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Abstract

Electron re-scattering in a strong laser field provides an important probe of molecular structure
and processes. The laser field drives the ionization of the molecule, followed by acceleration
and subsequent recollision of the electron with the parent molecular ion, the scattered
electrons carry information about the nuclear geometry and electronic states of the molecular
ion. It is advantageous in strong field experiments to work with aligned molecules, which
introduces extra physics compared to the standard gas-phase, electron—molecule scattering
problem. The formalism for scattering from oriented linear molecules is presented and applied
to H, and CO,. Differential cross sections are presented for (re-)scattering by these systems
concentrating on the most common, linear alignment. In H, these cross sections show
significant angular structure which, particularly for a scattering angle of 90°, are predicted to
vary significantly between re-collisions stimulated by an even or an odd number of photons. In
CO; these cross sections are zero indicating the necessity of using non-parallel alignment with

this molecule.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Electron re-scattering in conjunction with high harmonic
generation can allow for time-resolved study of nuclear
and electronic dynamics at subfemtosecond timescales with
Angstrom spatial resolution [1-5], see [6] for a general review
of the attosecond physics area. In such experiments a molecule
is ionized in a strong, few cycle, laser field. The changes in
sign of the laser field during the cycle can cause the electron
to re-collide with its parent molecular ion. Under these
circumstances the electron can either recombine leading to
high harmonic generation (HHG) or it can be re-scattered.
This scattering can be thought of as electron self-diffraction
and the process has the potential to act as a detailed probe of
the target molecule [2]. It is usual for such experiments to be
performed on aligned molecules which enhance the probability
of re-collision.

It is important for the understanding and analysis of such
experiments to have a physically sound theoretical model of re-
scattering which is capable of treating quantum mechanically
the complicated scattering dynamics of an electron—molecular
ion collision. We are exploring the use of sophisticated
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ab initio quantum-mechanical techniques to model this part of
the re-scattering process. Previous theoretical models of the re-
collision problem have largely employed a greatly simplified
treatment of the electron dynamics in the re-scattering step
[1,7,8].

In our model re-scattering is treated as equivalent to
electron scattering from the corresponding molecular cation
with the equilibrium nuclear geometry of the neutral molecule,
the molecular axis is aligned parallel to the laser field and
hence to the incident electron trajectory. We do not include
the effects of the laser field, with the intention of incorporating
our field-free scattering amplitudes into a strong field model
in the future. This work builds upon a preliminary model that
did not include molecular alignment [9]. Both previously and
here we focus on molecular hydrogen and carbon dioxide; two
molecules well suited to experimental study (e.g. [10-12]).
However the theoretical techniques being used are general
and offer great flexibility, so can be applied to other small
molecules of interest. We note that dipole selection rules
and linearly polarised light means that for a closed shell,
symmetric, linear molecule, such as H, or CO,, aligned
parallel to the laser field, the total collision symmetry must
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be either ! E;, which requires an even number of photons to be
absorbed, or ! X}, which requires an odd number. We therefore
concentrate on these symmetries below.

In this work, we use the R-matrix method to investigate
re-scattering. The UK molecular R-matrix codes [13] give
a general implementation of the R-matrix method for low
(and intermediate [14]) electron collision energies. It has
been widely used to study electron collisions with a variety
of molecular ions but had no facilities for aligning molecules.
In this paper we describe the theoretical and computational
methods required to add this functionality, and present results
from simulations of re-scattering from H, and CO,. Note
that very recently Colgan er al have undertaken a similar
development for the case of electron impact ionisation [15].

2. The R-matrix method

The R-matrix method is an ab initio and fully quantum-
theoretical technique particularly well suited to electron
scattering problems [16]. It divides the configuration space
of the molecular target into an inner and outer region.
In the inner region, the scattering electron interacts with
the bound electrons through exchange and electron—electron
correlation. Rigorous techniques from quantum chemistry are
used to account for these interactions, giving wavefunctions
independent of the incident electron energy. The outer
region reduces to a potential scattering problem where a
single electron moves in the long-range multi-pole potential
of the molecule. Only the outer region problem needs to
be solved as a function of electron energy. This is of
particular importance for problems, such as those considered
here, involving electron collisions with molecular ions since
the strong energy dependence of these collisions means that
calculations need to be repeated for a large number of energies
to obtain reliable results.

