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A published ab initio-based potential energy surface and newly constructed dipole moment surface of acetylene
have been used to compute vibrational band intensities. The line intensity calculations employed the variational
nuclear motion code wavr4 for computation of wave functions and energy levels, and a newly developed code
pIPOLE4 for computation of dipole transitions. Owing to the high computational cost of J>0 transitions using
direct variational methods only J=0 and J=1 states and transitions have been computed variationally.
The intensities of J>1 transitions were extrapolated from J=0 and J=1 using Honl-London coefficients.
The resulting effective rotational constants B and transition intensities are compared with experimental data for
the (3v4 + vs) combination band, the v; and the vs fundamental band. The prospects of using this procedure for
extensive calculations of a hot line list, important for cool stars and extrasolar planets are discussed.

Keywords: infrared spectra; variational; molecular opacity

1. Introduction

The infrared spectroscopy of the acetylene molecule
C,H, is important for atmospheric, planetary and
astrophysical applications. Oxy-acetylene torches are
also routinely used for cutting and welding metals [1]
and indeed have been used as a spectroscopic source
[2]. Acetylene is present as a trace constituent in the
upper atmosphere of the giant planets where it comes
from methane photodissociation. Thus the strong Q-
branch of the vs fundamental band, around 13.6 um,
has been observed in the emission spectra of the giant
planets [3,4]. The stratospheric distribution of acety-
lene in Uranus was deducted from spectra obtained
with the infrared space observatory (ISO) instru-
ment [5]. In 1981, the first vertical profile of atmo-
spheric C,H, was obtained at wavelengths around
13.6um by Goldman et al. [6]. Acetylene, has been
observed in the circumstellar shell of cool carbon stars
such as IRC+10216, and in interstellar clouds, through
spectra recorded in the 3 um region of the v; funda-
mental band [7,8], and in the 13.6 um region of the vs
fundamental band [9,10]. Cool stars, known to be the
most numerous, have spectra dominated by molecular
absorption and, in particular for carbon stars (stars
with a photospheric abundance of carbon greater than
that of oxygen), one needs to consider triatomic species

such as HCN and HNC [11], and C; [12]. For some
dwarfs molecules larger than triatomics are known to
form: methane and acetylene are thought to be
particular important for carbon stars [12].

Given that the computed rotation—vibration line
lists for triatomic species have contained between 10
and 500 million distinct transitions, line lists for
polyatomic molecules will need to consider many
billions of transitions. There remain very few compre-
hensive line lists for any species larger than triatomic
[13—15]. Therefore the C,H, molecule is interesting for
testing theoretical approaches. We note that parallel to
the present work a similar approach based on the
MULTIMODE code [16] has been developed and
applied to the CH4 molecule by Warmbier et al. [15].

Acetylene has been studied extensively [17-19], at
low vibrational energy (see for example Herman et al.
[20] and references therein). There are fewer studies of
acetylene at energies approaching the barrier to
isomerisation and still fewer of vinylidene. The work
most relevant to the understanding of intramolecular
energy flow has been reviewed by Jacobson and
Field [21]. Two of us recently developed a method
for solving the problem of the calculation of the energy
ro-vibrational levels and wave functions of a tetra-
tomic molecule [22] and applied it to a study of
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acetylene/vinylidene vibrational levels [23]. There is
very little theoretical work on general rotation—vibra-
tion, transition intensities for C,H,, the exception
being the algebraic model calculations by Abbouti
Temsamani et al. [24]. Developing a general first
principles procedure calculation of intensities is the
aim of the present work. For this purpose we devel-
oped a new code (pipoLE4) designed to calculate the
transition dipole moments of this molecule which we
validated by comparison with available experimental
data. Analytical expressions needed to develop the
pipoLE4 code and the existing data are described in
Sections 2 and 3, with a comprehensive derivation
given in the Appendix. Dipole moment surfaces and
the calculations of energy levels and of transition
dipole moments are given in Sections 4, 5 and 6
respectively. Section 7 compares our calculated tran-
sition  intensities with  experimental lists of
ro-vibrational lines in two parallel bands. Section 8
presents the conclusions of the paper.

2. Transition intensity and selection rules

Given two specific energy levels of the molecule, the
line strength S(f<—i) of an electric dipole transition is
defined as [25]

Stren = Y U |l @) M

P A=XY,Z

where @ runs over all states with energy E', @ runs
over all states with energy E, and w4 is the component
of the molecular dipole moment operator along the A
axis (A=X, Y or Z) of the space fixed coordinate
system with the origin at the molecular centre of mass.
For S(/ to be non-zero it must be invariant under all
symmetry operations of the molecular symmetry
group. This makes it possible to derive rigorous
selection rules for transitions between states @ and
®. More stringent selection rules can be derived if the
vibrational motion is assumed harmonic or vibration
and rotation is assumed separable. These rules however
will be approximate and their accuracy will depend on
validity of the initial assumptions.

For practical evaluation of S, it is convenient
to express space-fixed dipole components in terms of
dipole projections on the molecule-fixed axes [25,26]

1
w9 = 5[0, (9,60, 0T i, b
o'=—1
where

(L&) _

) = [y —ipy]/2% w0 =py (3)

So Equation (1) becomes

1
Sgen =33 (@@
P o=—1
2

_ZZ Z &'\ DV @y L (4)

P o=—1]|0"=-1

Moreover, for a linear molecule such as acetylene,
the body-fixed wave functions are given as a linear
combination of products of angular momentum
eigenfunctions and vibrational basis functions
expressed with respect to 3N — 5 internal coordinates.
In general, any given state of the molecule can always
be expressed in the form

274+ 1\
PUMV) = ( i ) S g | IMR), (5)
k

n
5

where V' is a compound label of the vibrational state.
The quantum numbers of the projection of the total
angular momentum J onto the Z-axis of the
space-fixed and onto the z-axis of the body-fixed
frame are M and k respectively. Substituting
Equations (5) into Equation (1), assuming isotropy of
space (i.e. no magnetic fields) and making use of the
algebraic properties of the Wigner coefficients one can
obtain [27]

Sty =S +1D2J"+1)

e gew (41T
Z Z( 1)k Jk ‘J’”k </ (= k//))

k/ 'k"\) o’

sl 1 1) (©)

If the vibrational and rotational parts of the motion
are well separated, it is possible [28] to choose the
components of the wave functions so that they can be
written more simply as

NIMV) = (Z aquv(q)) (Z b”‘uMk)). ()
v k

In the limit of small displacements from equilibrium,
this separation is exact. This separation is optimally
obtained [27] using the embedding defined by the
Eckart conditions [28]:

ZWZ[I"\[’SXI’;[:O; Zmifizoa (8)

where m; is the mass and 7; the position (7. at
equilibrium) of particle i. With the above equation,
Equation (6) factorises into a product of two sums
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which depend only on vibrational and rotational
coordinates respectively [27], i.c.

Sipei = QJ +1HRJ"+1)

X
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For symmetry reasons the sum over o is often
restricted to only one value; thus at most one term at
a time is non-zero for a given C,H, transition. In this
case Equation (9) can be rewritten as

Streiy = Svin(V', V") Srot(J', "), (10)
where
Svis(V, V") = [V |l VP = (V15107 (11)

and Sgro(J',J") are algebraic coefficients which are
completely determined by the rotational quantum
numbers of the levels involved in the transition and
by the value of o for which (V’|;{!)|1") is not zero.
The Sro(J',J”) are called the Honl-London coeffi-
cients [29] and are denoted L, r;—;—,» below. Within
this method, a transition will have intensity if the
product (V'|uL9|177) is totally symmetric with respect
to all symmetries of the molecule.

2.1. Rotational selection rules and Honl-London
factors

Below we list the relevant selection rules and
Honl-London coefficients for the case of a linear,
symmetric molecule such as C,H,, for which the
vibrational angular momentum is denoted by /. The
general transition selection rules can be summerised
as [30]:

(1) A/=0 with /=0. This is the parallel transition
of the " — X7 type for stretching modes with
only P(AJ=—1) and R branches (AJ=+1).

(2) Al==1. This is a perpendicular transition type
for bending modes such as [T — X, A—II, and
so forth, with P and R branches (AJ==1) and
a strong Q branch (AJ=0).

(3) Al=0 with [/#0. These are transitions of the
type [1 — I, A— A, and so forth with P and R
branches (AJ=41) and weak Q branches
(AJ=0).

