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H; and its isotopomers are seen as a benchmark for the comparison of 
theory and experiment. The stages of an ab initio calculation (electronic 
structure, potential fitting and nuclear motion) are discussed and the sources 
of error highlighted by consideration of recent results. Fitting of the elec- 
tronic structure data is seen to be an area needing more development. New 
results are presented for the low-lying rovibrational states of Df. While 
rovibrational properties can be calculated in the low-energy region to within 
ca. 0.1 O h  accuracy, the high-energy region is still largely unexplored. New 
developments in the calculation of excited rotational states (J =G 20) are 
outlined and the possibility of quantum-mechanical calculations of vibra- 
tional levels in the near-dissociation region is discussed in the light of 
illustrative calculations. 

1. Introduction 

HT is the simplest stable polyatomic molecule and as such has posed a challenge to 
both theoreticians and experimentalists since its discovery by Thomson in 1912.' The 
first definitive spectrum of the molecule was, however, not recorded until 1980, when 
Oka2 measured 15 rovibrational transitions in the v2 band. 

As early as 1938 Hirschfelder3 was able to establish on theoretical grounds that the 
equilibrium geometry of the molecule was an equilaterial triangle, but it was not until 
the pioneering work of Carney and Porter4 after 1974 that sufficiently extensive electronic 
structure calculations were performed so that a potential-energy surface could be 
constructed on which reliable calculations of the rotation-vibration states of H l  and 
its isotopomers could be made.5 

The history of the study of these systems up to the early 1980s has been reviewed 
by Oka6 and P ~ r t e r , ~  but in spite of further work since then a number of intriguing 
problems still remain to be solved. Perhaps the most challenging of the problems to 
the theorist is the interpretation of the 27000 transitions from states near the HT 
dissociation limit in a small (220 cm-') region of the predissociation infrared spectrum 
found by Carrington et al.* and Carrington and Kennedy? These workers have observed 
similar spectra for H2D+, D,H+ and DZ. The complexity of this spectral region makes 
it very taxing for the usual variational approach to theoretical rovibrational spectra. lo 

H l  is considered to be abundant in interstellar clouds and an important species in 
many reactions.""2 However, HZ itself has yet to be observed in space because all its 
microwave transitions are nuclear-spin symmetry-forbidden. Nuclear-spin symmetry 
also contributes to the exothermicity of the deuterium fractionation reaction: 

which is important in accounting for the observed excess of many deuterated species 
over that predicted from the natural abundance of D in the interstellar medium. 

HT+D H2D++H (1.1) 

I151 
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Following several laboratory s t u d i e ~ ' ~ - ' ~  (whose assignments were much aided by the 
available theoretical predictions), the lol + 1 11 microwave transition of H2D+ has recently 
been tentatively observed in the cloud NGC 2264.16 

The infrared spectroscopy of the mixed isotopomers, H2D+ and D2H+, has perhaps 
provoked the most interest because of its complexity. The symmetric-top species H i  
and D l  have just two fundamental modes: a v1 stretching mode and a degenerate u2 
bend. Excitation of the v1 band is infrared-forbidden but the u2 band of Hf is now 
well characterised experimentally. l7 This band has also been observed for D3f,18319 
although a full characterisation is still awaited. In the asymmetric-top species, vl 
transitions are allowed and the degenerate band splits. Furthermore, strong Coriolis 
interactions between these v2 and v3 modes give their bands a complex structure, 
obscuring the vibrational parentage of many transitions. It is only recently that theory20321 
and experiment22 have combined to assign the v2/ v3 levels observed by Shy et al. in 198 1 .23 

The large rotational constants found in these hydrogenic species means that 'pure' 
rotational excitation can become similar in magnitude to vibrational excitations at 
relatively low values of the total angular momentum. For example, the J = 15 levels of 
the vibrational ground states of H2D+ span ca. 4 vibrational states. For states such as 
these the usual method of representing spectroscopic data in terms of a perturbation 
series of harmonic-oscillator and rigid-rotor functions may no longer be appropriate. 
Indeed, distortion and coupling constants obtained from the low- J states do not provide 
a good enough guide to give even tentative assignments of the high-J t r an~ i t ions .~~  

The ab initio calculation of such high-lying rotational levels provides a challenge. 
This is because the size of a fully coupled rovibrational calculation is proportional to 
J, and such calculations rapidly become intractable as J is increased. Indeed, only 
calculations with J s 4  have been reported for HT systems, and even these have been 
made using truncated vibrational basis sets.10~21725y26 