The wavefunctions computed in the inner and outer
regions are matched on the R-matrix boundary, the solution
is then propagated outwards asymptotically to give T or K
matrices, which are alternate forms of the scattering matrix S.

3. Theory

Both HHG and re-scattering are enhanced at certain molecular
alignments. At present our procedure averages out the
orientational dependence of the scattering amplitude. We
need to extend the R-matrix code so as to allow the scattering
amplitude to be calculated from a linear molecule of specified
alignment. We describe the more complex case of Dy
molecules, for C.,, molecules we simply need to suppress the
summation over gerade and ungerade symmetries, denoted
v below, and relax the parity restrictions on the initial and
final electron angular momenta, denoted /; and /; respectively
below.

We start from the multichannel stationary wavefunction,
W7, describing scattering of an incident electron with kinetic
energy E; = %klz and spin projection m;, on the molecular
axis from an N electron target molecule of electronic state ;

(note: both k; and r are in the LAB frame). The subscripts
i and [ are short for the quantum numbers {A;, S;, Ms,, v}
needed to specify the electronic state of the target molecule
and the quantum numbers {A;, S;, Ms,, v;, my,} for the N + 1
system, respectively,

k.
Ur(xy, ..., xyo't) = ¥i(xg, ..., xj’\,))(%mli (c)e™T
.
DV XK, (@) Figri,a (@, B y)E .
7

ey
Here A; is the projection of the angular momentum on the
molecular axis, S; is the spin, My, is the spin projection on
the molecular axis, v; is the gerade/ungerade nature of the
state and m, is the spin projection of the incident electron. The
Euler angles («, B, y) specify the orientation of the molecule.
It will be useful later in our derivation to think in terms of
the quantum numbers {A, S, Mg, v} of the N + 1 system of
the target plus the scattering electron as these are invariant
throughout the collision.
The standard relation between the scattering amplitude
and the T-matrix with plane wave asymptotic boundary
conditions is [17]

Fex i (@, B, y) =2miTy 1,1 (e, B, ¥). 2)
The above equation looks very simple, but unfortunately the
T-matrix is in the LAB frame with a momentum basis while
our R-matrix software delivers MOL frame 7-matrices in an
angular momentum basis and uses the invariants of the system
to simplify the calculations. Our task then is to find the
transformation that relates the MOL frame 7-matrices and
the LAB frame T-matrices. In the following discussion,
we take the LAB frame as our starting point, and make the
necessary transformations to relate it to the MOL frame. First
we transform from the spin uncoupled to the spin coupled
representation

. 1 s
Frj = 2mi Z <Sst,—msf S/M§> T
§'M4SM;
1
X <SMSS,»MS[§mSl>, (3)

note that Mg, and mg are now undetermined so I becomes
i = {A;, S, v;}, also the T-matrix does not depend on M.
The sum over S, S, Mg and M’S becomes a sum over S and
Mg as they are invariant in the N + 1 system. Also putting
Ci = (SM[S;: Mg, 1my,) we get
Fiy=2mi)  C;T% ;Ci. )
SMg
The next step is to transform from plane wave to angular
momentum asymptotic states, this is a partial wave expansion.
To aid in this we need the transformation equation [17]
it

(Eilimy, k) = —kY,f’”f*(/%», )
i
this gives
Frj =2mi—
1J k,‘kj
i1 ml, ~ s m;i* X,
x Yo T TENCTE, 5, G D, (©)
SMs
l,-l,m;’m;j
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where /; is the angular momentum quantum number of the
scattering electron and m}l is its projection onto the z’-axis
(here the prime indicates the MOL frame). Now to express the
LAB frame 7-matrix in terms of the molecular frame 7T-matrix,
where R is the rotation operator, specified by the Euler angles
(o, B, y), representing a rotation from the MOL to the LAB
frame,