The terms parallel and perpendicular are used because
the transition dipole moment is either parallel (u.)
or perpendicular (u, and u,) to the molecular

symmetry axis, conventionally labelled as the z-axis.
By using the Honl-London coefficients [29], the
intensities of individual lines can be approximately
reduced to a single band intensity which represents the
intensity of the whole band. L, A, is defined as [30]

(J — INY(J — IAl = 1)

Lja=1= ¥ (P-branch), (12)
QU+ 1) — I + IAL+ 1)
Lja=0= I+ D (Q-branch),
(13)
(AN )+ AL+ 1) ,
Ljpr=+1 = 10 (R-branch),
(14)

for perpendicular bands (A/==+1), and
_(J+IAD(J = IA])

Ljaj=—1 7 (P-branch),  (15)
(2 + DALY ,
Lja=0 = W (Q-branch), (16)
—IA A
Lja=1= V! lt}?ﬁﬂ;—l I+ (R-branch),
(17)

for parallel bands (A/=0).

3. Existing data

Spectroscopic data for acetylene were introduced in the
HITRAN database (molecule number 26) in the 1986
edition [31]. The 2004 HITRAN edition [32] and the
recent 2008 HITRAN edition [33] contain essentially
all available experimental data on the infrared spectra
of the acetylene molecule. The 13.6 and 3 pum [34-38]
spectral regions of interest are represented, using the
work of Varanasi et al. [39] and Rinsland et al. [7] for
both line positions and intensities. More than 670 line
intensities of nine perpendicular bands of acetylene are
measured in the 2.5 pm [40] spectral region and in the
work of Lyulin et al. [41] the previous measurements of
the line intensities of acetylene were extended in the 1.9
and 1.7 um spectral regions.

Potential energy surfaces (PES) have been derived,
from ab initio calculations, for an acetylene molecule
spanning the acetylene and vinylidene minima and
isomerisation barrier. A potential energy function for
the ground state surface of CoH, was constructed by
Carter and Mills [42] in 1980 using a many-body
expansion of the potential. Certain discrepancies in this
potential were removed by Halonen er al. [43] who
included the ab initio data due to Dykstra and Schaefer
[44] on the vinylidene—acetylene transition state,
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and also to reproduce a known barrier on the HC+CH
dissociation pathway. The most accurate presently
available potential energy surfaces were recently
obtained by the Bowman group (see [45-48]). The
final ab initio PES, due to work of Zou and Bowman
[47], is an accurate, least-squares fit to nearly 10,000
symmetry-equivalent, ab initio electronic calculations
obtained at the coupled-cluster singles, doubles (tri-
ples) CCSD(T) level of theory, with an aug-cc-pVTZ
Gaussian basis set. This PES is used below. We note
that more recently, a new semi-empirical potential
energy surface was obtained by Xu et al. [48], based on
the ab initio calculations of [47] with the addition of
empirical scaling for the stretching coordinates. The
parameters of the empirical scaling functions were
determined to obtain the best fit of variational energy
levels with respect to their experimental values.

4. Dipole moment surfaces

The dipole moment surface (DMS) for the present
studies is a fit to a dataset of 17,410 calculations based
on density functional theory wusing the Handy
HCTH/147 functional [49] and Dunning’s correla-
tion-consistent polarised valence triple zeta (cc-pvtz)
basis sets [50]. The calculations were carried out using
the MOLPRO program package [51]. The nuclear
configurations for the dipole moment dataset were
obtained by sampling from molecular dynamics and
diffusion Monte Carlo calculations using another
separate fitted potential energy surface. The molecular
dynamics calculations were run at energies up to
break-up of the molecule and the diffusion Monte
Carlo calculations were done at artificially reduced
nuclear masses in order to sample high-energy regions
of configuration space. Starting configurations were
selected both in the acetylene and vinylidene regions of
configuration space and additional sampling was done
around the barriers to isomerisation. Further config-
urations were generated from fragment calculations for
C,H+H, CH+CH, CH,+C and C,+H;; the two
fragments being placed far apart to create an artificial
C,H, molecule for which the dipole is the sum of the
fragment dipoles. Many high-energy configurations
were thereby introduced into the dataset; however, the
fitting uses a weighted root mean square (rms)
minimisation criterion where the weight of a configu-
ration at energy E relative to the global minimum is
(8o/(E480))(81/(E+81)) with §o=0.1 Hartree and
8;=1.0 Hartree. The factor involving §, implies a
smooth transition from an absolute to a relative error
criterion around E=0.1 Hartree and the factor
involving §; provides additional damping for

configurations that have extremely high energy.
The final dataset contains 14,167 configurations in
the molecular region and 3243 fragmented configura-
tions. There are 2556 configurations having energy in
the range 0-0.1 Hartree relative to the global mini-
mum, 5421 having energy in the range 0.1-0.2 Hartree,
and the remainder have energy above 0.2 Hartree.

As in other work by one of us with the Bowman
group, such as for the protonated water dimer [52], the
dipole moment is represented using a functional form
that is invariant under permutation of like nuclei. The
functional form is based on a point-charge model:

u= Z wi(X)x(i), (18)

where X denotes the molecular configuration, wi(X) is
the effective charge on the ith nucleus (this effective
charge depends on the entire configuration) and x(i) is
the position vector of the ith nucleus. The effective
charges are expanded in a set of basis functions,
wi(X) = rerbi(i, X), where by is the kth basis func-
tion, depending on the nuclear index 7 as well as on the
configuration X, and the coefficients ¢, are obtained by
solving a weighted least-squares system with the dipole
moment data on the right-hand side. The basis
functions are polynomials in ‘Morse variables’ of the
internuclear distances, y(i,j) = exp(—r(i,j)/A), where A
was set to 2a,. The specific form of the basis functions
is such as to make them covariant under interchange of
identical nuclei; thus, if configuration X is transformed
into X’ by interchange of identical nuclei 7 and ; then
the pair (bi(i, X), bi(j,X)) is equal to the pair
(bi(j, X", bi(i,X’)). The construction of the basis
function wused tools of computational invariant
theory [53] and the MAGMA computer algebra
system [54,55]. As the basis functions depend ulti-
mately on internuclear distances, they transform like
scalars and so the fitted dipole moment u transforms
like a vector; moreover, it is invariant under inter-
change of identical nuclei. The dipole moment is
invariant under translation of the molecule subject to
the condition ) ; w{X)=0 (appropriate for a neutral
molecule), but in the present work this condition is not
built into the basis, rather it is imposed as an
additional constraint in the least-squares system, and
is therefore not satisfied exactly. For that reason, in
our calculations we placed the origin of the reference
system coincident with the centre of mass of the nuclei.

The error in the fitted DMS is composed of ab initio
error and fitting error. In order to assess the ab initio
error we carried out a batch of calculations using a
method that is presumed to be more accurate: finite field
finite difference calculations of the dipole moment
based on the coupled-cluster singles and doubles with
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perturbative treatment of triples, CCSD(T), method
and the aug-cc-pVTZ basis sets. A finite field of
4+0.005au was used. The test configurations were
obtained by running molecular dynamics at energy of
0.1 Hartree (21,947cm™") relative to the acetylene
global minimum, sampling from that run, and subject-
ing each sampled configuration to a random normal
perturbation of half-width 0.05a, for each Cartesian
component of each nucleus. A sample of 895 configu-
rations was obtained this way. Within this test dataset
the root mean square of the norms of the RCCSD(T)/
aug-cc-pVTZ dipoles is 0.4137 au, and we use that
number as the scale for relative discrepancies. The root
mean square norm of the vectorial difference between
the hcthl147/cc-pVTZ and the RCCSD(T)/aug-cc-
pVTZ dipoles is 0.0195 au, which implies then a relative
discrepancy of 4.7%. There is a slight systematic trend
in the discrepancy as well: the average signed difference
between the norm of the hcth147/cc-pVTZ dipole and
the norm of the RCCSD(T)/aug-cc-pVTZ dipole is
0.0144 au, with the hcth147 dipole being the larger one.
This amounts to a difference of 3.5%. We conclude that
the hcthl147/cc-pVTZ is rather good. Indeed, the
discrepancy with RCCSD(T)/aug-cc-pVTZ is signifi-
cantly larger for two other plausible methods that we
considered. For the B3LYP density functional and aug-
cc-pVTZ basis we find an rms norm of the vectorial
difference to the RCCSD(T) dipole of 0.0243 au (5.9%)
and an average signed difference between the norms of
0.0198 au (4.9%), while for the MP2 method and the
aug-cc-pVTZ basis the two characteristic discrepancies
are 0.109 au (26%) and 0.0934 au (23%).

