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A generalization of the well known atom-diatom scattering hamiltonian to 
a coordinate system of two lengths and an angle is derived, another special 
case of which is a previously known bond angle-bond length hamiltonian. 
Different axis embeddings are also considered. The formalism is applied to 
the ro-vibrational levels of D2 H+, CH~ and HDHe (A 1A') and the advan- 
tage of a judicious choice of coordinates demonstrated. The vibrational band 
origins for HDHe*, the first predictions for this system for which previous 
calculations had failed, are obtained using a new geometrically defined coor- 
dinate system. It is suggested that these coordinates might be used to rep- 
resent isotopically substituted van der Waals complexes. 

1. INTRODUCTION 

Recently there has been much interest in the ab initio calculation of the 
vibration-rotation spectra of triatomic systems as experimental interest in such 
systems has turned to those for which extremely good electronic structure calcu- 
lations are possible. Perhaps foremost amongst such systems are H~ and its 
isotopomers [1]. Naturally many of the nuclear motion calculations have been 
made using the traditional Eckart hamiltonian [2] in its quantum mechanical 
form as given by Watson [3]. However it has long been realized that this hamilto- 
nian was inappropriate for large amplitude vibrations. As attention has focused on 
higher energy regions where all vibrational motion becomes large, calculations 
have been made with using specially constructed hamiltonians which, it was 
argued, were particularly appropriate to the problem at hand. This has led to an 
increasing number  of candidate hamiltonians and complementary solution stra- 
tegies being suggested for even the relatively simple triatomic problem. 

It is of course a relatively straightforward and well understood matter to 
compare and to evaluate the results of different calculations using the same hamil- 
toniap but it is a much more vexed matter to compare calculations using different 
hamiltonians. In particular, although one knows that one's choice of coordinates, 
embedding and consequent hamiltonian should be determined by the potential of 
the problem [4], the best choice is rarely obvious a priori.  
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In a series of papers [5-10] we have developed and applied a solution strategy 
based upon the use of body-fixed scattering coordinates. This method has proved 
sufficiently robust to give reliable results for problems for which these coordi- 
nates cannot be thought of natural (e.g. [8]). Meanwhile other workers have 
developed similar procedures based upon the use of different coordinates, for 
example the bond length-bond angle approach of Carter and Handy [11-14]. 
This proliferation of hamiltonians and methods is understandable but not desir- 
able particularly when one considers polyatomic systems for which the number  of 
plausible coordinate systems increases alarmingly. 

The  object of the present paper is to show how the two hamiltonians men- 
tioned above can be simply related to each other as special cases of a continuum of 
hamiltonians expressed in terms of two lengths and an included angle. We show 
that the choice of hamiltonian can be reduced to the definition of a single param- 
eter to define the coordinate system and another to define the embedding of the 
axes. These parameters can be part of the data input for a generalized computer 
program. We also discuss the way in which a third well-known hamiltonian might 
also be related to these two. We present the results of calculations on several 
systems using the various hamiltonians, including another special case, a geo- 
metrically defined hamiltonian that has not previously been suggested, in order to 
show how a comparison and evaluation of them can be effected. 

2.  T H E  C O N S T R U C T I O N  OF T H E  H A M I L T O N I A N S  

A rather general method for the construction of hamiltonians in body-fixed 
coordinates has recently been described [15]. In this method a set of translation- 
free internal coordinates t i are first constructed in terms of the laboratory fixed 
coordinates x i such that 

N 

t i =  ~ x j V ~ i ,  i = l , 2 , . . . , N - - 1 ;  
j=l (1) 

or t = xV, 

where N is the total number  of particles and the elements of V are chosen such 
that 

b/ 

V 0 = 0  a l l j = l , 2  . . . . .  N - 1  (2) 
i=1 

to ensure the invariance of the tl under uniform translations. In terms of these 
coordinates the translation-free part of the kinetic energy operator can be written 
a s  

1 N - 1  

= - - -  ~ G0 .V( t l )  . V(t~) (3)  
/~ 2 i,j=l 

where V(ti) is the usual grad operator expressed in the variables t i and where the 
matrix G has elements 

