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A generalization of the well known atom-diatom scattering hamiltonian to
a coordinate system of two lengths and an angle is derived, another special
case of which is a previously known bond angle-bond length hamiltonian.
Different axis embeddings are also considered. The formalism is applied to
the ro-vibrational levels of D,H", CHS and HDHe (4 '4’) and the advan-
tage of a judicious choice of coordinates demonstrated. The vibrational band
origins for HDHe*, the first predictions for this system for which previous
calculations had failed, are obtained using a new geometrically defined coor-
dinate system. It is suggested that these coordinates might be used to rep-
resent isotopically substituted van der Waals complexes.

1. INTRODUCTION

Recently there has been much interest in the ab initio calculation of the
vibration—rotation spectra of triatomic systems as experimental interest in such
systems has turned to those for which extremely good electronic structure calcu-
lations are possible. Perhaps foremost amongst such systems are Hi and its
isotopomers [1]. Naturally many of the nuclear motion calculations have been
made using the traditional Eckart hamiltonian [2] in its quantum mechanical
form as given by Watson [3]. However it has long been realized that this hamilto-
nian was inappropriate for large amplitude vibrations. As attention has focused on
higher energy regions where all vibrational motion becomes large, calculations
have been made with using specially constructed hamiltonians which, it was
argued, were particularly appropriate to the problem at hand. This has led to an
increasing number of candidate hamiltonians and complementary solution stra-
tegies being suggested for even the relatively simple triatomic problem.

It is of course a relatively straightforward and well understood matter to
compare and to evaluate the results of different calculations using the same hamil-
toniap but it is a much more vexed matter to compare calculations using different
hamiltonians. In particular, although one knows that one’s choice of coordinates,
embedding and consequent hamiltonian should be determined by the potential of
the problem [4], the best choice is rarely obvious a priori.
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In a series of papers [5-10] we have developed and applied a solution strategy
based upon the use of body-fixed scattering coordinates. This method has proved
sufficiently robust to give reliable results for problems for which these coordi-
nates cannot be thought of natural (e.g. [8]). Meanwhile other workers have
developed similar procedures based upon the use of different coordinates, for
example the bond length-bond angle approach of Carter and Handy [11-14].
This proliferation of hamiltonians and methods is understandable but not desir-
able particularly when one considers polyatomic systems for which the number of
plausible coordinate systems increases alarmingly.

The object of the present paper is to show how the two hamiltonians men-
tioned above can be simply related to each other as special cases of a continuum of
hamiltonians expressed in terms of two lengths and an included angle. We show
that the choice of hamiltonian can be reduced to the definition of a single param-
eter to define the coordinate system and another to define the embedding of the
axes. These parameters can be part of the data input for a generalized computer
program. We also discuss the way in which a third well-known hamiltonian might
also be related to these two. We present the results of calculations on several
systems using the various hamiltonians, including another special case, a geo-
metrically defined hamiltonian that has not previously been suggested, in order to
show how a comparison and evaluation of them can be effected.

2. THE CONSTRUCTION OF THE HAMILTONIANS

A rather general method for the construction of hamiltonians in body-fixed
coordinates has recently been described [15]. In this method a set of translation-
free internal coordinates #; are first constructed in terms of the laboratory fixed
coordinates x; such that

N
t, = x;V;, 1=1,2,..., N—1;
j;’ ! 1)
or t=xV,

where N is the total number of particles and the elements of V are chosen such
that

=

V=0 allj=1,2,...,N—1 )

i=1

to ensure the invariance of the t; under uniform translations. In terms of these
coordinates the translation-free part of the kinetic energy operator can be written
as

N 1 N
i,j=1
where V(t;) is the usual grad operator expressed in the variables t; and where the

matrix G has elements

N
Gij = Z my ! ViiVi; 4)
k=1
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in which the m are the particle masses.
The translation-free internal coordinates are now transformed by an orthog-
onal transformation C so that

t, = Cz (5)
and among the z; there are three relations
fm(zl) zZ)"'yzN—l):O) m=1’2’3 (6)

that define the way in which the coordinate frame is fixed in the system. The
matrix C is parameterizible in terms of three Euler angles («, §, 7) and the coordi-
nates Zz; are expressible in terms of 3N — 6 independent rotation- and translation-
free internal coordinates, ¢, . The body-fixed hamiltonian can then be written in
terms of the angular momentum operators (involving «, §, 7) and of operators and
functions of the g, . Precisely how this is to be done is outlined in [15] and shown
in some detail for a particular choice of triatomic coordinates in [5] so that
algebraic detail will not be given in the present paper.