The fitting error was assessed two ways: by
comparison of the fitted surface with the original
data and by comparison with the newly generated
independent dataset described above. With respect to
the original dataset the rms norm of the dipole fitting
error is 0.0055 au over the subset of data that have
energy in the range 0-0.1 Hartree relative to the global
minimum (2556 configurations) and 0.0142 au over the
subset of data that have energy in the range 0.1-0.2
Hartree relative to the global minimum (5421 config-
urations). With respect to the hcthl147/cc-pVTZ
ab initio calculations for the new independent dataset
the rms norm of the dipole fitting error is 0.0044 au
over all configurations. Thus, according to this test the
rms fitting error is 1.1% relative to the rms of the
norms of the RCCSD(T)/aug-cc-pVTZ dipoles
(0.4137 au as described above).

5. Calculations

Our goal is ultimately to calculate detailed lists of
ro-vibrational transitions, including energies and

intensities, among accurate states obtained via varia-
tional methods. As a first step we perform variational
calculations to obtain rotation-less states (i.e. /= 0) and
obtain purely vibrational transitions. This greatly
reduces the computational cost, while still enabling us
to validate the newly developed part in the codes we
used. However it should be understood that some
vibrational states, namely those with non-zero vibra-
tional angular momentum, cannot be represented with a
basis set composed only of states with zero total angular
momentum: levels, and transitions involving them, are
simply not computed starting from J=0. Therefore we
calculated ro-vibrational energies for /=1 and J=2 as
well. This notably includes fundamental bending tran-
sitions, since for them the upper state has vibrational
angular momentum /= %1. Only overtones and combi-
nation bands of bending transitions can be computed,
1.e. those in which (in the harmonic approximation) the
occupation numbers of bending modes change by an
even number (i.e. at least 2).

The computer program wavr4 [22] calculates the
bound ro-vibrational levels and wave functions of a
tetratomic system based on the well-established tech-
nique of sequential diagonalisation and truncation [56].
The theoretical framework has been described before
[22,23], so in the present section we only describe its
specific implementation.

The present study uses orthogonal, HC-CH
diatom—diatom coordinates which correspond to tradi-
tional valence coordinates in the limit that masses of
atoms 1 and 4 are small compared to those of atoms 2
and 3. The angular coordinates are treated using a finite
basis representation (FBR) based on a product of
spherical harmonics. A discrete variable representation
(DVR) based on a Morse-oscillator-like one is used for
the radial coordinates [57]. Matrix elements are com-
puted using an efficient Gaussian quadrature in the
angular coordinates and the DVR approximation in the
radial coordinates. The full basis is therefore a product
of the FBR angular basis and a radial DVR basis. The
solution of the secular problem is carried through a
series of intermediate diagonalisations and truncations.
All calculations reported were performed using the
recent ab initio potential of Zou and Bowman [47]. The
calculations were carried out on an Intel Xeon cluster at
Daresbury Laboratory. Each node of the 32 node
cluster comprised two dual-core Xeon 5160 3.0 GHz
processors with 8 GBytes of RAM. The final wave
function calculations were all for total angular momen-
tum J=0and J=1 and used six radial functions in each
CH coordinate and nine radial functions in the CC
coordinate. The parameters used for CH stretching
Morse-oscillator-like  functions were r.=1.164 A,
We=2900cm™" and D.=36000cm™'; the parameters
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Table 1. Calculated vibrational band origins E{" and zero point energy (ZPE=5715.5), comparison with experimental data
E P [20,59,60]. Also given is the value of the rotational constant (B'™) which is compared to the experimental values (BP) [59].

Assignment E™ E*P (B‘h> (B*P)

N° v, v, v, Vi, Ve (cm™) (cm™") (em™) (cm™)
0 0, 0, 0, 0°, 0° 5715.5 1.164 1.177
1 0, 0, 0, 1, 0° 602.2 612.9 1.166 1.178
2 0, 0, 0, 0°, 1! 722.2 730.3 1.169 1.179
3 0, 0, 0, 20, 0° 1203.5 1230.8 1.164 1.179
4 0, 0, 0, 1 1! 1311.6 1328.1 1.167 1.180
5 0, 0, 0, 14 1! 1325.7 1347.5 1.166 1.180
6 0, 0, 0, 0°, 20 1448.6 1449.0 1.164 1.181
7 0, 0, 0, 3L 0° 1812.5 1855.7 1.168 1.181
8 0, 1, 0, 0°, 0° 1950.7 1974.3 1.157 1.170
9 0, 0, 0, 4°, 0° 2419.0 2487.0 1.175 1.182
10 0, 0, 0, 31 1! 2519.5 2560.6 1.172 1.183
11 0, 0, 0, 22, 272 2632.1 2648.2 1.170 1.184
12 0, 0, 0, 20, 20 2675.9 2683.8 1.169 1.184
13 0, 0, 0, 14 37! 2772.0 2757.8 1.168 1.185
14 0, 0, 0, 0°, 40 2922.3 2879.9 1.165 1.186
15 0, 1, 0, 20, 0° 3143.5 3180.8 1.163 1.173
16 0, 0, 1, 0°, 0° 3241.1 3316.9 1.160 1.185
17 0, 1, 0, 1, 1! 3254.3 3281.9 1.159 1.185
18 1, 0, 0, 0°, 0° 3371.1 3372.4 1.157 1.170
19 0, 1, 0, 0°, 20 3379.2 3420.5 1.157 1.175
20 0, 0, 0, 6°, 0° 3642.6 3767.0 1.180 1.185
21 0, 0, 0, 5!, 1! 3735.0 3818.4 1.178 1.186
22 0, 0, 0, 42, 272 3839.6 3884.0 1.176 1.187
23 0, 0, 1, 14 0° 3867.7 3898.3 1.175 1.174
24 0, 2, 0, 0°, 0° 3886.0 3933.8 1.174 1.164
25 0, 0, 0, 4°, 20 3911.9 3940.3 1.174 1.187
26 0, 0, 0, 22, 472 4096.2 4060.0 1.171 1.188
27 0, 0, 0, 20, 4° 4170.6 4124.6 1.169 1.188
28 0, 1, 0, 4°, 0° 4349.5 4415.6 1.168 1.176
29 0, 0, 0, 0°, 6° 4406.2 4293.1 1.166 1.190
30 0, 0, 1, 20, 0° 4417.7 4489.1 1.164 1.175
31 0, 1, 0, 3L 1! 44473 4488.9 1.165 1.167
32 0, 0, 1, 1, 1! 4525.3 4609.3 1.162 1.175
33 1, 0, 0, 20, 0° 4546.6 4570.0 1.163 1.173
34 0, 1, 0, 20, 20 4595.6 4634.4 1.162 1.178
35 1, 0, 0, 14 1! 4656.5 4673.6 1.160 1.174
36 0, 1, 0, 1 37! 4691.1 4710.7 1.162 1.177
37 1, 0, 0, 0°, 20 4803.5 4800.2 1.158 1.174
38 0, 1, 0, 0°, 4° 4834.2 4848.9 1.158 1.179
39 0, 0, 0, 8%, 0° 4871.0 5068.5 1.176 1.188
40 0 0 1, 3! 0° 5094.8 5102.8 1.181 1.176

for CC stretching were r.=1.4135 A, We=2000cm ™
and D.=55,000cm~'. The bending basis set was
defined by jmax = /max =26 and k.« =7. These quan-
tum numbers defined 4460 bending functions which
are totally symmetric with respect to the inversion. Thus
the total size of the primitive basis set was 1,445,040. To
contract this basis set, up to 300 optimised bending
functions were selected for each radial grid point during
phase one with an upper energy cut-off of 30,000 cm ™"
and up to 450 functions during phase two with an
energy cut-off of 30,000cm™"'. The computation of all
300 vibrational (phase three) states and of all 600 (phase
four) ro-vibrational states took a total of 220 h on a

node of the ‘cseem64t’ cluster. The zero-point energy
(ZPE) and the lowest 40 excited states with an energy
cut-off of 5000cm ™" are presented in Table 1. Table 1
also gives the values of the rotational constant (B) for
each state. The complete list of calculated energy states
and of the effective rotational constant are available
online [58].