Tiag = RTyvoLR' (7)

= Z (Ejljml,|R|Ejljm;j)TM0L(E,-l,<m;i|RT|Eilimli> (8)
my,mj,

- Z m,m (o, B, V)TMOLD,;*m (o, B,¥), 9)
m[ mz

here the Wigner D-matrix elements, Diy: (@, B,y), relate
;M

the angular momentum states in the two frames [18]. With
equation (6) this gives

2mi m PPN
_ jli=1 Gt N
FIJ - kk Z ]DmI m, lj (k/)C/
[ ASM_gU
liljm,[mljm;im;j
S * li* mp.k A~
Y, (ki) (10)

le,'m,i }ljmlj i m/im,’i

Now we change our summation over m ;/_ into a summation
over the conserved quantity A, by recognizing that m;‘_ =
A — A; and that A; is fixed. We can see that the A invariance
implies m; and m}f are not independent of each other, in fact
m;/_ = m}i + (A; — Aj). Also the preceding relation and
the value of A gives a lower limit to the possible values of
l; and ;. Finally we should note that A, A; and A; can
take positive, zero and negative values, of course positive and
negative states with the same value are degenerate due to the
cylindrical symmetry of the system. It is also convenient to
introduce a sum over the invariant v which will restrict our /;
values in the following manner. /; runs over values satisfying
(=Dl = v. Giving

2mi _
Fry = T Z i ZfDm A-A (k )C
%7 ASMgv
l,»lﬂm;.m;.

PRy
Tl-gjfj Ci Dy a-n, ), (11)

which we can simplify further by setting our LAB frame z-axis
to lie along the incident electron direction. From the properties
of spherical harmonics we get
my, x vV 27, +1

ij[ (Os ¢l) = W(sz’o’ (]2)
substituting this into the transformation equation for the
spherical harmonics we get

1 20 + 1
Y Dhaa Y 0,60 = Diy_p =, (13)
I
m ar
giving
Frj=—— kk Z il
7 ASMsv
Ilm,
7 I M 2 v oE )
X2+ 1D, Yy k)CiTAYCIDG , (14)

which is the same as equation (5) given by Malegat [19],
although our derivation differs. To get the differential cross
section from the scattering amplitude we use

do k,'

. 2
= = , 15
10 ki| 171 (15)
which gives us
by o
e X 2
AS/Mg,v/ m,
NSMY 3, /'
x /@I + 121+ 1)C,C;CLC)
I i
X Dm, A—A; Drrjt A= Doz A; DOA’
MK A Sy A ST
Y Y Ty T (16)

We assume that the spin polarization of the scattering
electron, and of the target are not measured. This implies that
as the initial spin states are unknown we must average over
them. Also because the final states are not measured we do not
distinguish between differential cross sections from different
spin polarizations and hence must sum over them as is standard
in scattering theory. Performing the summation we get

do kzz(zg +1) Z(ZS +1) Z Z PR
A

aQ =
7

i
\

i

<

i
i

/
I

_ < 1. 1 %
<@+ D2+ DDy o D,

mj. W’[l
j J ASv A SV’
YY" Ty T,

o

i* 7,/*
X DéAfA,' Dgpr_n a7

after contraction of the rotation matrix elements and also of
the spherical harmonics we get

do  ma(=DA*N 3 Zl 14T,
105 + iZ
aQ 428; + 1)k; AL, LK
A/v’fﬁj’-

x \/(22,- + 1020+ D20+ D20+ 1)
x (I;01;0] L;0)(I;01;0| K 0)

X (LA — NIA; — N |LiA — N)
X (IjA = NliA; — N|KA — A)
x DK Dg's_n

mi, —m SA=N
x Z(2$+ DT

Finally, we note that if the sign of A; and A ; is not measured
we must average the differential cross section given above over
the degenerate initial target states and sum over the degenerate
final target states.

We have written a program to implement the above
formalism that calculates scattering amplitudes, differential
and integral cross sections from aligned linear molecules.