In the present paper we consider in some detail the state of theoretical work on the 
various aspects of H,+' spectroscopy discussed above. The paper will be organised to 
consider the three stages involved in an ab initio calculation within the Born-Oppen- 
heimer approximation: electronic potential calculation, representation of the electronic 
potential and rovibrational calculation. Since the errors involved in the first stage, 
although relatively large, are well documented elsewhere,27 we will concern ourselves 
largely with the final two stages of such a calculation. We will also consider separately 
the status of nuclear motion calculations for states of low and high excitation as the 
latter area presents challenges which largely remain to be met. 

2. The Theoretical Basis 

When describing the vibration-rotation motion of a stable molecule it is the custom to 
assume that to a very high order of approximation it is possible to separate the electronic 
motion from the motion of the nuclei. This assumption is usually signalled by saying 
that the Born-Oppenheimer approximation is being made. This approximation is 
assumed in what follows, for there are no signs that it is inadequate for H i ,  whose 
(unstable) excited electronic states are all well separated from the ground state. 

In this approximation the nuclear motion occurs on a potential-energy surface that 
is obtained by solving, at least approximately, the clamped-nuclei electronic problem 
for a set of nuclear geometries. The resulting electronic energy is added to the nuclear 
repulsion energy to produce the potential-energy function. In principle a potential- 
energy function at the given level of approximation could be obtained as a continuous 
function of the internal coordinates specifying the nuclear geometries. In practice it is 
possible to obtain the potential only at a set of points. Indeed, as the electronic structure 
calculation is computationally the most expensive step, it is desirable to keep this set 
small. This at once raises difficulties. How should the set be chosen to give an adequate 
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characterisation of the potential? How should the points be related to the presumed 
analytic potential? 

For bound-state nuclear motion calculations, the choice of an adequate set of points 
is usually made by finding the minimum in the potential that corresponds to the stable 
molecule and distributing points around the minimum, largely by trial and error. The 
potential is often assumed to be of some predetermined analytic form with constants 
to be determined by the details of the potential calculation, usually by least-squares fitting. 

As this fitting is usually complicated, the choice of suitable functions is often 
motivated by mathematical considerations, for example the use of sums of products of 
orthogonal polynomials. This can be combined with physical insight as, for example, 
in the Sorbie-Murrell scheme.28 

Another difficulty that arises is that it is never possible to know, except in terms of 
the calculated points, precisely how good a given fit is. Therefore there is a measure 
of uncertainty about whether different results would have been obtained from a different 
set of points. There is also a concomitant uncertainty as to whether a deficiency in a 
calculated quantity should be attributed to defects in the actual electronic structure 
calculation or to defects in the fitting process, especially when the desire for a simple 
form for the potential leads to large standard deviations for the fit [see for example ref. 

These uncertainties could be quantified to some extent by using the fitted function 
to estimate uncalculated values of the potential and comparing the estimate with actual 
calculations. This is rarely done [see ref. (29) for an exception], however, because of 
the computational expense involved. These matters are of some importance in H l  
because it is desirable not to degrade the high-accuracy electronic-structure calculations 
available by inappropriate fitting procedures. 

Once a potential-energy surface has been obtained, then a choice of coordinates in 
which to formulate the nuclear motion problem must be made. Here again difficulties 
can arise, for there is no unique way of making this choice. Indeed, sometimes the 
fitting procedure is dictated in advance because of this 

The most widely used approach to coordinate choice for the nuclear-motion problem 
for stable molecules stems from the work of E~kar t .~ '  In this approach it is assumed 
that the minimum of the potential-energy surface defines an equilibrium nuclear geometry 
and that the internal coordinates can be expressed as sums of displacements from that 
equilibrium. The hamiltonian for non-linear molecules based on this approach is 

( 2 5 ~ .  

and was first given in this definitive form by Watson:' to whom we refer for a detailed 
explanation of the terms. The coordinates Qk used in this Hamiltonian are usually 
chosen to be normal coordinates. The n, are the angular momentum operators for the 
system and 7re are Coriolis coupling operators. The matrix p is closely related to the 
inverse of the moment-of-inertia tensor for the problem. 