N 

(~0 = ~ m~ a Vi  i Ilk i (4) 
k = l  
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in wh ich  the  m k are the  par t i c le  masses .  
T h e  t r ans l a t i on - f r ee  in te rna l  coo rd ina t e s  are now t r a n s f o r m e d  b y  an o r t h o g -  

onal  t r a n s f o r m a t i o n  C so tha t  

t i = C z  i (5) 

and  a m o n g  the  z i the re  are th ree  re la t ions  

fm(Z 1 , z  2 , . . . , z N _  1 ) = 0 ,  m = 1 , 2 , 3  (6) 

tha t  def ine the  way  in wh ich  the  coo rd ina t e  f r ame  is f ixed in the  sys tem.  T h e  
ma t r i x  C is p a r a m e t e r i z i b l e  in t e r m s  of  th ree  Eu le r  angles  (cr fl, 7) and  the  c oo rd i -  
nates  z i are expres s ib l e  in t e r m s  of  3 N  -- 6 i n d e p e n d e n t  ro t a t i on -  and  t r ans l a t i on -  
free in te rna l  coord ina tes ,  qk. T h e  b o d y - f i x e d  h a m i l t o n i a n  can then  be  w r i t t e n  in 
t e rms  of  the  angu la r  m o m e n t u m  ope ra to r s  ( involv ing  at, fl, y) and  of  ope ra to r s  and  
func t ions  of  the  qk. Prec i se ly  how this  is to be  done  is ou t l i ned  in [-15] and  shown 
in some deta i l  for a pa r t i cu l a r  choice  of  t r i a t omic  coord ina te s  in [-5] so tha t  
a lgebra ic  de ta i l  wil l  no t  be  g iven  in the  p r e sen t  paper .  

C o n s i d e r  now a t r ans l a t i on - f r ee  set of  coo rd ina t e s  such  tha t  t 1 is the  b o n d  
l eng th  vec to r  f rom par t i c le  2 to pa r t i c l e  3 and t 2 is a p r o p e r  c o m b i n a t i o n  o f  all 
th ree  l a b o r a t o r y - f i x e d  coord ina tes .  T h u s  the  fo rm of  V is 

V = - - 1  , 0 ~ < g ~ < l .  (7) 

1 g 

A m o n g  the  t r ans l a t i on - f r ee  coord ina t e  sets  tha t  have such  a fo rm is one in wh ich  
t 2 is the  b o n d  l eng th  vec to r  f rom par t i c le  2 to par t i c le  1, o b t a i n e d  by  se t t ing  
g = 1. Also  poss ib le  is the  col l i s ion  or  sca t te r ing  coord ina t e  set in which  t 2 is the  
vec tor  f rom the  c e n t r e - o f - m a s s  of  the  d i a tomic  2-3 to par t ic le  1. F o r  this  case 

g = ~/2 m d  1, m d =  ~/2 "}- ~/3" (8)  

T h e  G m a t r i x  gene ra t ed  b y  V as given in equa t ion  (7) has e l emen t s  

G l l  = #~1  = m 2  1 + m3  1, } 
! 

G12 #'(21 = g ( m 2 i  + m f l )  - m a l '  t (9) 
| 

G22 #21 = m1-1 + g2m21 + (1 - - g ) 2 m a l . ]  

A sui tab le  set of  in te rna l  coo rd ina t e s  in th is  a p p r o a c h  is r l ,  the  l eng th  of  t l ;  
r2,  the  length  of  t2 and  0, the  angle  be tween  t l  and  t2.  T h e  m a t r i x  C m a y  be  
def ined  b y  choos ing  it so tha t  the  e m b e d d e d  z -ax is  lies e i ther  a long t l  o r  t2 and  
the r e m a i n i n g  coo rd ina t e  has  a range  of  keep it in the  pos i t ive  x half  of  the  x z  
plane ,  w i th  the  add i t i ona l  r e q u i r e m e n t  tha t  the  t h ree  b o d y - f i x e d  axes fo rm a 
r i g h t - h a n d e d  set. T h u s  if the  coo rd ina t e  chosen  to define the  z -ax is  is d e n o t e d  by  
a and  the  o the r  coo rd ina t e  by  b then  

CTa = a , CTb - - b  0 , (1 0) 

cos 

where  a is e i the r  r 1 or  r 2 and  b is e i the r  r 2 or  r 1 acco rd ing  to the  e m b e d d i n g  
chosen.  W h i c h  of  these  e m b e d d i n g s  is used  is u n i m p o r t a n t  in a full  ca lcula t ion ,  
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but  will be important  if approximations,  such as the neglect of off-diagonal 
Coriolis interactions are to be made [7]. 