ASl) TA Sy’ Y

mp, A
i e Yoo (k) (18)
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Figure 1. Total cross section as a function of energy for the parallel aligned electron—H} collision problem: left figure: 12; total

symmetry, right figure: '} symmetry.

For polyatomic molecules there is one further technical
issue that needs to be addressed. The above formalism is
sufficient for calculations on diatomic systems for which the
UK molecular R-matrix method uses full linear molecule
symmetry [13]. However the polyatomic version of the code
only uses Abelian point groups, this means that calculations
on symmetric or asymmetric linear molecules are performed
using the Dy, or C,y point groups, respectively. Application of
the above formalism requires the reconstruction of 7-matrices
into the linear molecule symmetry groups D or Cooy [20].
Details of how to do this are given in the appendix.

4. Results

4.1. Molecular hydrogen

H; is a homonuclear diatomic and a member of the Do, point
group. In our calculation we consider a rigid molecule with
the internuclear separation frozen at 1.4 ay. The molecular
axis is aligned parallel to the incident electron direction. The
close-coupling expansion includes the lowest three states of
the Hj target ion which are of X7, *% and *T1, symmetry.

Figure 1 shows the total cross section for electron re-
scattering from parallel aligned H, against incident electron
energy. The cross sections are approximately 3—4 times
greater in magnitude than the orientationally averaged
case, this is what we might expect taking the simplistic
view that the electron takes a longer path through the
molecule and so has more opportunity to interact with it.
Compared to previous, orientationally averaged calculations
[9, 21], they show similar resonance structure up to the
first electronic excitation threshold; however, the series of
Feshbach resonances converging on the second excited state
are heavily suppressed.

Figure 2 shows parallel aligned differential cross sections
for a range of non-resonant energies. With this alignment,
due to the symmetry of the system, the differential cross
section is a function of 6, the polar angle, alone. We see

that '2; symmetry differential cross sections are markedly
different in shape than the orientationally averaged case. All
the differential cross sections are symmetric about 90°; this is
to be expected as elastic scattering of single total symmetry
will have a continuum described entirely by a sum of either
gerade or ungerade spherical harmonics depending on the
gerade/ungerade symmetry of the target state; these sums are
symmetric around 90°. For energies below the first resonance
at 12.87 eV, we can see that the differential cross sections
have strong peaks in the forwards and backwards directions
and slightly lower peaks at 90°. Interestingly at 15.5 eV, in
between the first and second resonances, we see a significant
change in shape that appears to be an inversion, with minima
in the forwards and backwards directions. This may be
a phase effect due to passing through the first resonance.
Above the first excited state we again get strong forwards and
backwards scattering, however the peak at 90° is significantly
less pronounced. The 'E} symmetry shows strong forwards
and backwards scattering, unlike 12; symmetry, there is
no sideways scattering and no significant shape difference
between the aligned and orientationally averaged cases, or
change of shape as a function of energy.

In figure 3, we have plotted total cross section versus
alignment angle . We see that both the '} and 'X7
components are strongly peaked for parallel alignment, with
12; having an additional smaller peak at perpendicular
alignment while 'S} is zero. Due to the 22-g+ ground state
of the cation we expect the contribution of higher symmetries
for non-parallel alignments to be relatively minor. These
observations justify the use of parallel alignment in re-
scattering experiments on Hj.

4.2. Carbon dioxide

CO; is a linear triatomic molecule and is also a member
of the Dy point group. In our calculation the two CO
bondlengths were frozen at their equilibrium value of 2.196 ag
[22]. The coupled-states expansion includes the lowest four
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Figure 2. Differential cross sections for parallel aligned electron—Hj collisions for seven electron collision energies (top row:
orientationally averaged case): left-hand figures: 'Eg symmetry, right-hand figures: 'S} symmetry.

states of the CO} targetion which have *I1,, *I1,, >Z} and 2 o
symmetries, respectively. As CO; has the same symmetry
as Hj, the same dipole allowed selection rules apply for
absorption of linearly polarized light by an oriented molecule.
However the I1, symmetry of the cationic ground state
introduces some significant differences from the hydrogenic
case.