Consider now a translation-free set of coordinates such that t, is the bond
length vector from particle 2 to particle 3 and t, is a proper combination of all
three laboratory-fixed coordinates. Thus the form of V is

0 1
V=}-1 —g|, 0<g<1. @)
1 g—1

Among the translation-free coordinate sets that have such a form is one in which
t, is the bond length vector from particle 2 to particle 1, obtained by setting
g = 1. Also possible is the collision or scattering coordinate set in which t, is the
vector from the centre-of-mass of the diatomic 2-3 to particle 1. For this case

g=mym;', my=m,+ms. ®)
The G matrix generated by V as given in equation (7) has elements
Gii=pt=myt +m3,
G2 = pis =gm; ' +m3') —m3*, 9
Gu=p'=mi'+my ' + (1 —g)’m3y .

A suitable set of internal coordinates in this approach is 7, the length of t;
r,, the length of t, and 0, the angle between t; and t,. The matrix C may be
defined by choosing it so that the embedded z-axis lies either along t, or t, and
the remaining coordinate has a range of keep it in the positive x half of the x=z
plane, with the additional requirement that the three body-fixed axes form a
right-handed set. Thus if the coordinate chosen to define the z-axis is denoted by
a and the other coordinate by b then

0 sin 0
Cla=al0], Cb=b] 0 |, (10)
1 cos 6

where a is either r, or 7, and b is either 7, or r; according to the embedding
chosen. Which of these embeddings is used is unimportant in a full calculation,
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but will be important if approximations, such as the neglect of off-diagonal
Coriolis interactions are to be made [7].

It is now possible to write down the hamiltonian for the system in terms of the
angular momentum operators, and operators and functions involving only the
internal coordinates by following the prescription given in [15] and illustrated in
[5]. As explained in [15], the angular momentum operators can then be elimi-
nated from the expression. This is done by allowing the operator to act on a
manifold of functions which are products of functions of the internal coordinates
and standard angular momentum eigenfunctions and then integrating over the
angular variables. Because the energy does not depend upon the projection, M, of
the total angular momentum, J, along the space-fixed z-axis, it is sufficient
simply to consider the projection, k, of J along the body-fixed z-axis. Of course %
is not in general a good quantum number and the resulting operator consists of
2J 4 1 coupled terms, the kinetic energy part of which can be written as

= Ry + RY + RQ + R, an

2
Ie(\})=—ﬁ"[ ! (6 zi+Lism(‘) 6)

2 L puyv2\dr; " Or; sin 000 00
+ ;12172 (afz : 5% + 51111 0 aae sin aae))] (12)
Ry = {—2 [_“’S 6 6716 2612 * Czsrzg <31r11 0 aae sin 0 69)
e i oo ) ) 09

J(J + 1) — 2&? 1 2 0
R{) = 6,4 hZ[M + — cosec 9( + 1 Zcos >

2 2
2p7} Mry P73 Paa¥i?2

oo @
+5k’k+lmcl’f ao"‘kcote
+9 " C 0 + kcot 8 14)
kk—1 2 LT Tk 59 co

2
K(\IZI;{:akrth—Cﬁ cos@i—kcotG + —a--—k sin 0
20157475 00 2 o,

h? _ 0 0 .
+ Op_1 m Cn (—cos 9(@ + & cot 9> + <r2 o, + k> sin 0). (15)

The form given above is appropriate for the z-axis embedded along t,. The
embedding along t, is obtained simply by making the exchanges r; <7, and
Uy <> Uy . In using the operator in this form any integral over the internal coordi-
nates must be performed with the volume element 7373 sin 6 dr, dr, df. The
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range of 7, is (0, o) and that of 8 (0, ). The coefficients C5; are the usual step up
and down coefficients

ChH=(JJ + 1) — k(k + 1)/2. (16)