6. Ro-vibrational band intensities

A new code, proLe4, was developed to perform
calculations of dipole transition intensities using the
wavefunctions produced by wavr4. The code can be
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Figure 1. Running times for a large pipoLE4 code run, MPI
version, with varying numbers of CPU cores. The blue line
shows perfect linear scaling extrapolated from the run using
the smallest number of processors (27 CPU cores). The red
line shows real running times for 27, 36, 54 and 108 CPU
cores. [This figure can be viewed in colour online.]

used to perform direct calculations of dipole transi-
tions S(s.; between ro-vibrational states. The details
and all relevant formulae including their derivation are
presented in Appendix 1. The calculation of the
integrals proceeds in two stages [61]. In the first
stage, the wave functions produced by wavr4 code are
converted back to the primitive basis set ¢* and the
results are stored on disk. This allows more efficient
calculation of the integrals and reuse of converted
wave functions. In the final stage, the pipoLE4 code
reads converted wave functions, builds a matrix
representation of the integrand in the primitive basis
and performs computation of integrals involving all
possible initial and final states. All steps of the final
stage, apart from the first, are performed as a loop over
the three-dimensional radial grid which allows efficient
parallelisation. Furthermore, since we operate on
vectors and matrices larger than typical cache,
vector-matrix operations must be avoided due to
their low efficiency. Therefore all the integrals are
computed simultaneously only through matrix-matrix
multiplications. Intermediate results are accumulated
in a matrix of the size equal to the number of initial
times final states.

For a parallel implementation the intermediate
matrices reside on parallel processors and no commu-
nication is necessary during the computation; only a
final reduction to the transition matrix is required at
the end. In this case, since dynamic load balancing at
run time does not offer particular advantages, we chose
to use MPI. Since the parallelisation strategy uses
processors-to-grid mapping, the best load balancing is

Table 2. A sample of the J=0=J=0 parallel transitions
having non-zero intensity. Columns are, from left to right:
number of the vibrational states involved, calculated vibra-
tional energy difference, and calculated vibrational band
intensity Svip(¥, V). See Table 1 for full vibrational labels
and levels. Powers of 10 are given in parenthesis.

AE Line str.
Transition em™! (e A
-3 1311.5770 1.0(=3)
1—7 2519.4822 2.5(=7)
1—10 2772.0035 7.0(—8)
1—13 3241.0504 7.9(—4)
1— 14 3254.3348 1.5(=3)
1—-22 3955.6108 1.1(—10)
1—29 4417.7154 2.3(—6)
1—30 4447.3147 2.8(=7)
1—35 4656.4795 2.9(=7)
1— 36 4671.1114 7.6(—8)
1— 37 4691.0767 8.4(-9)
23 108.0469 7.7(—4)
2—7 1315.9521 1.8(=3)
2—10 1568.4734 2.1(-9)
2—13 2037.5203 6.6(—9)
2—> 14 2050.8047 1.0(=5)
218 2531.4690 1.5(—6)
222 2752.0807 3.0(—9)
223 2796.1914 6.0(—8)
229 3214.1853 1.7(=3)
2—30 3243.7846 1.9(—4)
2—35 3452.9494 2.1(—6)
2—36 3467.5813 8.5(=7)
3—>4 137.0592 7.9(—4)
3—5 639.1326 3.8(—6)
36 1107.4482 1.4(—6)
3-8 1320.4789 2.8(-3)
3—>9 1364.3699 3.6(—7)
311 1610.7538 4.0(-9)
312 1831.8771 3.8(—=7)
3—>15 2059.5095 1.3(—6)
3—>16 2067.6368 6.9(—6)
3—19 2527.9914 1.4(—6)
3—20 2574.3849 1.2(—10)
321 2600.3037 1.8(—10)
324 2784.6144 1.9(=7)
327 3037.8863 4.8(—10)
3—31 3213.7305 1.6(—3)
3—>32 3235.0080 1.0(—4)
3—>34 3284.0013 1.5(-8)

achieved by using a number of processors which is a
divisor of the total radial grid size. In our case, since we
used a grid with 6 % 6 x 9 =324 points, ‘good’ numbers
of processors are 162, 108 etc. Figure 1 shows the
scaling properties of a large run of the piPoLE4 code
with different numbers of processing units, ranging
from 27 to 108 cores. While scaling is not perfect,
presumably due to overheads in partitioning the
problem among jobs and collecting the results, it is
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Table 3. A sample of the J=0=J=1 parallel transitions
having non-zero intensity. Columns are, from left to right:
number of the vibrational states involved, calculated ro-
vibrational energy difference, and calculated ro-vibrational
band intensity Svyin(V , V). See Table 1 for full vibrational
labels and levels. Powers of 10 are given in parenthesis.

A E Line str.
Transition em™! (e A’
-3 1309.2493 7.4(=3)
1—7 2517.4545 1.2(=7)
1—10 2769.6759 1.4(-8)
1—13 3238.7180 2.6(—4)
1— 14 3252.0056 4.9(—4)
1—18 3732.6711 4.1(—11)
1—22 3953.2825 3.1(—11)
1—26 4244.2485 2.5(—11)
1—29 4415.3899 9.3(=7)
1—30 4447.3147 2.8(=7)
1—35 4654.1652 2.8(—8)
1—36 4668.7921 2.3(-9)
1—37 4688.7381 1.4(—10)
2—3 709.3454 9.7(=7)
27 1917.2507 4.8(=7)
210 2169.7721 5.4(—12)
2—13 2638.8142 1.8(=7)
2—14 2652.1017 2.5(=7)
218 3132.7673 2.9(-10)
223 3397.4894 1.4(—11)
2—-29 3815.4861 3.3(=7)
230 3845.0737 3.9(-9)
2—35 4054.2613 2.0(—10)
2—36 4068.8883 1.4(—10)
34 726.6849 1.2(=7)
3—>5 1228.7556 3.9(—10)
36 1697.0739 1.7(=10)
3—>38 1910.1047 4.1(=7)
3—-9 1953.9959 5.5(—11)
311 2200.3793 2.1(—12)
312 2421.4991 1.8(—11)
3—>15 2649.1365 2.7(—10)
3—>16 2657.2566 9.0(—10)
3—>17 2920.6113 3.3(—12)
3—19 3117.6169 1.5(—10)
3—>24 3374.2397 1.9(—11)
3—>28 3684.2893 3.0(—12)
3—31 3803.3624 1.7(=7)
3—>32 3824.6494 1.2(-8)
3—33 3834.2869 4.0(-8)

parallel (and close) to the ideal one, showing that the
DIPOLE4 code can efficiently scale up to at least some
hundreds of processors. However full direct calcula-
tions are very expensive and were performed only
up to J=2. The approximate line strength
Scr—n=Svis(V', V")Srot(J',J") requires calculation
of vibrational band intensities which are essentially
integrals of the dipole function over all internal
coordinates. This implies we only need to compute

Table 4. A sample of the fundamental state /J=0=J=1
perpendicular  transitions having non-zero intensity.
Columns are, from left to right: number of the vibrational
states involved, calculated ro-vibrational energy difference,
and calculated ro-vibrational band intensity Syip(V', V). See
Table 1 for full vibrational labels and levels. Powers of 10 are
given in parenthesis.

