vinylidene

In this work we tried to maintain good accuracy for
acetylene states while pursuing the computation of highly
excited states up to and including vinylidene energies. We
were able to identify the vinylidene ground state and the
three totally symmetric vinylidene fundamental states. The
energies of the excited states presented in Table IV are in
reasonable agreement with those reported by Zouet al.3 The
excellent agreement between the computedn1 energies
seems to be fortuitous. The discrepancy for the zero-point
energy can be explained by the rather low-energy cutoffs we

FIG. 2. Probability densities of some selected states. The energies are given relative to the acetylene ground state.
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had to use to make the computation feasible. The error due to
these cutoffs is estimated to be in the range of 20–30 cm−1.
Another major source of errors is an insufficiently large
CC–H radial basis set which does not extend far enough to
cover the saddle point. As a consequence the effective barrier
between the acetylene and vinylidene minima used in the
calculation is too high. This results in a higher vinylidene
zero-point energy and inappropriately higher energies for the
lowest bending states: this may explain why we have not
been able to identifysas eigenfunctions localized in the vi-
nylidene potential minimumd the lowest two totally symmet-
ric bending states 2n6 and 4n6.

Zou et al. did find two localized vinylidene states corre-
sponding to 2n6 and 4n6 at 386 and 633 cm−1, respectively,
above the vinylidene ground state.3 However consideration
of Fig. 3 of Zouet al.3 suggests that increasing the density of
acetylenic states in the basis set could significantly reduce
the localization of the 2n6 and 4n6 states in the vinylidene
well. In our calculations we have employed a density of
states in the region corresponding to the lowest vinylidene
energies three times larger than the largest calculations of
Zou et al. It is possible that the failure to identify the 2n6 and
4n6 totally symmetric bending states in the present work is
due to coupling of these states with the acetylenic “bath”
states so that they arenot localized in the vinylidene wellson
the potential energy surface used here and in Ref. 3d. How-
ever further calculations properly treating the saddle point
will be required before any firm conclusion can be drawn on
this point.

To rectify the problem with our treatment of the saddle
point, a new calculation is required with an even larger
CC–H radial basis set and higher energy cutoffs. Each of
these substantially increases the computational cost per ra-
dial grid point. This is most pronounced for the ones near the
acetylene minimum which have the largest number of con-
tracted basis functions and make the present parallelization
strategy problematic. It was found that the computational
costs distribute very unevenly among the grid points. The
main idea behind parallelizing the loops over the grid points
was that on average each processor gets a sufficient load
because the number of grid points is larger than the number
of processors. However we found that there are a few grid
points which take a very long time to compute. These points
dominate the calculation leaving other processors idle.
Therefore two levels of parallelism seem to be required: one
level to distribute the calculations at each point on the radial
grid and another level to have several processors per grid
point.

V. CONCLUSION

In this work, we have compared three coordinate sys-
tems and computed bound state energies and wave functions
for the acetylene/vinylidene system. The diatom-diatom
HC–CH coordinate system works very well for low-energy
states and can serve as a good reference point for other mod-
els. However it is not suitable for highly excited states. It is
our conclusion that the orthogonal satellite vectors model is
the most effective choice because it offers quicker conver-
gence than the diatomic-diatomic CC–HH coordinate system
when both acetylene and vinylidene states are sought. The
orthogonal satellite model is slow in converging acetylene
states but it seems to be more effective in separating the
angular and radial degrees of freedom than the CC–HH
model. Note that the Hamiltonians are equally rigorous in all
three coordinate representations. The differences are in the
sizes of the basis sets required to converge the calculations.

We performed a test calculation which simultaneously
reproduced quite well acetylene and vinylidene energies. The
potential13 used in the calculation is particularly suitable for
describing acetylene-vinylidene isomerization but quite poor
in reproducing experimental acetylene energies. Very re-
cently thisab initio potential has been empirically adjusted
to reproduce the experiment much better.15 The new potential
satisfies one necessary condition for performing a new more
accurate calculation of highly excited acetylene states.

There are still difficulties in performing an accurate glo-
bal calculation of acetylene and vinylidene states. First of all,
the calculations are very expensive and require a good par-
allelization strategy. The subsequent wave function analysis
is very expensive too. However we have demonstrated the
feasibility of large realistic calculations. Our next objective
is to perform more accurate calculations using the new ad-
justed potential15 and extending the radial CC–H basis set to
cover the saddle point. There are several important applica-
tions for which bound state data of highly excited acetylene/
vinylidene are required. For example, the present work will

FIG. 3. Cumulative number of totally symmetric statesstopd and the nearest
neighbor distributionsbottomd.

064309-8 Kozin et al. J. Chem. Phys. 122, 064309 ~2005!

Downloaded 04 Feb 2005 to 128.40.5.31. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



form the basis for future work to generate an acetylene opac-
ity which can be used to model atmospheres of cool carbon
stars.
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