It is easily seen that if the scattering coordinates are used then uy, vanishes and
K reduces to the standard form often used in describing atom—diatom collisions
(e.g. [5]). If the bond length-bond angle embedding is used so that r, is the 2-3
bond, 7, the 2-1 bond and the z-axis is placed along t; then

po=m3t4+myt, py=mit+myt, py,=my’ (17)

and the hamiltonian reduces to the form attributed to Hagstrom and Lai [16] (see
also [4] and [17]). Clearly other forms are possible too, for example one in which
g is chosen as 1, so placing the origin for particle 1 at the geometric centre of the
diatomic 2-3. In this case (with the z-axis along t,)

pr=myt+m3t, gy =myt +imyt +m3Y), py, =3myt—myt) (18)

and naturally this coordinate system is identical with the scattering coordinates in
the case of a homonuclear diatomic 2-3.

The given form of the kinetic energy operator is often called the ‘non-
hermitian’ form but this is a somewhat misleading appelation. It must be remem-
bered that hermiticity is defined only with respect to a specified manifold of
functions and in terms of integration between products of such functions, given
that the effect of the operator on a function is to produce another function that is
also in the manifold. If a suitable manifold is chosen and the jacobian in the
volume element for integration is properly included then it is easy to show that a
given operator is hermitian. The choice of a suitable manifold is a matter of some
delicacy in the present case, for inspection of the operator indicates that unless
the functions are rather carefully chosen then divergent integrals could be
encountered arising from terms in 7; 2 as 7,— 0 and those in cosec® 6 as §— 0 or
n. Certainly the operator could not be hermitian on any manifold that permitted
such behaviour. It is easy to accomplish what is necessary to avoid the possible
difficulties with the radial variables because the singularity is of no higher order
than that which occurs in the central field problem after the angular motion is
separated off. Thus a suitable manifold of radial functions can be constructed
from products of central field functions with the form r; !r; '®(r, 7,, 0), to
require that @ is normalizable using the volume element dr; dr, sin 0 d0 and to
re-write the kinetic energy operator so that ® is a suitable trial function. This
process corresponds to incorporating the radial part of the jacobian into the
operator (in the manner described, for example, by Kemble [18]). The resulting
operator is often said to be in ‘hermitian form’. This form is given below for the
present operator.

The problem with 8 is a little more difficult to deal with. To describe what is
to be done it is convenient to imagine that each of the standard angular-
momentum functions, D, (x, B, y) [19], which are used above in the derivation of
(11) are supplemented for any chosen J, k by a standard associated Legendre
function 0;(0) as defined by Condon and Shortley [20]. Clearly, the maximum
value of | k| is J, and j must be such that it admits the chosen k. The manifold of
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functions on which the original hamiltonian operates may be thought of as con-
sisting of the products

"1_1’2_1 \P;’nnkj(rli 73) ejk(g) D;{{k(“’ B, 7. (19)
If the integrals over the angular variables that lead to equations (12)—(15) are
now extended to involve integration over 0, it is seen that each of the terms in I@V”
and K@ that involve derivatives of 6 give rise to terms in k% cosec? 8 that exactly
cancel the term in k2 cosec? 6 in K{}). Thus, providing that the manifold consists
of functions like (19), there is no possibility of divergence and the operator is
hermitian on such a manifold. Choosing the radial functions as in (19) or, equiva-
lently incorporating the radial part of the jacobian into the operator, and inte-
grating over all the angular variables leads to an effective operator which works
only on functions of the radial variables. This operator, which is manifestly
hermitian, has the form:

h? 52 h2 0> k. 1 1
= 511511 k|: ") 7](] + 1)<‘ulr% + u 2>:|, (20)

2.“1 arl 2.“2 6 3 272
5 h? o G+DY o G+
2) = o d i S| — — L ) —— 7
K(V I39) A kk<a’1 Ty or, T
s o i\ .
———di 10 Ol — + = — + = 21
[P LRSS H(@rl +r1><872+72)’ 21)
. 2
vl)% = 5“6” 2#1 s (JJ +1) — 2k%)
hZ
53) 24 (5kk+ 1ChCii + 8- 1Cri Ci), (22)
Har
N h? G+1) 0
K(vzl% = 5k'k+15j'j+1 21, CJk r < r 8_72
h? by (i 0
Ovns 1 8i  — CF L L
+ Oxp+105j-1 201, Ch r <72 + 67‘2)
h? a (G+1D 0
+ 5k'k—15j'j+1 21, Ch ’ s or,
b (@
+ O 1511 1 2 CJk " ( +5‘r’;> (23)