AE Line str.
Transition cm™! (e-A)?
11 602.2431 4.9(—4)
-2 721.9615 6.7(—4)
1—3 1328.0506 2.0(—6)
1—>4 1812.4478 6.5(=5)
1—5 1916.5797 3.0(—4)
1—>6 1938.3300 6.3(—4)
1—=7 2041.1770 2.7(—4)
1—38 2063.3524 2.7(=3)
1—-9 2185.7748 9.6(—5)
1—10 2547.2766 6.3(—8)
1—11 2550.2981 2.0(=7)
1—12 2648.2523 1.3(—6)
1—13 2661.1525 6.6(—7)
1—14 2803.6048 3.0(=7)
1—15 3032.5222 1.5(=5)
1—16 3129.0022 3.3(—6)
1—17 31648115 7.4(-5)
1—18 3237.5819 7.5(=5)
1—19 3259.3201 5.6(=7)
1—20 3262.0690 2.0(-9)
1—21 3295.9179 1.5(—4)
1—22 3365.5350 6.9(-7)
1—23 3387.4716 2.6(—06)
1—24 3424.3011 1.6(—4)
1—25 3511.1900 1.3(—6)
1—26 3548.4275 7.9(-95)
1 —27 3666.6381 1.8(=5)
1—28 3747.4305 4.2(-8)
1—29 3780.1826 2.9(—8)
1— 30 3831.4614 2.9(—6)
1—31 3849.8935 1.1(—6)
1—32 3867.5780 2.3(=7)
1—33 3870.8252 3.8(—10)
1—34 3950.8765 5.2(=7)
1—35 3960.8140 6.7(—6)
1—36 3969.8855 2.0(—6)
1—37 3973.0352 1.0(-9)
1—38 3987.4937 2.9(-3)
1—39 4045.6299 1.3(=7)
1—40 4084.8814 3.5(—6)

a matrix element of the form

(V' ual V"), (19)

where a«=x, y, z and the z axis is conventionally
chosen along the molecular symmetry axis. Since the
basis functions (both FBR and DVR parts) are exactly
the same as used in wavr4 and DIPOLE4, DIPOLE4 was
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Table 5. Comparison between our calculated individual ro-vibrational line position and intensities and experimental ones, for
the (3v4+ vs) combination band [34]. Columns, left to right, list: line type (branch and symmetry); J quantum number in the
lower state; calculated frequency (cm™!); experimental frequency (cm™'); calculated S (cm molecule™!); experimental S (cm
molecule™"); ratio between the calculated and experimental S. Powers of 10 are given in parenthesis.

Branch J Eq Eexp Sth Sexp Stn/Sexp
P,. 1 2517.054 2558.242 1.47(-23) 1.29(-23) 1.14
P.. 2 2514.633 2555.902 9.55(—24) 8.38(—24) 1.14
P.. 3 2512.221 2553.576 4.14(—-23) 3.77(-23) 1.10
P, 4 2509.816 2551.264 1.76(—23) 1.59(-23) 1.11
P,. 5 2507.420 2548.967 6.20(—23) 5.55(-23) 1.12
P,. 6 2505.032 2546.688 2.31(=23) 2.13(—23) 1.08
P,. 7 2502.651 2544.426 7.43(—-23) 6.69(—23) 1.11
P.. 8 2500.278 2542.183 2.57(-23) 2.32(-23) 1.11
P.. 9 2497913 2539.962 7.80(—23) 6.95(—23) 1.12
P,. 10 2495.556 2537.765 2.57(-23) 2.20(—23) 1.17
P,. 11 2493.207 2535.592 7.43(—-23) 6.53(—23) 1.14
P, 12 2490.865 2533.447 2.34(—23) 2.04(—23) 1.15
P,. 14 2486.206 2529.241 1.98(-23) 1.69(—23) 1.17
P,. 16 2481.579 2525.155 1.57(-23) 1.25(-23) 1.26
P,. 17 2479.277 2523.158 4.09(-23) 3.23(-23) 1.27
P, 18 2476.983 2521.190 1.17(-23) 8.99(—24) 1.30
P,. 19 2474.697 2519.251 2.95(—23) 2.28(—23) 1.29
P, 20 2472.419 2517.340 8.16(—24) 6.25(—24) 1.30
P, 21 2470.149 2515.458 2.00(—23) 1.47(-23) 1.36
R.. 0 2521918 2562.961 4.96(—24) 4.32(—24) 1.15
R.. 1 2524.362 2565.342 2.95(-23) 2.60(—23) 1.14
R.. 2 2526.814 2567.736 1.44(-23) 1.25(-23) 1.15
R.. 3 2529.274 2570.146 5.56(—23) 4.96(—23) 1.12
R.. 4 2531.742 2572.572 2.21(—23) 2.00(—23) 1.11
R.. 5 2534.217 2575.015 7.52(—23) 6.64(—23) 1.13
R.. 8 2541.692 2582.466 2.94(-23) 2.59(—23) 1.14
R.. 10 2546.714 2587.553 2.88(—23) 2.41(-23) 1.20
R.. 12 2551.768 2592.747 2.60(—23) 2.25(-23) 1.16
R.. 14 2556.853 2598.059 2.19(-23) 1.79(-23) 1.22
R.. 15 2559.408 2600.758 5.86(—23) 4.63(—23) 1.27
R.. 16 2561.970 2603.485 1.72(-23) 1.31(-23) 1.31
R.. 17 2564.541 2606.240 4.48(—-23) 3.30(—23) 1.36
R.. 18 2567.119 2609.022 1.28(—23) 9.09(—24) 1.41

also adapted to compute (V'|uy| V). The integration
over the FBR basis is carried out using quadrature
similar to wavrR4 and the integration over the DVR
basis is implemented simply as direct summation over
the radial grids. Note however that wavr4 does not use
Eckart embedding and therefore the dipole compo-
nents need to be transformed numerically. The trans-
formation was implemented in a separate Fortran 90
module. For low-energy vibrational states of C,H, the
z axis of Eckart embedding is very nearly (but not
exactly) coincident with the direction of the C—C bond,
which in turn is conventionally chosen as the z axis of
the diatom—diatom embedding we used for the wavr4
calculations. It is therefore tempting to just perform
the integral (V'|u.|V") with the u. component in this
latter embedding. This is not strictly correct, as shown
in detail by Le Sueur et al. [27], and we will indeed

always consider the z component of the dipole moment
in the Eckart embedding.

The wave functions of the ro-vibrational states with
J=1 (the term ro-vibrational here is used in the sense
of wavr4 which makes no distinction between linear
and non-linear molecules and treats them on equal
footing) have vibrational angular momentum /=1
and, from these, we can also get transitions with /=1,
Al==1, i.e. perpendicular transitions.

6.1. Results

We used the pipoLE4 code to compute ro-vibrational
band intensities for all the pairs of states resulting from
the run of wavr4. Tables 2 to 4 report a sample of
transitions having non-zero intensity. The states in
Tables 2 to 4 are simply labelled by numbers in order
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Table 6. Comparison between our calculated individual ro-vibrational line position and intensities and experimental ones, for
the v; fundamental band [36]. Columns, left to right, list: line type (branch and symmetry); J (i[uantum number in the lower state;

calculated line frequency (cm™'); experimental frequency (cm™'); calculated S (cm molecule™

); experimental S (cm molecule™);

ratio between the calculated and experimental S. Powers of 10 are given in parenthesis.

Branch J Eq Eexp Sth Sexp Stn/Sexp
P, 2 3236.179 3290.125 3.89(—20) 2.61(—20) 1.49
P, 3 3233.721 3287.754 1.69(—19) 1.13(—19) 1.50
P, 6 3226.258 3280.592 9.40(—20) 6.30(—20) 1.49
P, 7 3223.740 3278.187 3.03(-19) 2.05(—19) 1.48
P, 8 3221.208 3275.774 1.05(—19) 7.02(—20) 1.50
P, 9 3218.660 3273.351 3.18(—19) 2.14(—19) 1.49
P, 10 3216.098 3270918 1.05(—19) 7.17(-20) 1.46
P, 11 3213.521 3268.477 3.03(-19) 2.08(—19) 1.46
P, 12 3210.929 3266.025 9.55(=20) 6.50(—20) 1.47
P, 13 3208.322 3263.563 2.66(—19) 1.84(—19) 1.45
P, 14 3205.700 3261.090 8.09(—20) 5.55(—20) 1.46
P, 15 3203.063 3258.607 2.18(—19) 1.52(—19) 1.43
P, 16 3200.411 3256.112 6.40(—20) 4.39(-20) 1.46
P, 17 3197.745 3253.606 1.67(—19) 1.16(—19) 1.44
P, 18 3195.063 3251.087 4.76(—20) 3.28(—20) 1.45
P, 19 3192.367 3248.556 1.20(—19) 8.48(—20) 1.42
P, 20 3189.655 3246.011 3.33(-20) 2.31(-20) 1.44
P, 21 3186.930 3243.454 8.18(—20) 5.68(—20) 1.44
P, 22 3184.188 3240.882 2.29(—20) 1.56(—20) 1.47
R, 1 3245.862 3299.521 1.20(—19) 7.76(—20) 1.55
R, 3 3250.614 3304.167 2.26(—19) 1.46(—19) 1.55
R, 4 3252.968 3306.476 8.99(—20) 5.81(—20) 1.55
R, 5 3255.307 3308.776 3.05(—19) 1.94(—19) 1.57
R, 6 3257.631 3311.067 1.11(=19) 6.98(—20) 1.59
R, 7 3259.940 3313.349 3.50(—19) 2.18(—19) 1.61
R, 8 3262.234 3315.620 1.19(-19) 7.43(-20) 1.60
R, 9 3264.513 3317.881 3.58(—19) 2.24(—19) 1.60
R, 10 3266.777 3320.131 1.17(—=19) 7.30(—20) 1.60
R, 11 3269.027 3322.370 3.36(—19) 2.14(—19) 1.57
R, 13 3273.481 3326.812 2.92(-19) 1.79(-19) 1.63
R, 14 3275.685 3329.016 8.85(—20) 5.46(—20) 1.62
R, 15 3277.875 3331.205 2.38(—19) 1.45(—19) 1.64
R, 17 3282.210 3335.545 1.81(—19) 1.09(—19) 1.66

of increasing energy. The complete list of calculated
parallel and perpendicular ro-vibrational transitions is
available on-line [58].