Our scattering calculation was performed using the UK
R-matrix polyatomic code [13, 23] which only works in
Abelian point groups. It was therefore necessary to transform

our T-matrices from D,y to Doop symmetry groups using a
new module TMATMAP. This procedure is described in the
appendix.

Figure 4 compares the orientationally averaged Dy
total cross sections for IZ;{ and 'E} symmetries with the
corresponding results for ' A, and ' By, from our original D,
calculations. As discussed in the appendix these are the
Dy, symmetries which contain the !X* contributions. We
see that the 1Ag and !By, Dy, symmetry cross sections are
approximately 3—4 times larger than their respective Doy
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Figure 4. Total cross section as a function of energy for the orientationally averaged electron—-COj collision problem comparing original D,y
and transformed using TMATMAP D, symmetries—left figure: ' A, and ' =} total symmetries, right figure: ' By, and ' £} symmetries.

symmetry counterparts, 'y and 'S, This is because the
D,y cross sections contain significant contributions from the
'A components. The 2l'Ig target and 7t continuum couple to
give 'Y and ! A total symmetry and both these symmetries are
contained in the corresponding D, T-matrix elements. It can
be anticipated that cross sections of ', total symmetry will
be dominant at low collision energies as they couple to a o,
continuum. We note that the resonance structure is unchanged,
we still see infinite series of Feshbach resonances below each
threshold [9], a higher energy resolution would resolve more
of these.

Figure 5 shows total cross section for '=* symmetries
as a function of the alignment angle 8. We immediately see
that for both symmetries we get zero total cross section for
the parallel aligned case and therefore zero differential cross
sections; this is a direct consequence of the *IT, symmetry of
the COJ target. Itis important to note that, for alignments other
than parallel, it is necessary to sum over higher symmetries to
give the correct differential cross sections, we expect these to

be significant due to the *IT, ground state of the cation. We see
that for the 12; component the cross sections have a maxima
between 50-55° and 125-130° depending on energy and are
zero at 90° and 0°.

For 'S} there is a maximum at 90° in contrast with 12; ,
and there are smaller peaks between 35-40° and 125-130°.
These observations agree with the recent study on HHG with
CO, by Mairesse et al [11].

Figure 6 shows the 'X* part of the differential cross
section given in polar coordinates with r being the magnitude
of the differential cross section. The differential cross sections
are symmetrical around the molecular axis, this suggests that
the z—x plane, containing the molecule, is an appropriate plane
in which to examine them. We see that for ! & o the differential
cross section is zero parallel and perpendicular to the molecular
axis. ! =7 is also zero in the parallel direction but has a small
peak perpendicular to the molecular axis and is approximately
4 times greater in magnitude than 12; .
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5. Conclusions

We have developed analytic and computational methods
for studying electron scattering from aligned molecules and
present integral and differential cross sections for re-scattering
from parallel aligned H, and CO,. Our results for H, show
that for the ! Zg symmetry both integral and differential cross
sections are greater in magnitude and that differential cross
sections also differ in shape in comparison to the non-aligned
situation. We see strong forwards and backwards scattering
in contrast to the minima at these directions in the unaligned
case. We also see that the shape of the differential cross section
can change significantly before and after a resonance. ' T+
differential cross sections showed a difference in magnitude
but not shape in comparison to the unaligned case.

For CO, we find that parallel alignment gives zero cross
sections indicating a need to perform this type of experiment
at non-parallel alignments. We also see that perpendicular

alignment gives a zero cross section for 12; and a maximum
for ' =¥ however further work to include higher symmetries is
required to gain an accurate picture of non-parallel alignments.

We note that the latest models of re-collision find it
important to explicitly allow for electron impact electronic
excitation of the target ion [24]; this process is automatically
included in our scattering treatment.