I t  is now possible to write down the hamiltonian for the system in terms of the 
angular m o m e n t u m  operators,  and operators and functions involving only the 
internal coordinates by following the prescript ion given in [15] and illustrated in 
[5]. As explained in [15], the angular m o m e n t u m  operators can then be elimi- 
nated f rom the expression. This  is done by  allowing the operator  to act on a 
manifold of functions which are products  of functions of the internal coordinates 
and standard angular m o m e n t u m  eigenfunctions and then integrating over the 
angular variables. Because the energy does not depend upon the projection, M,  of 
the total angular m o m e n t u m ,  J,  along the space-fixed z-axis, it is sufficient 
s imply to consider the projection, k, of J along the body-fixed z-axis. Of  course k 
is not in general a good quan tum num ber  and the resulting operator consists of 
2J  + 1 coupled terms, the kinetic energy part  of which can be written as 

g: + (11) 

with 

T 0r---~ + sin-----0 00 sin 0 

+ - -  r 2 + - -  - -  sin 0 (12) 
/22 r~ ~ sin 0 O0 ' 

/~v2, h2 [ c32 c o s 0 (  1 ~ ~0)  
= - c o s  0 + - -  0 00 /212 ~ rlr2 s i T - -  sin 0 

+ s i n 0 ( 1  ~ 1 ~ 1 ) ~ 0 ]  
~r2 + - - - - +  r 2 ~ r  I r l r  2 

I~(VlR = (~k'k h2 (J(J  + 1 ) -- 2k 2) : o( , , _  
+ T c~ ~ + /22 r2 "12 r 1 r2./ 

) + 6k,k+l 2#xr 2 Cfk -- + k cot O 

(13) 

+ 3k,k_ 1 2#1r ~ Cfk + k cot 0 , (14) 

- 2) - -  Cfk cos 0 -- k cot 0 + r 2 ~ r  2 -- k sin 0 
~(~[R = (~k'k + l 2/212 r l r 2 

"~- b k , k _  1 - -  Cjk --COS 0 + k cot 0 + r2 ~3r---~ + k sin 0 . (15) 
2/212 rlr2 

The  form given above is appropriate  for the z-axis embedded  along t 1. The  
embedding along t 2 is obtained s imply by making the exchanges r 1 ~-*r 2 and 
/21 *-~/22. In using the operator  in this form any integral over the internal coordi- 
nates mus t  be performed with the volume element 2 2 sin 0 dr 1 dr 2 dO. The  f i r 2  
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range of r i is (0, oo) and that of 0 (0, 7r). The coefficients Cfk are the usual step up 
and down coefficients 

Cfk = (J(J  + 1) -- k(k -b 1)) 1/2. (16) 

It is easily seen that if the scattering coordinates are used then #[21 vanishes and 
/s reduces to the standard form often used in describing a tom-diatom collisions 
(e.g. [-5]). I f  the bond length-bond angle embedding is used so that r 1 is the 2-3 
bond, r 2 the 2-1 bond and the z-axis is placed along tx then 

#t = m 3  x + m 2 1 ,  ] 2 2 = m [  x + m r  1, P ~ 2 = m 2 1  (17) 

and the hamiltonian reduces to the form attributed to Hagstrom and Lai [-16] (see 
also [-4] and [,17]). Clearly other forms are possible too, for example one in which 
g is chosen as �89 so placing the origin for particle 1 at the geometric centre of the 
diatomic 2-3. In this case (with the z-axis along tl) 

m-X = m i x  -1 - -mr  1) (18) ]21 = m21 + 3 , ]22 + �88 + m3 ), ]212 ----- ~(m21 

and naturally this coordinate system is identical with the scattering coordinates in 
the case of a homonuclear diatomic 2-3. 

The given form of the kinetic energy operator is often called the ' n o n -  
hermitian ' form but this is a somewhat misleading appelation. It must be remem- 
bered that hermiticity is defined only with respect to a specified manifold of 
functions and in terms of integration between products of such functions, given 
that the effect of the operator on a function is to produce another function that is 
also in the manifold. If  a suitable manifold is chosen and the jacobian in the 
volume element for integration is properly included then it is easy to show that a 
given operator is hermitian. The  choice of a suitable manifold is a matter of some 
delicacy in the present case, for inspection of the operator indicates that unless 
the functions are rather carefully chosen then divergent integrals could be 
encountered arising from terms in r f  2 as ri---~ 0 and those in cosec 2 0 as 0-* 0 or 
zr. Certainly the operator could not be hermitian on any manifold that permitted 
such behaviour. It is easy to accomplish what is necessary to avoid the possible 
difficulties with the radial variables because the singularity is of no higher order 
than that which occurs in the central field problem after the angular motion is 
separated off. Thus  a suitable manifold of radial functions can be constructed 
from products of central field functions with the form r ;Xr210( r l ,  r2, 0), to 
require that (I) is normalizable using the volume element dr 1 dr 2 sin 0 dO and to 
re-write the kinetic energy operator so that (I) is a suitable trial function. This 
process corresponds to incorporating the radial part of the jacobian into the 
operator (in the manner described, for example, by Kemble [,18]): The resulting 
operator is often said to be in ' hermitian fo rm ' .  This form is given below for the 
present operator. 