In the above, the embedding is for z along t; and the auxiliary quantities are
defined as follows

din =[G +k— DG+ R+ 1D/ + 1)+ 3] 24
ap =[G +k+ DG+ E+2)/(2+ 1)+ 3)]3, (25)
bi =[(j — B — k— D/(4% — 1)]*/? (26)

which are special cases of Clebsch—Gordan coefficients.
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If scattering coordinates are used then u;;' vanishes. K{¥) and K{} are thus
absent from the kinetic energy operator and it reduces to the form used by the
authors in some of their previous work (e.g. [7, 8]).

It can be seen from the form of the kinetic energy operator given above that it
would be possible to take matrix elements once and for all over a given set of
radial functions. These matrix elements could then be combined at will with the
appropriate mass factors to give full elements for a problem with any choice of
internal coordinates and embedding of the axes. This formal possibility is, unfor-
tunately, of little practical consequence because, as detailed in the next section,
the potential appears to be different with each of the internal coordinate choices.
This apparent difference determines the details of an optimum expansion func-
tion choice and thus in practice the radial matrix elements must be calculated
afresh for each choice. However, the actual computer code necessary to evaluate
these matrix elements is not dependent on these details provided that the same
type of radial functions are used in each case. This means, as asserted in the
introduction, that a single program can be used for a.l cases with the choice of
coordinates and embedding simply being signalied as part of the input data.

3. MATRIX ELEMENTS

Two considerations need to be addressed in the calculation of matrix ele-
ments. Firstly, in §2 we integrated the kinetic energy operator over all angular
coordinates, but did not consider the potential. Secondly, for an actual calculation
is 1t necessary to solve for the radial coordinates. We choose to do this by defining
radial basis functions and thus need to compute the resulting radial matrix ele-
ments. This procedure implies the construction and diagonalization of a secular
matrix and is fully variational.

The electronic potential is purely a function of the internal coordinates,
V(ry, 75, 8). If this potential is expressed as a Legendre expansion in cos 0,

Viry, ry, 8) = Z V,(ry, r)P;(cos 0) 27)
)

matrix elements over the potential for the angular basis functions defined above
can be computed analytically

R, RURVS B I A VAR A A
(s K | Py(cos )], k> = by(= DM/ + D2 + D] (O 0 0)<_k A k>,

(28)

where the integral is over all the angular coordinates and the 3 — j symbols in the
Gaunt coefficient are conventional [19]. In the atom—diatom scattering coordi-
nates the potential is often given in a Legendre expansion, but this is unlikely to
be generally the case. However Gauss—Legendre integration has been used suc-
cessfully to express a general potential function in the form of equation (27)
[7, 8]. This procedure, which has been shown to have distinct computational
advantages [21], is equally applicable to the generalized coordinates considered
here.

In previous work it has not generally been found necessary to use radial
functions in (19) that depend explicitly on J, j and k (for an exception see [7]) and
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it has proved sufficient to express them as sums of products of one-variable radial
functions. Of the various radial functions that have been tested in previous calcu-
lations [5-10], the Morse oscillator-like functions [5] have proved the most
durable as they are both flexible and computationally tractable in multi-
dimensional calculations. The normalized Morse oscillator-like functions are
given by

|n) = H,(r) = B'>N,_, exp (—y/2)y(°‘“”2Lﬁ(y),} (29)
y= A €Xp [—ﬁ(?’ - re)])
where
_ 4D, _ u\M? B
4= 5 p= wﬁ(ZDe) , o = Integer(A) (30)

and the parameters 7., o, and D, can be associated with the equilibrium separa-
tion, fundamental frequency and dissociation energy of the coordinate respec-
tively. In practice they are usually treated as variational parameters and optimized
accordingly [10]. N, , L} is a normalized Laguerre polynomial [22].