For small displacements from the equilibrium geometry, the Qk are small so that 
the re are negligible and the inertia tensor is well approximated by its value at 
equilibrium. Furthermore, since the potential has a minimum at the equilibrium 
geometry, V ( Q )  can be expanded in a Taylor series about its minimum. To second 
order this gives 

3 N - 6  

where F is the matrix of force constants. Thus for sufficiently small vibrations eqn (2.1) 
can be well approximated as the sum of rigid-rotor plus simple harmonic-oscillator 
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Hamiltonians. This is the basis of much of the qualitative experimental interpretation 
of the low-lying levels of H;. Solutions of this approximate Hamiltonian take the form 

where Q n  is a product of harmonic-oscillator functions and the (Jk) are symmetric-top 
eigenfunctions. 

Of course, a simple function like eqn (2.3) is not sufficient to yield quantitative 
results of spectroscopic accuracy even if it is regarded as a trial function for the full 
variational Hamiltonian eqn (2.1). It does, however, suggest the form that a single basis 
function might take in a linear variation calculation. It is along these lines that the early 
calculations of Carney and Porter’ were conducted and de~e loped .~ ’ -~~  Much recent 
work on J = 0 states has used this approach 

There is no doubt that this approach is capable of yielding highly accurate results 
for the low-lying vibrational states of H; and its isotopomers, as is evinced in the 
literature cited, but there are some difficulties with it in the description of higher 
vibration-rotation states. Just those states, in fact, that it seems likely are needed to 
account for the results of Carrington et al. 

It is easy to see what may go wrong when the form of eqn (2.1) is examined. For 
large-amplitude vibrations the Qk can become large and lead to a triatomic system 
becoming almost linear. In this case the instantaneous inertia tensor contains a zero 
diagonal element and p becomes singular. Furthermore, the Coriolis terms will become 
large for these large-amplitude motions. 

In some recent work on H3f,10,21y26937 an approach different from the classical Eckart 
one has been adopted. This approach allows for large-amplitude internal motions and 
vibration-rotation couplings by considering the system as an atom interacting with a 
diatom. 

It thus has a strong similarity to scattering calculations. In these coordinates the 
diatomic bond length is conventionally denoted by r, the distance of the atom from the 
diatomic centre-of-mass by R, and the angle between r and R by 8. Writing a suitable 
set of angular basis functions 

e j k  ( 0) IJk) (2.4) 
where 8,k is an associated Legendre polynomial, one can derive an effective radial 
H a m i l t ~ n i a n ~ * ~ ~ ~  

fi = k v  -k k v ~  + 6 k k f V j j t k (  R, r )  (2.5) 

where the vibration kinetic operator is 

and the vibration-rotation kinetic energy operator is 

where 

Cl’, = [ Z(Z+ 1) - k(k* l)]”’. (2.8) 

&bd and p are the reduced mass of the diatomic and the complex. For a coordinate 
system with z along R 

p l = p  andu ,=R (2.9) 



J. Tennyson and B. T. Sutclife 1155 

while if z is embedded along r 

p l = p d  and v l = r .  (2.10) 

In the above, Vaek is the electronic potential integrated over the angular coordinate. 
The use of this Hamiltonian for vibration-rotation calculations, especially for triatomics, 
has just been reviewed:' and we note the form of the Hamiltonian has recently been 
generalised to one encompassing any triatomic coordinate system composed of two 
lengths and an angle.41 

The Hamiltonian will not cease to be defined for a linear geometry and makes no 
assumption about equilibrium structure. Furthermore, the vibrational and rotational 
motions of the molecule are coupled in a sensible and physically appealing way. There 
is every reason to suppose, therefore, that a Hamiltonian of this kind can offer an 
adequate description of triatomic systems in highly excited rotations and vibrations, 
and in the following sections some example of its use will be given. 

3. Low-lying Vibration-Rotation States 

There are now many theoretical predictions of the infrared spectrum of HZ and to a 
lesser extent its isotopomers. However, the majority of these have concentrated on the 
lowest few vibrational states calculated with J = 0. Table 1 gives a summary of results. 
These results are classified according to the electronic structure calculation, fitting 
procedure and vibrational calculation. Comparison is instructive. 