The problem with 0 is a little more difficult to deal with. To  describe what is 
to be done it is convenient to imagine that each of the standard angular- 
momentum functions, DSk(0~, fl, 7) [-19], which are used above in the derivation of 
(11) are supplemented for any chosen J, k by a standard associated Legendre 
function Ojk(O ) as defined by Condon and Shortley [-20]. Clearly, the maximum 
value of [ k [ is J, and j must  be such that it admits the chosen k. The  manifold of 
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funct ions  on which the original  hami l ton ian  opera tes  m a y  be t hough t  of  as con-  
sist ing of the p roduc t s  

rl l r f  t s DSk(O~, fl, (19) - q/=,kj(rl, r2) Ojk(O) ~). 

I f  the integrals  over  the angula r  var iables  that  lead to equat ions  (12)-(15) are 
now ex tended  to involve in tegra t ion over  0, it is seen tha t  each of  the t e rms  i n / ~ v  1) 
a n d / ~ v  z) that  involve der ivat ives  of  0 give rise to t e rms  in k z cosec 2 0 that  exact ly 
cancel the t e r m  in k 2 cosec 2 0 in /~VlR ). T h u s ,  p rov id ing  that  the mani fo ld  consists  
of  func t ions  like (19), there  is no possibi l i ty  of  d ivergence  and the opera to r  is 
he rmi t i an  on such a manifold .  Choos ing  the radial  funct ions  as in (19) or, equiva-  
lently incorpora t ing  the radial pa r t  of  the jacobian  into the opera tor ,  and inte-  
gra t ing  over  all the angular  var iables  leads to an effective opera to r  which  works  
only on func t ions  of  the radial variables.  T h i s  opera tor ,  which  is mani fes t ly  
he rmi t i an ,  has the fo rm:  

r __ h2 ~2  __ ?,/2 ~2 

/~v2 ) h 2 ( ~ r l  ( j  + 1) .~( .  c1 - - -  - -  d j ~ b i ' j + l  6k'k 
I . l l2 rl }k&2 

- -  - -  d j _  1 k (~ j ' j -  * 6k'k + 7 
/ ' /12 

+ - - f j ( j  + 1) + , (20) 

(j r2+ 1)) 

+ J ) ,  (21) 

ltl 2 

I~v~)R = 6t,t/Jj,~ 2 / x , r  2 (J (J  + 1) - 2 k  2) 

~ 2  

- 6j,j ~ (6,,,+ lc;, cjl + 6,,,_,ci, cj;), 

^ 2) I ~ R  = 6k,k+l~j,j+l 2/'/12 C f  k aj__kk ( j  + 1) C3 
r 1 r 2 

-~- (~k'k + l(~j ' j-1 2#1----22 Cfk - -  + 
r l  

O O~k,k_lr a i -k  .(j + 1) c9 + 
r i r 2 UT 

~t_ 6 k , k  _ l ( ~ j , j  - 1 2#1---~2 C f k  -~- " 
r 1 

(22) 

(23) 

In  the above,  the  e m b e d d i n g  is for  z a long t 1 and  the  auxi l iary quant i t ies  are 
def ined as follows 

djk = [ ( j  + k -- 1)(j  + k + 1)/(23' + 1)(2j + 3)] 1/2, 

ask = [ ( j  + k + 1)(j  + k + 2)/(23' + 1)(2j + 3)] 1/2, 

b~k = [ ( j  -- k ) ( j  - k -- 1)/(4j 2 - 1)] 1/2 

which  are special cases of  C l e b s c h - G o r d a n  coefficients.  

(24) 

(25) 

(26) 
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^ 2)  If  scattering coordinates are used then #i-~ vanishes. /~v 2) and /~R are thus 
absent from the kinetic energy operator and it reduces to the form used by the 
authors in some of their previous work (e.g. [-7, 8]). 

It can be seen from the form of the kinetic energy operator given above that it 
would be possible to take matrix elements once and for all over a given set of 
radial functions. These matrix elements could then be combined at will with the 
appropriate mass factors to give full elements for a problem with any choice of 
internal coordinates and embedding of the axes. This formal possibility is, unfor- 
tunately, of little practical consequence because, as detailed in the next section, 
the potential appears to be different with each of the internal coordinate choices. 
This apparent difference determines the details of an opt imum expansion func- 
tion choice and thus in practice the radial matrix elements must be calculated 
afresh for each choice. However, the actual computer code necessary to evaluate 
these matrix elements is not dependent on these details provided that the same 
type of radial functions are used in each case. This means, as asserted in the 
introduction, that a single program can be used for a~l cases with the choice of 
coordinates and embedding simply being signalled as part of the input data. 