The kinetic energy operator derived in §2 contains four radial operators, two
of which arise in the scattering coordinate calculation considered previously, 2
and 0%/0r?, and two of which are new, ! and /0r. Using the technique given
[5] (in which it is assumed that the range of y is (0, 00)) it is possible to derive
analytic closed forms for matrix elements of the differential operators

62 ﬁ1/2

L I i 1/2
55 1) === Gpal2ne + n + 1) + o + 1]

= Opn-a[(@ + n)(@ + n — Dn(n — 1)]*7

—Opni2l@+n+2) 0+ n+ D)+ 2)n+ D]V (31
12 1n> = Gyl = a4 n = 172
¥ 2

= Opn—1l(n — 2)( + n — 2)]'7%). (32)

There is no simple closed form for the matrix elements of !, but these integrals
are easily evaluated using Gauss-Laguerre integration as has been done for the
operator v~ 2 previously [5]. Integration over the radial coordinates in the poten-
tial can be performed in an analogous fashion.

4. SYMMETRY

In ro-vibrational calculations it is desirable to make the greatest possible use
of symmetry, for this simplifies both the calculation and the interpretation of
results. In two special cases of the generalized hamiltonian, scattering coordi-
nates, equation (8) and bond length-bond angle coordinate, equation (17), there is
the possibility that the basis set can be symmetrized to account for AB, systems.
Additionally the angular basis may also be symmetrized to take account of the
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total parity of a given ro-vibrational state. This is achieved by transforming the
angular functions to

|7, k9> =27"2[15, kY + (=171 ), —kD1'2, k>0, p=0,1, 33)
=17, k>, k=0, p=0,

where | j, k) = 0; Djy, is the full angular function described in §2 above. The
total parity of the state is given by (—1)’*?, The matrix elements in the sym-
metrized angular basis are

G K, PR kb = 8,, f(K, RS, K1K1j, k), (34)
where
fR, k=1, kE,k>0 or RR=k=0,
(35)
=212 =0, k>0 or k>0, k=0.

In scattering coordinates, the symmetrization for an AB, system is well known
[10] and simple, as the basis splits between associated Legendre functions with j
even and j odd. In the bond length-bond angle case this symmetry is carried by
the interchange of the radial coordinates. As we have so far assumed a simple
product basis for the radial functions

\P;,nnkj(rb 72) = |mr n> = Hm(rl)H;l(rZ)r (36)

it is necessary to symmetry adapt the basis in this case. This can be achieved by
the transformation

lmy n, Q> = 2_1/2[Hm(71)Hn(72) + (_1)an(r1)Hm(72)]y m ?‘" n, q = 0’ 1; (37)
= Hm(rl)Hn(rZ), m=mn, 9= 0)

where it has been assumed that the same basis sets have been used for both radial
coordinates. With these symmetrized functions it is easy to show that the matrix
elements have the form

Km0, g | Rm, n, @) =8yl + 8,) 121 + 8,) 712
x [(m', n'| R |m, ny + (= 1)%m', o' | K|n, m}], (38)
provided that
K(ry, r3) = K(r;, 1y). (39

For Ky this condition is satisfied, but for Ky it is not. As Kyg is null for J = 0,
this means that with the present formalism this symmetrization can only be
achieved for the rotational ground state (pure vibrational states). Physically this
situation arises because, while there is nothing inherently asymmetric about the
coordinate system, there is about the embedding of the body-fixed z-axis along
one of the bonds.

A symmetric embedding can be achieved by choosing the body-fixed axis to
lie along the bisector of the internal angle, 8. This was the proposal made by
Carter et al. [12, 13] following Bhatia and Temkin [23]. Not surprisingly this
leads to kinetic energy operators which are identical with K{’ and K{? ((12) and
(13)) but to distinctly different forms for the Kyg terms (14) and (15), whose
treatment requires somewhat different considerations from those used above. The
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terms are such that we have not so far been able to show the analytic cancellation
of potentially divergent terms. In consequence, the hamiltonian in such a form
cannot easily be incorporated into the present scheme and more detailed consider-
ation of it is deferred until a later publication. We note, however, that numerical
work with these kinetic energy terms would seem to indicate that they cause no
trouble [12, 13].