6.2. Calculation of rotational constant B

Since the available experimental data for parallel and
perpendicular bands of C,H, list positions and inten-
sities of resolved ro-vibrational lines, we used the rigid
rotor approximation, along with Honl-London coef-
ficients, to estimate the rotational structure for the
transitions we computed. In this approximation, the
energy difference between two ro-vibrational states is
given by

AE = AEvib + AErota (20)

where AE,;, is tabulated in Table 1 and AE., is
given by

AEro = By[J'(J'+ D] = By[J"(J" + 1)), 21

which results from the assumption of a rigid rotor and
remembering J = 1 ro-vibrational energy values that we
calculated here. In Equation (21) B, and B, are the
effective rotational constants in the upper and lower
vibrational states involved in the transition, and J' and
J” are the quantum numbers of the total angular
momentum in the upper and lower ro-vibrational
states. Since we have both parallel and perpendicular
transitions, ro-vibrational selection rules dictate that
we can have J'=J”"+1 (R branch), J' =J" -1
(P branch) and J'=J’ (Q branch). The effective
rotational constant B, value for each vibrational state
is calculated as the difference AE — AE,;.
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Table 7. Comparison between our calculated individual ro-vibrational line position and intensities and experimental ones, for
the vs fundamental band [37]. Columns, left to right, list: line type (branch); J ?uantum number in the lower state; calculated line
frequency (cm™'); experimental frequency (cm™'); calculated S(cm molecule™!); experimental S (cm molecule™'); ratio between
the calculated and experimental S. Powers of 10 are given in parenthesis.

Branch J Eth Ecxp Slh Scxp Sth/Scxp
P.. 14 687.095 687.818 1.79(—20) 1.50(—20) 1.19
P, 13 689.640 690.065 6.57(-21) 5.38(-21) 1.22
P,. 12 692.176 692.318 2.13(—20) 1.76(—20) 1.21
P, 11 694.704 694.577 7.53(-21) 6.10(—21) 1.23
P,, 10 697.223 696.843 2.35(—20) 1.89(—20) 1.24
P.. 8 702.237 701.397 2.37(=20) 1.86(—20) 1.27
P,, 6 707.218 705.983 2.14(—20) 1.74(—20) 1.23
P, 5 709.696 708.289 6.41(-21) 5.29(-21) 1.21
P.. 4 712.166 710.604 1.64(—20) 1.33(—20) 1.23
P.. 3 714.627 712.928 431(=21) 3.78(=21) 1.14
P.. 2 717.080 715.262 8.97(-21) 8.58(—21) 1.05
P, 1 719.525 717.606 1.54(=21) 1.96(—21) 0.79
Q. 23 719.670 719.282 4.17(-21) 3.06(—21) 1.36
Q. 21 720.044 719.479 6.51(—21) 5.06(—21) 1.29
Qs 20 720.219 719.561 2.65(-21) 2.10(=21) 1.26
Q. 19 720.385 719.633 9.60(—21) 8.06(—21) 1.19
Q.r 18 720.542 719.695 3.80(—21) 3.28(-21) 1.16
Qo 17 720.692 719.748 1.34(—20) 1.29(—20) 1.04
Qor 16 720.833 719.793 5.14(-21) 4.85(—21) 1.06
Q. 14 721.090 719.861 6.52(—21) 6.41(=21) 1.02
Q. 13 721.206 719.887 2.15(-20) 2.24(=20) 0.96
Qo 12 721.314 719.907 7.74(—21) 8.09(—21) 0.96
Q.r 11 721.414 719.922 2.46(—20) 2.67(—20) 0.92
Qo 10 721.505 719.934 8.54(—21) 9.42(—21) 0.91
R.. 1 726.810 724.693 1.06(—21) 9.66(—22) 1.09
R,. 2 729.221 727.073 6.37(—21) 5.71(=21) 1.12
R, 4 734.020 731.862 1.28(—20) 1.12(—=20) 1.14
Re. 5 736.406 734.269 5.22(-21) 4.46(-21) 1.17
R.. 6 738.785 736.684 1.79(—20) 1.52(—=20) 1.18
R,, 7 741.155 739.107 6.23(=21) 5.53(=21) 1.13
R.. 8 743.517 741.537 2.14(—20) 1.82(—20) 1.18
R.. 9 745.870 743.973 7.09(-21) 6.04(-21) 1.17
R, 10 748.215 746.415 2.19(—20) 1.81(—20) 1.21
R.. 11 750.552 748.862 7.51(=21) 6.19(=21) 1.21
R.. 12 752.881 751.313 2.13(—20) 1.75(—20) 1.22
R.. 13 755.201 753.769 6.99(-21) 5.66(—21) 1.24

7. Calculations of line intensities

In this section we will compare the results of our
calculations with available experimental data, taken
from publications referred to by HITRAN [34,36-38].
Such experimental data come in the form of lists of
resolved ro-vibrational lines, each with its position and
integrated line strength. Since our present variational
calculations were restricted to the total angular
momentum J=1, we estimated the rotational sub-
structure in the rigid rotor approximation. The inte-
grated line strength of a given transition is given by [62]

_ 2Tl',2 g//ﬁo ‘ —E"
STo) = <3h6’60> [gVQ(TO)] Siol Dexp <kTo>

—/’10170
kTy ) |

x [1—exp

(22)

where: g” is the statistical weight due to nuclear spin of
the lower level (1 for para and 3 for ortho states); vy is
the transition wavenumber; g; is a factor used to
consider bands with /-type doubling (g is equal to 2 in
such a case, otherwise, it is equal to 1); Q(Ty) is the
total partition function at temperature 7, we used
0(Ty) =405.867 [37]; L(J,l) is the Honl-London
factor, J being the rotational quantum number of the
lower level of the transition, and [/ its total vibrational
quantum number (/=1/;+/5]); E” is the energy of the
lower level.

Equation (22) is used in HITRAN to derive, in
a multi-spectrum fit procedure [63], the value of Sy;p.
In that procedure, S, is actually considered itself
a (slowly varying) function of J, and fitted with
a second-order polynomial in J with the so-called
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Herman—Wallis coefficients [30]. The apparent vari-
ability of S, accounts for the interaction between
vibrational and angular motions, which is not explicitly
considered in Equation (22). In a full variational
calculation (i.e. one including states with J>1) one
does not assume the line intensity to be factorised as,
with Sro(J”,J")=L(J,[), but directly computes the
value of S. However, we use Equation (22) to compare
our results with the lists of ro-vibrational transitions in
HITRAN. Since our current calculation does not
include the Herman—Wallis coefficients, we expect
our calculated line intensities to be most accurate for
low J values, for which separation between rotational
and vibrational motion is a better approximation.
Below we show a detailed comparison for three bands.
The (3v4+vs) combination band has a calculated origin
at 2519.5cm™', versus a measured value of
2560.6cm~!. Our calculated value of Sy, is
1.6x107°D?, versus an experimental value (derived
from multi-spectrum fit) of 1.7 x 107°D?. Table 5
reports a line by line comparison with the results of
paper [34]. The v; fundamental band has a calculated
origin at 3241.1cm™', versus a measured value of
3316.9cm™!. Our calculated value of S, is
5.1 x 107°D?, versus an experimental value (derived
from multi-spectrum fit) of 3.9 x 107> D? Table 6
reports a line by line comparison with the results of
paper [36]. The vs fundamental band has a calculated
origin at 722.2cm™', versus a measured value of
730.3cm™'. Our calculated value of Sy, is
5.8 x 1072D? versus an experimental value (derived
from multi-spectrum fit) of 9.8-107>D?* Table 7
reports a line by line comparison with the results of
the paper [37].