The first point is that, despite the use of large basis sets and the inclusion of all 
allowed configurations in the calculation, the best electronic energy is still between 150 
and 200 cm-' higher than the absolute energy of the minimum obtained by Mentch and 
Anderson using a random-walk ca l c~ la t ion .~~  This problem is well known and means 
that any ab  initio electronic potential calculation must concentrate on obtaining accurate 
relative energies or shapes of the surface. Systematic procedures are beginning to be 
used for this, and we refer the reader to the work of Meyer et aZ.36 for an instructive 
example. 

Looking at the results of the vibrational calculation, a striking feature is the good 
measure of agreement between the calculations and experiment, with all the predicted 
transition frequencies lying within 1% of the observed ones. By this measure the least 
accurate surfaces are the augmented surface of Carney34 and the surface of Schinke et 
aZ.42 which are, respectively, too stiff and too weak in the bending coordinates. Neither 
of these surfaces is the worst in a strictly variational sense. 

Vibrational calculations on the same surface show a very good measure of agreement, 
at least for the fundamental transitions. Because of this we have not included calcula- 
t i o n ~ ~ ~ ~ ~ ~  that essentially reproduced our results" for the surface of Schinke et aZ?2 
Note, however, that the calculations of Spirko and seem to be exceptions 
to this agreement. In their calculations, deviations of up to 20 cm-' are observed from 
the results of other workers using supposedly equivalent potentials. It is not possible 
to say definitely whether this lack of agreement arises from differences in their potential 
fits or intrinsically from their choice of internal coordinates. Although in their work 
they use a conventional Eckart approach to the problem, they use an explicit set of 
curvilinear symmetry coordinates in terms of which the elements of p are expressible 
only as power series which in practice are truncated at quartic terms. 

However this may be, their stated aim is to use their method as a means of inverting 
the now extensive empirical data on HZ and its isotopomers. We would comment that 
there is a danger in doing this with an approximate procedure as the resulting potential 
will reflect the approximations and may not be like the true potential. A dramatic 
example of this pitfall was encountered recently in work on 
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Table 2. Vibrational band origins, in cm-’, for D i  calculated using the BVDH potential of Martire 
and Burton.4Q ( a )  Simple product basis, ( b )  perturbation selected basis.“ 

quantum numbers ( a )  m S 7 ,  n s 9 ,  j a 9  ( b )  N = 8 0 0  

v1 v2 I symmetry j even j odd j even j odd 

0 
1 
0 
0 
1 
2 
3 
3 
3 
1 
1 

1 1 
0 0 
2 0 
2 2 
1 1 
0 0 
0 1 
0 3 
0 3 
2 0 
2 2 

zero-point energy 

183 1.07 
2297.49 
3523.24 
3647.43 
4052.65 
4549.89 
5208.17 
5400.25 

5704.28 
5791.20 
3102.23 

183 1.07 183 1.07 183 1.07 
2297.49 
3523.23 

3647.40 3647.40 3647.40 
4052.60 4052.61 4052.60 

4549.88 
5206.7 1 5207.17 5206.7 1 

5399.28 
5470.59 5468.39 

5703.90 
5788.69 5788.71 

3 102.23 

For both bases re = 1.78ao, a, = 0.009Eh and De = 0.12 Eh for the r coordinate and Re = 1.48 
a,, me = 0.009 &, and De = 0.20 Eh for the R coordinate.” 

Table 1 shows a number of cases where different fitting procedures have been used 
to represent the same grid of electronic potential points. As discussed in the previous 
section, there are a number of difficulties in this process. Burton et ~ 1 . ~ ~  tested the effect 
of three coordinate representations, those due to D ~ n h a m , ~ ~  Simons, Parr and Finlan 
(SPF)” and Ogilvie,” before favouring fits based on an expansion in SPF coordinates. 
Schinke et al.42 used exponential damping functions and displacement coordinates, 
which are related to the Dunham coordinates by a constant. Other workers have 
transformed to Morse coordinates as their variables in a series expansion. We note that 
none of these fitting procedures is orthogonal and thus coefficients for fits differing 
only in the order of the expansion are not strictly comparable. 

A disturbing feature of table 1 is that results obtained with different fits to the same 
electronic data do not agree. Thus, for example, the agreement between theory and 
experiment for calculations based on the surface of Dykstra and Swope is good, 
reproducing all the experimental band origins to within 3 cm-’ accordir, to Carney et 
al., but their results disagree by up to 6cm-’ with those of Meyer et ~ l . , ~ ~  who used 
an alternative fit to the same surface! 