5. SPECIMEN CALCULATIONS

In order to test the theory given above we performed trial calculations on
three molecular systems for which calculations in scattering coordinates had been
previously attempted. Results for the molecules D,H*, CHS and HDHe* are
given in tables 1 to 3 respectively. In these tables, the energy of the rotational and
vibrational ground states are given relative to dissociation and the vibrational
band origins are given relative to the (0, 0, 0) level. In table 1 the rotational
frequencies are relative to the J =0 level with the same vibrational quantum
numbers. The calculations were performed with program TRIATOM [24], a
generalization of ATOMDIAT/ATOMDIAT?2 [9].

Column (a) of table 1 reproduces a scattering coordinate calculation from table
6 of [25]. The potential used was Martire and Burton’s BVDH potential [26].

Column (b) is for a coordinate system for which r, was the HD separation and
7, linked the geometric midpoint of HD with the other D atom. This coordinate
system is not a sensible choice as the calculation does not take advantage of the
permutation symmetry of the like D nuclei. However, it gives a numerical test of
our generalized hamiltonian. The energies obtained from this calculation are in
good agreement with those given in column (a) although, since the calculations
are variational, they are inferior. This is to be expected as the coordinates are

Table 1. Energy levels of D,H", in cm™!, for calculations using (@) scattering coordi-
nates, equation (8), (6) midpoint coordinates, equation (18) with H-D as the
diatomic and (¢) DHD* bond length-bond angle coordinates, equation (17). The
maximum number of basis functions used in each coordinate is shown for compari-

son.
Wavenumbers/cm ™!
vy, V3, v3) J k (a) ()] (ot
0 0 O 0 —71477-482 —71477-371 —71477-385
1 0° 49-151 49-140
1 1¢ 34-820 34-829
010 0 1964-943 1964-849 1965-104
1 0° 45-886 46067
1 1¢ 30-344 30-477
0 0 1 0 2075-080 2076-167 2077-053
1 0° 50191 50-132
1 1¢ 40-290 40-023
Jmex 14 14 28
mme 4 4 4
e 4 4 4

T Basis functions parameters: r, = 1-89a,, ©, = 0-0116E, , D, = 0-115E,, .
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Table 2. Vibrational band origins of CHJ, in em™!, calculated using (a) scattering coor-
dinates, equation (8) and (b)) HCH™ bond length-bond angle coordinates, equation
(17). The maximum number of basis functions used in each coordinate is shown for
comparison.

Wavenumbers/cm ™!

vy, V2, v3) Jt (a) (&)t
0 0 0 e —70400-48 —70400-61
0 2 0 e 7186 718-4
0 4 0 e 1612-1 16114
0 6 0 e 27747 27727
1 0 0 e 2999-0 2998-9
0 0 1 o 3271-5 3270-7
0 8 0 e 3680-5 36786
0 2 1 o 3969-1 3966-9
i 17 14
mmax 7 4
nmex 5 4

T Parity with respect to interchange of the H atoms: e = even, o = odd.
1 Basis functions parameters: r, = 2-18a,, w, = 0-014E, , D, = 0-25E, .

Table 3. Vibrational band origins for the two isomers of HeHD(A4!'4"), in cm™!, for a
calculation using diatom midpoint coordinates, equation (18). (@) short He-D, long
He-H isomer and (b) short He-H, long He-D isomer. Basis set parameters for r,:
7. = 4:245a,, 0w, = 0:007E,, D, = 0-4E,; for r,: r,=2:0ay, w, = 0-004E,, D =
0-02E, . Column (c) shows the corresponding levels of HeH,(4 ' 4’) [30] for com-
parison. The absolute minimum in the potential is —12,756cm ™.

Wavenumbers/cm ™!

(V1, V2, V3) (a) b) (o)
000 —9978-4 —9559-9 —9394-4
010 1116 920 1162
001 1253 1361 1438
020 2207 1825 2292
011 2339 2282 2575
0 0 2 2503 2657 2814
1 0 0 3035 3869
030 3300 2724 3410

—_——
]'max 34 33
mmax 4 5
nmax 4 5

non-optimal and we did not specifically optimize the radial basis set for this case,
but used functions optimized previously [1] for the D] ion.