8. Conclusions and perspectives

Our aim is to develop a general procedure for
calculating spectra of hot molecules of astrophysical
interest. The acetylene molecule provides the initial
application. It is worth considering the steps required
to achieve this aim. Our ab initio calculated energies
differ from the experimental ones by up to about
100 cm ™', which cannot be considered a good level of
agreement and it is clear that more work in this area is
needed before we can produce a final line list. Better
transition energies can be obtained by semi-empirical
methods. One strategy is to tune the ab initio potential
energy surface using spectroscopic data [47]; an alter-
native approach is to substitute the calculated energy
levels with measured ones [64]. In practise a combina-
tion of both approaches has proved successful [65].

The results of the piroLE4 code and our new dipole
surface have been compared with the HITRAN
database, using an approximation that speeds up the
test calculations by more than one order of magnitude.
This resulted in its successful validation, since calcu-
lated values were compatible with experimental data.
The discrepancies can be accounted for by the simpli-
fying assumptions adopted in the calculations and,
possibly, by the rather low-level ab initio method used
to calculate the dipole moment surface. However, the
tests presented in Section 4 suggest this dipole moment
surface actually performs better than what it could be
expected from the level of theory employed. Experience
has shown that such dipole moment surfaces are best
calculated ab initio [66] and this can lead to predicted
intensities competitive in accuracy with laboratory
measurements [67,68]. It may also be necessary to relax
such simplifications used in the nuclear motion calcu-
lations: moving the variational calculations one step
further by fully including in it the rotational degrees of
freedom. This will enable us to obtain complete lists of
vibrational energy levels up to a given maximum
excitation (i.e. including all states with non-zero
vibrational angular momentum) and consequently of
the electric dipole transitions among them which are
allowed, including those perpendicular bands, such as
transitions involving A states, which we have not
considered here.

A complete line list of transitions will enable us to
estimate the opacity of C,H, at the temperatures
prevailing in the photospheres of cool stars
(i.e. between 1000 and 2000K). Such lists of states
and transitions will be suitable for straightforward
integration in existing models of stellar atmospheres, to
estimate their effect on radiation transport, their
physical structure and the resulting spectra. One will
also be able to use the molecular data as they are, to
directly estimate C,H, absorption spectra at a given
temperature, for straight comparison with available
observational data.
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Appendix 1

Following Bunker and Jensen [25] [Equation (14-6)], let us
assume that the component of the molecular dipole moment
operator along the A4-axis is given by

pa = ¢R;, (23)
J

where e; and R; are the charge and coordinates of the jth
particle in the molecule and j runs over all nuclei and
electrons; A=X, Y,or Z dnd (X, Y, Z) is a coordinate system
space fixed at the nuclear centre of mass. Then the line
strength for a neutral molecule is

Syen =2 2, [l (24)

' A=XY.Z

where the first sum runs over all (degenerate) eigenfunctions
@' and @ with energies E’ and E respectively. In practise,
ro-vibrational eigenfunctions are obtained in the molecule-
fixed axis system and therefore we need to transform the
dipole moment operators into the molecule-fixed coordinate
system. This can be compactly given by Bunker and
Jensen [25] [Equation (14-15)]

1
w0 = 3 [DU@.0.0] ui, 29)

o’'=—1

where the space fixed components of the dipole moment are
given by

uE = [Ty —iny]/2'2, (26)
w0 =y (27)
and similarly the molecule fixed components are
=D = [Fpy —ipy]/2'72, (28)
o = e (29)
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Then the line strength equation above becomes

1
Sgren =Y Y N |u|d)?
P o=—1
2

—ZZ Z (@1DV @) . (30)

DD o=—1|o"=

The basis functions used by wavr4 [22] are a direct
product of radial and angular functions. The angular
functions are non-direct product and include symmetric top
functions. Thus the eigenfunctions obtained in the process of
Hamiltonian diagonalisation are linear combinations of basis
functions

= D i pali)i)li)lis), 31)

[RINGN]

where |i1), |i») and |i3) are radial basis functions (they are
essentially radial grid points) and the angular function is
given by

i) = Ny PN [ 17 K, M)
+(_1)J+17+K+k Y/7Kk |J, _ K, M)] (32)

In the last equation, Ngy is the normalisation coefficient
112(1 4 8x08x0)]% « is an auxiliary (quantum) number
taking values +1 or —1, p is the parity quantum number
taking values 0 or 1, j, / and k are angular momentum
quantum numbers, and |J, K, M) is a symmetric top wave
function. Note that 7 is assumed to be an aggregate quantum
number running over all possible combinations of j, /, k, «, K,
and M (p and J are strict quantum numbers and therefore
are the same for the whole eigenfunction). Then the
expectation value of a dipole operator is given by

1 1
(@'1D0) @) =2 D @, G 1D 1y 1D,
Li' iy,ip,03
(33)
where we used an approximation that

(@ (o in) i) i3) = iy )87 81,1, 81,i, - That is we used
the diagonal approximation for the' dlpole moment function
in the grid basis. It means the integration over the radial basis
is reduced to taking the values of the dipole function at
the grid points. After substituting the expression for |i) we
obtain

(Dx (10"
((p/|Dad’>"(l‘L£}1 7 )|(p>
= Z Z Ay iy 1,1y iy iy NK'k'(K/)k,NKk(K)k//dQPJ‘.,k"K'K"
W i
x P}I\'—KKI I:Y}k/,(/k/’ug.a’/) Y';k(J/sK,aM/lD((,l‘,,)mJ,K,M)
+ ()RR G Y — K MDY K M)
+( l)J+[)+K+k Y*K 'k (1 o’ )Yf,(lt (J/ K M/|D(1)*|J _K. M)
H(=1)/ K +k’+J+p+K+k YK 1) ek
x(J', = K. MDYV, — K. M), (34)

where p{1-9") is assumed to depend only on the internal
angular coordinates and the radial coordinates take the
values of the radial grid points.

Integrating over the Euler angles (Equation (14-23) [25]),
the expression in square brackets above becomes

WM , 12 J 1 J/>
[..]==D"[QJ+ DHJ +1)] (M o M

Yo 1 ,
e (3 ) e

+Y7‘f”’k’u£,',"“”>Y7k<1J< g ,J<,>(—1)”+”’+K’+” —n*
o

T A ey

K o' —K'
—k'k’ o) y—k J 1 J/

+Y7 ku“grl’ )Yl k<_K o K/)

% (_I)J’+p'+K’+k’+J+p+K+k (_l)—K’ } (35)

Clearly if @ is an 1nteger then (— 1) =(—1)"“ Since K i 1n our
case is an integer (—1)X =(=1)"%" and therefore (=DX
be taken away as a common factor.