A way of demonstrating the accuracy of the final, vibrational step of the calculation 
is by showing that the variational procedure used for the calculation is converged. Table 
2 compares the lowest 12 states of D l  calculated using the scattering Hamiltonian 
discussed above, as implemented in program A T O M D I A T ~ ~  generalised for an arbitrary 
potential function.60 The energy levels recorded on the left were computed using all 
possible products of the truncated set of one-dimensional functions. Thus 8 ( m  d 7) 
and 10 ( n  9) Morse oscillator-like functions3’ were used for the r and R coordinates, 
respectively, and Legendre polynomials with j s  19 were used to carry the angular 
functions. The energy levels recorded on the right were calculated using basis functions 
selected using a first-order perturbation-theory selection technique, whereby the func- 
tions with the N lowest diagonal elements are used to build a basis. The agreement for 
the lowest levels is excellent, suggesting a high degree of convergence. For the higher 
levels the selected basis generally gives better results. 

A knowledge of the rotational structure of the molecule is probably more helpful 
than the band origins in assigning complicated asymmetric-top spectra, such as those 
encountered in the u2 and u3 bands of H2D+ and D2H+. However, few of the theoretical 
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Table 4. Vibrational ( J  = 0) energy levels for H l  in cm-' using the potential of Schinke et aZ.42 
All energies are relative to the dissociation limit of H2 + H+. ( a )  Product basis," (6) perturbation 

selection. Basis set: Morse functions of table 1, ref. (10). 

1 
5 

10 
15 
20 
25 
30 
35 
40 

-32 580.48 -32 580.50 -30 086.2 -30 086.2 
-27 622.3 -27 622.5 -25 129.2 -25 129.5 
-24 840.2 -24 840.8 -22 624.5 

-23 320.8 -21 111.3 
-21 967.9 -19 934.6 
-20 823 -19 002 
-20 050 -18 056 -18 064 
-19 265 

-18 483 -18 499 

calculations discussed above have been performed for J > 0. The comparison of rota- 
tional transition frequencies (or rotational constants if some parameterised form for the 
Hamiltonian is ) fives another test of the accuracy of the potential. Rather 
frustratingly, our experience' ,26 has shown that the best 'rotational' potential is that of 
Schinke et aZ.? which was found to be relatively poor for the vibrational properties. 
Note that while the fundamental vibrations sample the curvature of the potential near 
the minimum, the rotational constants are very sensitive to the actual location of the 
minimum. 

Of course, if theoretical rotational data are to be of help in assigning spectra, it is 
necessary to perform calculations not only for the ground but also vibrationally excited 
states of the molecule. Table 3 gives predicted rotational levels for the ground state 
and two fundamentals of D i .  The labels k and parity of j as well as the total parity 
are the labels used in our calculation. They do not allow for the full S, permutation 
symmetry of DS." Besides these, the levels of the degenerate v2 state are also charac- 
terised by G, U and s, which are the parameters used by Watson62 in his fitting procedure 
for X3 systems. All the levels have also been assigned according to irreducible representa- 
tions of D3h, which is isomorphic with S,@(E,  E") .  

The splitting between components of levels which should be degenerate is a reflection 
of the lack of symmetry adaptation of our basis. The magnitude of this splitting gives 
a guide to the degree of convergence of the calculation. We note that it was necessary 
to use associated Legendre functions with j s  17 in the basis instead of j =S 15 used for 
the hydrogen-containing isotopomers. This is a reflection of the smaller amplitude 
vibrations undergone by the heavier D l  molecules. 

4. Highly Excited States 

While the agreement between theory and experiment for the low-lying levels of H i  and 
its isotopomers can be considered broadly satisfactory and disagreements explained 
largely in terms of the fine tuning of the potential, the situation for the highly excited 
states is far less Clem. The experiments of Carrington et aZ.899 probe the potential in the 
vicinity of dissociation and it is clear that a quantum mechanical solution of the 
vibrational problem in this region would be extremely difficult. 

Previous calculations by us" failed to converge states even half-way to dissociation. 
The use of perturbative basis set selection, as discussed for D l  above, does improve 
this convergence, see table 4. However, the improvement is insufficient to suggest that 
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Table 5. Convergence of H: J = 1" rotational levels (potential as for table 4) with increasing 
vibrational basis ( Nvib). All frequencies, in cm-', are relative to the J = 0 level of the corresponding 
vibrational state. ( a )  z axis is embedded along r, eqn (2.10); ( b )  z axis embedded along R, eqn 

(2.9). 