3. MATRIX ELEMENTS 

Two considerations need to be addressed in the calculation of matrix ele- 
ments. Firstly, in w we integrated the kinetic energy operator over all angular 
coordinates, but did not consider the potential. Secondly, for an actual calculation 
is it necessary to solve for the radial coordinates. We choose to do this by defining 
radial basis functions and thus need to compute the resulting radial matrix ele- 
ments. This procedure implies the construction and diagonalization of a secular 
matrix and is fully variational. 

The electronic potential is purely a function of the internal coordinates, 
V(rx, r2,0).  If  this potential is expressed as a Legendre expansion in cos 0, 

V(rl, rz, O) = ~ V:~(rl, r2)P:~(cos O) (27) 
;t 

matrix elements over the potential for the angular basis functions defined above 
can be computed analytically 

0 0 0 ] \ - k  0 ' 

(28) 

where the integral is over all the angular coordinates and the 3 - j  symbols in the 
Gaunt  coefficient are conventional [,19]. In the a tom-diatom scattering coordi- 
nates the potential is often given in a Legendre expansion, but this is unlikely to 
be generally the case. However Gauss-Legendre  integration has been used suc- 
cessfully to express a general potential function in the form of equation (27) 
[-7, 8]. This procedure, which has been shown to have distinct computational 
advantages [-21], is equally applicable to the generalized coordinates considered 
here. 

In previous work it has not generally been found necessary to use radial 
functions in (19) that depend explicitly on J, j and k (for an exception see [7]) and 
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it has proved sufficient to express them as sums of products  of one-variable radial 
functions. Of  the various radial functions that have been tested in previous calcu- 
lations [5-10],  the Morse oscillator-like functions [5] have proved the most  
durable as they are both flexible and computat ionally tractable in mult i-  
dimensional calculations. T h e  normalized Morse oscillator-like functions are 
given by 

/~l/2N t [ n )  = Hn(r  ) = r _.., ~ exp ( - -y /2)y  (~+ x)/2L~(y),  

y = A exp [ - - f l ( r  --  re)], 
(29) 

where 

4D e {" /.t "~1/2 
A = fl , fl = coe~.~-~ J , a = Integer(A) (30) 

and the parameters  re,  o9 e and D e can be associated with the equil ibrium separa- 
tion, fundamental  frequency and dissociation energy of the coordinate respec- 
tively. In practice they are usually treated as variational parameters  and optimized 
accordingly [10]. N,, ~L~ is a normalized Laguerre  polynomial  [22]. 

T h e  kinetic energy operator derived in w 2 contains four radial operators,  two 
of which arise in the scattering coordinate calculation considered previously, r - 2  
and 02/ar  2, and two of which are new, r -1  and a/Or. Using the technique given 
[5] (in which it is assumed that the range of y is (0, oo)) it is possible to derive 
analytic closed forms for matrix elements of the differential operators 

~2 j~l/2 
(n ' l  7 r  2 in)  = - T -  (,~.,.EZn(o~ + n + 1) + o~ + 1] '12 

- -  6 , , , , , _ 2 [ ( ~  + n)(o~ + n - -  1 ) n ( n  - 1 ) ]  1/2 

-- (~n,n+2[(O~ --['- n -,}- 2)(o~ + n + 1)(n + 2)(n + 1)] 1/1) (31) 

,9 ,o 
<n'l ~ In> = ~ (6,,,,,+ X(n  -- 1)(o~ + n - 1 ) ]  1 /2  

- -  6 . , , , _ 1 [ ( n  - -  2 ) ( a  + n - -  2 ) ] 1 / 2 ) .  (32) 

The re  is no simple closed form for the matrix elements of r -  1, but  these integrals 
are easily evaluated using Gauss -Laguer re  integration as has been done for the 
operator  r -2  previously [5]. Integrat ion over the radial coordinates in the poten- 
tial can be performed in an analogous fashion. 

4. SYMMETRY 

In ro-vibrational calculations it is desirable to make the greatest possible use 
of symmetry ,  for this simplifies both the calculation and the interpretation of 
results. In two special cases of the generalized hamiltonian, scattering coordi- 
nates, equation (8) and bond length-bond angle coordinate, equation (17), there is 
the possibility that the basis set can be symmetr ized to account for A B  2 systems. 
Additionally the angular basis may also be symmetr ized to take account of the 
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total parity of a given ro-vibrational state. This  is achieved by transforming the 
angular functions to 

Ij, k , p ) = 2 - 1 / 2 [ l j ,  k ) + ( - 1 ) P [ j ,  -k)]X/2  , k > O ,  p = O , l , ~  
(33) 

= lj ,  k ) ,  k = O ,  p O, 

where I J, k )  = Ojk DJMk is the full angular function described in w 2 above. Th e  
total parity of the state is given by (--1) J+p. Th e  matrix elements in the sym- 
metrized angular basis are 

( j ' ,  k', p ' ] I~l j ,  k , p )  = ~ f p f ( k ' ,  k) ( j ' ,  k '[I~lj ,  k ) ,  (34) 

where 

f ( k ' , k ) = l ,  k ' , k > 0  or k ' = k = 0 ,  
(35) 

= 2  t/2, k ' = 0 ,  k > 0  or k ' > 0 ,  k = 0 .  