Column (¢) gives results obtained using the bond length—bond angle coordi-
nate system, but only for the vibrational band origins because of the difficulty
with symmetrization in this coordinate system. Again the results are in good
agreement with, but variationally inferior to, the scattering coordinate calculation
of column (a). Furthermore, while the calculations of columns (@) and (b) used
the same number of basis functions, it was necessary to use twice as many angular
functions to obtain reasonable convergence in this coordinate representation.
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The scattering coordinate calculation on CH; given in column (&) of table 2 is
taken from table 6 of [8] which used Carter and Handy’s [27] representation of
the potential of Bartholomae et al. [28]. By contrast, the bond length—-bond angle
coordinate calculation of column (b), which gives results variationally superior to
column (a), used a basis set less than half as big as the one used for the scattering
coordinate calculation.

Table 3 gives results for a vibrational calculation on the first electronically
excited state of HDHe. Although the electronic ground state of H,He shows only
a weak Van der Waals minimum, the electronically excited state shows a deep
minimum for a highly asymmetric, bent geometry where the He is much closer to
one H [29]. Previous ro-vibrational calculations on H,He* showed small split-
tings between the two symmetry related minima due to tunnelling [30], but failed
for HDHe* because of the difficulty of obtaining a suitable radial basis set which
gave a good representation of both minima simultaneously [31]. The previous
calculations used scattering coordinates, but test calculations by us using bond
length—-bond angle coordinates failed for the same reason. We note that the vibra-
tional assighments given in table 3 must be regarded as tentative, but are sup-
ported by scattering-coordinate calculations which only stabilized states for one
minimum.

6. DiISCUSSION AND CONCLUSION

The three sets of calculations presented in the previous section provide a
useful insight into the behaviour of our hamiltonian in different coordinate
systems. For D,H" the scattering coordinate calculation proved easily the most
efficient of those tested. D,H™ is a highly bent molecule with a bond angle of 60°.
In contrast CH; is quasi-linear and was represented much more efficiently in the
bond length-bond angle coordinates. This behaviour was noted by Carter and
Handy [11] who found that their methodology was more suited to (near) linear
molecules than strongly bent ones.

The calculations on HDHe* demonstrate the usefulness of our hamiltonian
for a problem where other procedures fail. Of course, one could perform separate
calculations for each minimum using an Eckart hamiltonian but that would mean
neglecting the tunnelling interaction of the states from the two minima.

The coordinates system in which 7, measures the distance of He from the HD
geometric midpoint does not suffer from this problem as the two minima have the
same (r,, r,) coordinates. We were thus able to stabilize vibrational levels for the
molecules with a short He-D bond and a long He-H bond (the more stable
isomer) and a short He—H bond and a long He-D bond simultaneously. Physi-
cally, the isotopic substitution leaves the potential unaltered, but creates extra
off-diagonal elements in the kinetic energy operator. Our calculation recognizes
this by not transforming to a new set of coordinates which breaks the symmetry
of the potential.

A situation where this commonly arises is for the van der Waals complexes
formed between homonuclear diatomics (e.g. H,) and rare gas atoms. The poten-
tials of these systems are usually represented as Legendre expansions. We suggest
that use of our hamiltonian in diatomic midpoint coordinates would provide more
insight into the behaviour of such complexes upon asymmetric isotopic substitu-
tion than does the usual procedure [32] of transforming the potential.
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The strength of the Coriolis forces in a system is an artifact of the coordinate
choice and the embedding of the axes in the internal coordinate frame. It is
desirable to minimize these Coriolis interactions as this can lead to useful simpli-
fications. Indeed this is the basis of the second Eckart condition [2]. In deriving
our generalized hamiltonian we have allowed for some flexibility in the choice of
embedding as this allows one to choose the appropriate body-fixed axes for a
particular problem. This is particularly important if there is a partitioning
between the vibrational and rotational steps in the calculation [33].

In summary we have derived a hamiltonian expressed in terms of a gener-
alized internal coordinate system and with options about the embedding used.
This hamiltonian is a unification of several hamiltonians which have previously
found favour. By performing test calculations on three triatomic problems of
interest we show how the choice of coordinates strongly effects the effort involved
in obtaining results—or even the possibility of doing so. The methodology we
have developed, which gives one flexibility in choosing the appropriate coordi-
nates, has been implemented as general computer program which will be

published [24].
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