(090) 

K = l  K = l  (2,1,0)O (2,1,0) (0,-1,l)  (0, -1 , l )  
k =  0 1 0 1 0 1 

parity of j e 0 e 0 0 e 

( a )  no Coriolis 
Nvib  = 10 

20 
50 

exactb (200) 
( b )  no Coriolis 

Nvib  = 10 
20 
50 

exactb (200) 

83.858 
64.07 1 
64.05 1 
64.048 
64.048 
83.964 
64.41 1 
64.076 
64.047 
64.047 

86.870 
64.197 
64.049 
64.046 
64.046 
86.870 
64.455 
64.08 1 
64.048 
64.048 

79.492 
27.926 
25.877 
25.847 
25.847 
90.035 
29.899 
26.168 
25.758 
25.753 

88.129 
27.685 
25.766 
25.738 
25.738 
72.138 
29.720 
26.242 
25.845 
25.845 

8 1.449 
106.687 
104.788 
104.759 
104.759 
88.129 
96.206 
93.841 
93.613 
93.612 

85.822 
95.579 
93.652 
93.622 
93.622 
85.822 

107.532 
104.979 
104.761 
104.760 

a (G, U, s),6* see table 3. Results for the fully coupled calculation given by table 6 of ref. (10). 

significant progress can be made in this fashion without a great improvement in computer 
technology. Already at energies about a third of the dissociation energy the convergence 
is sufficiently poor for degenerate pairs to be not readily identified. 

At first sight the situation concerning the calculation of fully coupled highly excited 
rotational states is equally hopeless. This is because the size of the full rovibrational 
problem is too large to be tractable. Indeed absent from table 3 are the levels with J = 4 
and even total parity because w i t h j s  17 we could no longer handle the secular matrix. 
However, the reformulation of the nuclear motion problem into two separate variational 
steps has allowed us to tackle accurately rotational states up to J = 20.37 

The basis of this separation is the initial neglect of all off -diagonal Coriolis couplings, 
i.e. terms off-diagonal in k in the Hamiltonian of eqn (2.5). The solutions of these 
calculations are then used as a basis to express the solutions of the full Hamiltonian. 
This method has two distinct advantages. First, only a fraction of the solutions from 
the first step are required to converge the rotational levels belonging to low-lying 
vibrational states. Secondly, the structure of the secular matrices obtained in the second 
variational step is such that only a small portion of it need be calculated, leading to a 
large consequent saving in computer requirements. Table 5 presents illustrative results 
of this procedure. Good convergence is obtained even though for both embeddings the 
neglect of Coriolis interactions is a poor approximation. 

There are, as yet no assigned experimental transitions for these highly excited 
rotational states, so it is too early to comment on the accuracy of these calculations. 
However, the relatively large rotational constant of a molecule such as H2D+ means 
that the manifold of states, for say J = 2 0 ,  spans several vibrational states. There is 
evidence from our calculations that as a consequence of this it is no longer possible to 
assign the parent vibrational state for many of the rotational levels.37 

5. Conclusions 
We have shown that H: and its isotopomers have proved themselves of fundamental 
importance in the interplay between theory and experiment. These electronically simple 
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species nevertheless give rise to complex rovibrational properties partially as a con- 
sequence of their lightness. In the low-energy regime, the firs! half of this decade has 
seen their spectroscopy go from being non-existent to being well recorded and reasonably 
well understood. Although there are some disagreements between ab initio calculation 
and experiment, these are small, of order 0.1 % , and directly attributable to errors either 
in the calculation of the electronic potential or its fitting to a suitable analytical function 
for use in nuclear motion calculations. Indeed the development of accurate fitting 
techniques is a priority if the results of high-accuracy electronic structure calculations 
are not to be degraded. 

For high-lying states, the main theoretical focus is still on the nuclear motion 
calculations themselves. A technique has recently been developed for the calculation 
of highly excited rotational states which shows much promise for advancing our under- 
standing here, where traditional concepts based on the harmonic oscillator and rigid-rotor 
hamiltonians are no longer useful. However, the goal of quantum-mechanical calcula- 
tions explaining the fascinating experiments of Carrington and coworkers still appears 
to be distant. 

Note added in proof: Recent observations of D l  by Watson et u Z . ~ ~  agree with the results 
of table 3 tQ within 0.3%. 
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