In scattering coordinates, the symmetrization for an A B  2 system is well known 
[10] and simple, as the basis splits between associated Legendre functions with j 
even and j odd. In the bond length-bond angle case this symmetry is carried by 
the interchange of the radial coordinates. As we have so far assumed a simple 
product  basis for the radial functions 

J U~m,kj(r 1, r2) = ]m, n)  = Hm(rl)Hn(rz), (36) 

it is necessary to symmetry adapt the basis in this case. This  can be achieved by 
the transformation 

[m, n, q)  = 2-1/2[Hm(rl)Hn(r2) + (--1)qH,(rl)Hm(r2)], m ~ n, q = 0, 1,~ (37) 

= H,,(rl)H,(r2), m = n, q O, ) 
where it has been assumed that the same basis sets have been used for both radial 
coordinates. With these symmetrized functions it is easy to show that the matrix 
elements have the form 

(m', n', q ' l /~lm,  n, q) = 6r + 6m,,)-1/2(1 + bin,,,,) -a/2 

• [(m', n ' l I~lm,  n)  + (--1)~(m ', n ' [RIn ,  m)],  (38) 

provided that 

/~(r,, r2) = /~ ( r2 ,  rl). (39) 

F o r / ~ v  this condition is satisfied, but  for/~vR it is not. As/~VR is null for J = 0, 
this means that with the present formalism this symmetrization can only be 
achieved for the rotational ground state (pure vibrational states). Physically this 
situation arises because, while there is nothing inherently asymmetric about the 
coordinate system, there is about the embedding of the body-fixed z-axis along 
one of the bonds. 

A symmetric embedding can be achieved by choosing the body-fixed axis to 
lie along the bisector of the internal angle, 0. This  was the proposal made by 
Carter et al. [12, 13] following Bhatia and Temkin  [23]. Not  surprisingly this 
leads to kinetic energy operators which are identical with gt~) ) and K~v 2) ((12) and 
(13)) but to distinctly different forms for the KvR terms (14) and (15), whose 
treatment requires somewhat different considerations from those used above. The  
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te rms  are such that  we have not  so far been  able to show the analyt ic  cancel la t ion 
of potent ia l ly  d ivergent  terms.  In  consequence ,  the hami l ton ian  in such a form 
cannot  easily be incorpora ted  into the present  scheme and  more  detai led cons ider -  
at ion of it is deferred un t i l  a later publ ica t ion .  We  note,  however,  that  numer ica l  

work wi th  these kinet ic  energy te rms  would  seem to indicate  that  they cause no 
t rouble  [12, 13]. 

5. SPECIMEN CALCULATIONS 

In  order  to test the theory given above we pe r fo rmed  trial calculat ions  on 
three molecu la r  systems for which  calculat ions  in scat ter ing coordinates  had been  
previous ly  a t tempted .  Results  for the molecules  D 2H  +, C H f  and  H D H e *  are 
given in tables 1 to 3 respectively.  In  these tables,  the energy  of the rotat ional  and  
v ibra t iona l  g r o u n d  states are given relative to dissociat ion and  the v ibra t ional  
b a n d  origins are given relative to the (0, 0, 0) level. In  table 1 the rotat ional  
f requencies  are relative to the J = 0 level with the same v ibra t iona l  q u a n t u m  

n u m b e r s .  T h e  calculat ions were pe r fo rmed  wi th  p rog ram T R I A T O M  [24],  a 
general iza t ion of A T O M D I A T / A T O M D I A T 2  [9]. 

C o l u m n  (a) of table 1 reproduces  a scat ter ing coordina te  calculat ion f rom table 
6 of [25].  T h e  potent ia l  used was Mar t i re  and B u r t o n ' s  B V D H  potent ia l  [26].  

C o l u m n  (b) is for a coordinate  system for which  r I was the H D  separat ion and  
r 2 l inked the geometr ic  m i d p o i n t  of H D  with the other  D atom. T h i s  coordinate  
system is no t  a sensible choice as the calculat ion does no t  take advantage  of the 
p e r m u t a t i o n  s y m m e t r y  of the like D nuclei .  However ,  it gives a numer i ca l  test of 
our  general ized hami l ton ian .  T h e  energies ob ta ined  f rom this calculat ion are in 

good agreement  wi th  those given in c o l u m n  (a) a l though,  since the calculat ions  
are variat ional ,  they are inferior.  T h i s  is to be expected as the coordinates  are 

Table 1. Energy levels of D2H +, in cm -1, for calculations using (a) scattering coordi- 
nates, equation (8), (b) midpoint coordinates, equation (18) with H - D  as the 
diatomic and (c) DHD § bond length-bond angle coordinates, equation (17). The 
maximum number of basis functions used in each coordinate is shown for compari- 
son. 