So far our studies have ignored the undeniably important
effect of the external laser field on the scattering electron.
It is straightforward to add a weak field using our current
techniques [25] but adding a strong field requires a time-
dependent treatment. There are two possible approaches
to overcoming the omission of the laser field. One is to
incorporate our scattering amplitudes into a strong field model.
A second approach is to incorporate the laser effects within
the R-matrix approach. We note that the formalism for this
was given sometime ago [26] but has only recently been
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implemented for the atomic case [27]. Generalization of this
to molecular systems would give a consistent treatment of
the problem but remains both technically and computationally
challenging.
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Appendix

We need to transform T-matrix elements calculated in D,
symmetry into Do, symmetry when Dy, is the natural
symmetry of the system. Scattering channels are defined
by target wavefunctions and continuum wavefunctions in the
following manner. |*Y}) in Doo and | S]') in Doy, where
Y} are the complex spherical harmonics and S are the real
spherical harmonics.

We know how to transform between complex and
real spherical harmonics and so know how the continuum
wavefunctions transform, we have

ym\ L [((=Dm (=Dmi) [ Sr
()5 () w

and

v =8 (A.2)

The transformation is straightforward for ¥ symmetries
as there is a one-to-one mapping between the D, irreducible
representations (IRs) X, =%, I E and the Dy, IRs
Ag, By, Big, Ay.

The target wavefunctions are more problematic. Formally
they consist of linear combinations of products of N spherical
harmonics, where N is the number of target molecule electrons.
The problem is that although ¥*eI"! @ I'?, so are an infinite
number of other IRs of Dso. This means we cannot set up an
isomorphism between IRs of Do, and the direct sum of IRs of
Dyp. To proceed we need to make the following assumption.

It is always possible to associate the quantum number
A with the direct sum of the relevant target states calculated
under Dyy,.

The justification for this is that the natural symmetry of
the target molecule is Dy, and the Hamiltonian implicitly
has this symmetry hence any contamination of the Dy, target
wavefunctions by other IRs of Dy, is due to numerical error.
This allows us to set up an isomorphism between Do, and Doy,
decomposed as (T'! @ I'?) 5.

For ¥ target states we have a one-to-one mapping to the
Doy IRs Ag, Byy, Big, Ay. For other symmetries one needs
to know how the product space relates to the single spherical
harmonic basis for non-sigma functions.

As [ is not a good quantum number for Dy, Systems it is
convenient to introduce the equivalence relation ¥;"' ~ Y,
if m; = my, and [, and /, have the same parity. This gives

us a set of equivalence classes {[Yg”] [YJ”]} We can do the
same for the real spherical harmonics and the transformation
between the two remain the same if we replace the spherical
harmonics with the equivalence classes. We can now set up
an isomorphism between these equivalence classes and the
irreducible representations in Dy, and Dyy. This allows us to
write

(E)(E) 5 ()
),

The Dyop T-matrix elements can now be constructed from
the relevant Dy, 7T-matrix elements. We have

(AMIT 1A = (0 @ T yj @y T[T @ T2 v @ ),
(A4)

(A3)

using the transformation matrix and denoting its matrix
elements A% we get

A Aj Aj (A
(AT (i) = A, A A A Ty | T Ty

Njx hjx (Aj A 1.1 2.2
+Amll Ani Ar27A52, (ijj | T |Ft Vi )
A ALTAL AT (T3 T T,
+ AT AT AL AL (P22 T |T292)

m n r2 s j’j iVi
+ AT A AT A (T | T[T
+ AT AT AL AL D)y T TRy

Ajx Ajx (Aj X 2 1 1.2
+Am/2 Anjl ArI/Asé (ijj | T |F1 Vi >

A Aj A A
+ A AAS ATy | T TRy, (A5)

where the index m, n, r or s is 1 when the respective quantum
number Aj, A;, A; or A; is positive and 2 if negative. The
first four terms in the summation are of total symmetry I'j,
the second four are of symmetry I',. The above expression is
for the most complex case of degenerate initial target and
continuum to degenerate final target and continuum, with
degenerate total symmetry. For non-degenerate states one
can replace the relevant coefficients with unity and reduce
the number of elements summed over accordingly. For X
total symmetry we find that the sum reduces to (up to) four
elements, either the first four (X*) or the last four (7). The
above method was implemented in our code TMATMAP.
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