Wavenumbers/cm- 1 

(v 1, v2, v3) J k (a) (b) (c)f 

0 0 0 

0 1 0 

0 0 1 

0 --71477"482 --71477.371 --71477"385 
1 0 e 49"151 49.140 
1 1 e 34"820 34.829 

0 1964"943 1964-849 1965" 104 
1 0 e 45 "886 46.067 
1 1 e 30'344 30.477 

0 2075"080 2076-167 2077-053 
1 0 e 50'191 50.132 
1 I e 40.290 40.023 

j ~  14 14 28 
m ~x 4 4 4 
n max 4 4 4 

I- Basis functions parameters: r e = 1-89a0, co e = 0-0116Eu, D e = 0.115E h . 
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Table  2. Vibrational  band origins of C H ~ ,  in cm-1 ,  calculated using (a) scattering coor- 
dinates, equat ion (8) and (b) H C H  + bond l eng th -bond  angle coordinates, equat ion 
(17). T h e  max imum number  of basis functions used in each coordinate is shown for 
comparison.  

W a v e n u m b e r s / c m -  1 

(v 1, v 2 , v3) j~" (a) (b)~ 

0 0 0 e -70400"48  -70400"61 
0 2 0 e 718-6 718-4 
0 4 0 e 1612'1 1611.4 
0 6 0 e 2774.7 2772"7 
1 0 0 e 2999.0 2998.9 
0 0 1 o 3271-5 3270'7 
0 8 0 e 3680"5 3678.6 
0 2 1 o 3969.1 3966"9 

jmax 17 14 
m max 7 4 
n max 5 4 

Parity with respect to interchange of the H atoms : e = even, o = odd. 
Basis functions parameters:  r e = 2-18a0, co e = 0.014Eh, D e = 0 '25E h. 

Tab le  3. Vibrational band origins for the two isomers of H e H D ( A  :A') ,  in c m - 1 ,  for a 
calculation using dia tom midpoin t  coordinates, equat ion (18). (a) short H e - D ,  long 
H e - H  isomer and (b) short H e - H ,  long H e - D  isomer. Basis set parameters for r l :  
r e = 4"245a0, co e = 0"007Eu, D e = 0-4Eh; for r2: r e = 2'0a0, cO e = 0"004Eh, D e = 
0"02E h. Co lumn (c) shows the corresponding levels of HeH2(A 1A') 1-30] for com- 
parison. The  absolute m i n i m u m  in the potential  is - 1 2 , 7 5 6  cm-1 .  

W a v e n u m b e r s / c m -  1 

(v 1, v 2 , va) (a) (b) (c) 

0 0 0 - 9 9 7 8 - 4  - 9 5 5 9 . 9  - 9 3 9 4 - 4  
0 1 0 1116 920 1162 
0 0 1 1253 1361 1438 
0 2 0 2207 1825 2292 
0 1 1 2339 2282 2575 
0 0 2 2503 2657 2814 
1 0 0 3035 3869 
0 3 0 3300 2724 3410 

j~'~ 34 33 
m max 4 5 

n max 4 5 

n o n - o p t i m a l  a n d  we  d i d  n o t  spec i f i ca l ly  o p t i m i z e  t h e  rad ia l  bas is  set  fo r  th is  case,  

b u t  u s e d  f u n c t i o n s  o p t i m i z e d  p r e v i o u s l y  [1]  fo r  t h e  D ~  ion.  

C o l u m n  (c) g ives  r e su l t s  o b t a i n e d  u s i n g  t h e  b o n d  l e n g t h - b o n d  ang l e  c o o r d i -  

n a t e  s y s t e m ,  b u t  o n l y  fo r  t h e  v i b r a t i o n a l  b a n d  o r i g i n s  b e c a u s e  o f  t h e  d i f f i c u l t y  

w i t h  s y m m e t r i z a t i o n  in th is  c o o r d i n a t e  s y s t e m .  A g a i n  t h e  r e su l t s  a re  in g o o d  

a g r e e m e n t  w i th ,  b u t  v a r i a t i o n a l l y  i n f e r i o r  to,  t h e  s c a t t e r i n g  c o o r d i n a t e  c a l c u l a t i o n  

o f  c o l u m n  (a). F u r t h e r m o r e ,  w h i l e  t h e  c a l c u l a t i o n s  o f  c o l u m n s  (a) a n d  (b) u s e d  

t h e  s a m e  n u m b e r  o f  bas is  f u n c t i o n s ,  i t  was  n e c e s s a r y  to u se  t w i c e  as m a n y  a n g u l a r  

f u n c t i o n s  to  o b t a i n  r e a s o n a b l e  c o n v e r g e n c e  in th i s  c o o r d i n a t e  r e p r e s e n t a t i o n .  
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The  scattering coordinate calculation on CH~- given in column (a) of table 2 is 
taken from table 6 of [8] which used Carter and Handy 's  [-27] representation of 
the potential of Bartholomae et al. [28]. By contrast, the bond length-bond angle 
coordinate calculation of column (b), which gives results variationally superior to 
column (a), used a basis set less than half as big as the one used for the scattering 
coordinate calculation. 

Table 3 gives results for a vibrational calculation on the first electronically 
excited state of HDHe .  Although the electronic ground state of H2He shows only 
a weak Van der Waals minimum, the electronically excited state shows a deep 
minimum for a highly asymmetric, bent geometry where the He is much closer to 
one H [29]. Previous ro-vibrational calculations on H/He*  showed small split- 
tings between the two symmetry related minima due to tunnelling [30], but failed 
for H D H e *  because of the difficulty of obtaining a suitable radial basis set which 
gave a good representation of both minima simultaneously [31]. The  previous 
calculations used scattering coordinates, but test calculations by us using bond 
length-bond angle coordinates failed for the same reason. We note that the vibra- 
tional assignments given in table 3 must  be regarded as tentative, but are sup- 
ported by scattering-coordinate calculations which only stabilized states for one 
minimum. 

6. DISCUSSION AND CONCLUSION 

The  three sets of calculations presented in the previous section provide a 
useful insight into the behaviour of our hamiltonian in different coordinate 
systems. For D2H + the scattering coordinate calculation proved easily the most 
efficient of those tested. D2H + is a highly bent molecule with a bond angle of 60 ~ 
In contrast CH~ is quasi-linear and was represented much more efficiently in the 
bond length-bond angle coordinates. This behaviour was noted by Carter and 
Handy [11] who found that their methodology was more suited to (near) linear 
molecules than strongly bent ones. 

The calculations on HDHe*  demonstrate the usefulness of our hamiltonian 
for a problem where other procedures fail. Of course, one could perform separate 
calculations for each min imum using an Eckart hamiltonian but that would mean 
neglecting the tunnelling interaction of the states from the two minima. 

The  coordinates system in which r: measures the distance of He from the H D  
geometric midpoint does not suffer from this problem as the two minima have the 
same (rl, r2) coordinates. We were thus able to stabilize vibrational levels for the 
molecules with a short H e - D  bond and a long H e - H  bond (the more stable 
isomer) and a short H e - H  bond and a long H e - D  bond simultaneously. Physi- 
cally, the isotopic substitution leaves the potential unaltered, but creates extra 
off-diagonal elements in the kinetic energy operator. Our calculation recognizes 
this by not transforming to a new set of coordinates which breaks the symmetry 
of the potential. 

A situation where this commonly arises is for the van der Waals complexes 
formed between homonuclear diatomics (e.g. H2) and rare gas atoms. The  poten- 
tials of these systems are usually represented as Legendre expansions. We suggest 
that use of our  hamiltonian in diatomic midpoint  coordinates would provide more 
insight into the behaviour of such complexes upon asymmetric isotopic substitu- 
tion than does the usual procedure [-32] of transforming the potential. 
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T h e  strength of the Coriolis forces in a system is an artifact of the coordinate 
choice and the embedding  of the axes in the internal coordinate frame. I t  is 
desirable to minimize these Coriolis interactions as this can lead to useful simpli- 
fications. Indeed this is the basis of the second Eckart  condition I-2]. In deriving 
our generalized hamiltonian we have allowed for some flexibility in the choice of 
embedding  as this allows one to choose the appropriate  body-fixed axes for a 
particular problem. This  is particularly important  if there is a parti t ioning 
between the vibrational and rotational steps in the calculation 1-33]. 

In  summary  we have derived a hamiltonian expressed in terms of a gener- 
alized internal coordinate system and with options about the embedding used. 
Th i s  hamiltonian is a unification of several hamiltonians which have previously 
found favour. By performing test calculations on three triatomic problems of 
interest we show how the choice of coordinates strongly effects the effort involved 
in obtaining resu l t s - -or  even the possibility of doing so. T h e  methodology we 
have developed, which gives one flexibility in choosing the appropriate  coordi- 
nates, has been implemented  as general computer  p rogram which will be 
published 1-24]. 
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