Our spherical harmonics are defined as in Equation (31)
of Mladenovic [69]. Since « is equal to —1 or 1 and k is not
negative, the expectation value of the dipole moment
function is

1., (Lo)
(D' |y 7| P)
1% X
E Qi iy, in, iy Qi i,y Nk (€)' Nge()"
00,0, 13

x / dQ P K1 PRl MK [+ 1)) + 1))

J 1 J 1
(1.6")
(oo ) Lo
1 J 1 J

K pk i(—Kk'k +Kk
XE[PI’P?QI( ‘ +K)X<K o —K'

) ( 1)—’K;+ll(’+r(’k’+"—§'k
+ P Prexpli(k'k’ + «k) ](J ! f)

y K K

v 7iexp X K o' K

Kkl g o
X( 1 +HS kI +p +K 4K

—K (7// _K/
(=1 )4;1 K+ K +=5 e+ T +p+ K+
; J 1 J
e H
+Pl’ Pg( eXp[l(K/k/ - Kk)X] ( K o' K/)

K17 d / g
Sk +p' +K'+k +J+p+1<+k]_ (36)

P/\" k RS J 1 '],
+ P, P expli(—«'k" —kk)x]

x (_ 1 )K,;lk/+l(/k’+7

Removing the obvious common factors and simplifying the
result we obtain

(@[ @)
: J 1y
=(=DM[I+ DI +1 W( )
(=D7I( X ) i
X Z aiail,iz,iga[,i.J;,i;NK//('(K,)k,NKk(K)k(—I)K,
7,0,01,02,13

1

-/ N - [ - 1 A
x [[aept s ip s p Y e

o’'=-1
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’

J J 177 K+l
x [exp[i(—x/k/ +ick) X]( )(—1)’7" 5k

K o' —K
. J J’' b ey s
+expli(k k/+;<k)x](K o K/)(_l) FH kA +p + K

J 1 7

Kl _xtl
+e (K — ik -1 k' —k+J+p+K
xpli(—'k — )x](_K o _K,)( )

J 1 J
+eXp[i(K/k/—Kk)X]<_K o K/>

« (_1)"’T“k/—“j’T‘l<+J’+17’+K/+J+p+K:|. (37)

Next, we expand the sum over o’ explicitly
(@1 D)
, J 1 J
=(=D"[QI+ DI +1 1/2< )
oMierener o (co
1

K i K+ e
XYy iy @i iy Niw (€)' Nige () (= DF 745 o

P s
% '[/dQ P}fk K le‘-kﬂ(K‘ PX Pk

><{exp[i(—;c’k/+lck)x][p,(1'0)<J b )
" \K 0 —K

Jo1 J1
7)) )
o\ g -1 )T \k 1 -k

+expli(c’ k' + k) x(— 1)’ 7+

J 1 J J 1 J
Lo (5o ) (e L e)

J1J
+uf,1;”( ol K)} Fexpli(—1'K — k) (= 1)K

J 1 J J 17
(1.0 (1.-1)
X +
[“m (—K 0 —K’) Hom (—K -1 —K’)

anfJ 1T
T gk

Fexpli(Kk — i) y](—1) +7 K+ K

J 17 J 1 J
e 2o )

x+M(l’1)( o )]} (398)
" \-K 1K

Now we can write the expectation value of the dipole
moment function in a compact form

(@11 0)

!

, J
_ (1M ’ 1/2
= (=D [+ DR2J +1)] <M o M

)X(J,J/),

(39)
where X(J, J') does not depend on M, M’ and o. Therefore
the line strength is

Sen= Y. U@ ND)P = @27+ DRI + 1) XTI
MM, o

1 J 1 J/ 2
* Z Z(M o —(M+a)> ' (40)

o=—1 M

Since J' can only be equal to J or J+£ 1, let us consider
three different cases:

Case I: J'=J <« Jie. AJ=0. There are three sub-cases:
o=0hence M=—J...J,

o=+1 hence M=—-J...J—1,

o=—1hence M=—J+1...J

and in any case Y.._ ,>,(.)* =1 Therefore
S=QJ+ 1) X*(J, J).

Case II: J'=J+1<«Jie. AJ=1. There are also three sub-
cases:

o=0 hence M=—J...J,

o=+1hence M=—J...J,

o=—1hence M=—-J...J

and again in any case Z},:_l > (. )* = 1. Therefore
S=QJ+ DQRJI+3)XJ, J).

Case IIlI: J'=J—1<«Ji.e. AJ=—1. This case must be the
same as Case II by symmetry (reversibility).

Using the symmetry properties of 3J-symbols, we can
simplify the line strength expression to obtain

Siren = QI+ D + DIXULI), T =J— 1L 1J+1,
41)
where
X(J,J) = Z A iy inis @iy oy N (1K) N (i)
7,000

K+ e et 1 K —«'K'| plk—kK] pk’ pk
x (=D = z ‘E[/dQPj/ P; P, P
x {ui,i"” (exp[i(x’k’ + k) x)(—1)" K

AN 1T
—i( K k —1 J+p+K+J+14-J ( )
+exp[—i(cK +1ck))(—1) e o &
+ MO expli(—k'k’ + k) x] + exp[—i(—«'k’ +ick)x]

Y/ P K KT JJ
x(=1) ) KO0 —K

+ (uf;’l)exp[i(/c/k/ _Kk)x](_l)J’+17’+K’+J+p+K+M$,—I)
(S 1T
X exp[—i(' kK + kk) (= 1)1+ ( )
p—i(k'k" 4Kk x](—=1) ) KK
+ (0D exp[—i( K 4 1ck) ) (— 1)K 4 1D

K T 1T
xexp[i(/c/k’—l-/ck))(](—l)J +p'+K +J+1+J)(_K X _K/>

+ (,uﬁ,l,‘l)exp[i(x/k/ + k) (=1)/ 7K +M£,:’_1)

(I LT
x expli(—K'k’ +ick) ] (— 1) T HEH I ( )
pli )A=1) Nk 1 &

+ (1D expli(—' K + i) ]+ D

x expli(—k’ +Kk)X](_l)J’+p/+K’+J+p+K+J+1+J’>

J 1 J
x . (42)

K1 -K
Due to the properties of 3j-symbols the terms in the sum
above exist only under special conditions. Furthermore,

rigorous selection rules allow only transitions between states
with different parity, i.e. p’#p (e.g. see Bunker and Jensen
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[25] p. 417). This can be also verified explicitly using the
expressions above and by taking into account that the action
of inversion symmetry does not change p, and p. but
changes the sign of u,. Now let us consider the above terms
in more detail.

Term I exists only if K'=K=0

YA B 4
LY== :
L= (000 e
x [cos(k'K' +kk) x +isin(c'k -+ k) x (43)
+(cos(K'k + k) x —isin(k’k’ + xk) x)(— 1) 7+! ]
Since p' #p then (—1)" 7+ =1 and
S J’
{.}=(=D"" ( ) w-2cos(Kk' +kk)yx.  (44)
0 0 O
Term II exsits only if K'=K

J 1 J
{.}= (K 0 _K>uz
x [cos(—«'k" + kk)x + isin(—«'k" + «k)x
(cos(—k'K + kk)x — isin(—'K + k) x)(= 1Y+ ]
(45)
Since p’ #p then (—1)Y ™+ =1 and
Jo1J .
{..}= (K 0 _K>,u; 2 cos(—«'k" + k). (46)
Term I1I exists only if K'=K—1, i.e. (~1)X*5=1, and
K=1,2,3... (while K'=0,1,2... respectively)

B J 1 J (_I)J'+J+l
=gy ko 2172

X [(—ux —ipy)(cos(K'k' — kk)x +isin(x'k’ — kk) x)(— '+
+(py —ipy)(cos(k'k' — kk)x —isin(k'k' — kk) x)]
(47)

J 1 J (_1)J'+J+l
-K 1 K-1 21/2

x [—m), cos('k’ — Kk)x((—l)”’ﬂ’ + 1)
— uycos(Kk — K/c)x((—nl”*p - 1).
i sin(k — Kk))(((—l Y 1)
ity sin(K — k) X((—l)ﬂ’ﬂ’ - 1)] (48)
Since p/ #p then (—1)”*?=—1 and
_ J 1 J’ (_ l)J/+J
td=\_x 1 k=1) 22
x 2[py sin(k'k’ — kk)x — pu cos('’k’ — kk)x].  (49)

Term IV exists only if K'=—K+1 hence either K=0
and K'=1or K=1and K'=0

) ( J o1 T )(_1)J+p+K
A N G Y 2172
X [(—px — ipy)(cos(K'k’ + k) x — isin(k'k" + k) x)
+(tyx — ity )(cos(K'k’ + k) x + isin(kK'k’ + k) x)
X(_l)p'+p(_1)K’+K+l] (50)
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A AR N G )
K 1 K-1 2172

x [—Mx cos('k + kk) X(1 - (—1)P’+P)

— i, cos(K' + kk) X(l + (—1)P’+P).

— 1y sin('k’ + kk) X(1 - (—1)1’+1’)

g sin(CK + Kk)x(l + (—1)!”*1”)]. (51)

Since p’ #p then (—1*”=—1 and
J 1 J’ -1 J+p+K
()= e,
—-K 1 K-—1 21/
x [—px cos(K'k' + kk)x — py sin(’k’ + xk) ). (52)

Term V is not zero only if K'=—K—1 and therefore
cannot exist.

Term VIexists only if K=K+ 1,1.e. K=0,1,2... (while
K’'=1, 2, 3... respectively)

22N
L=k 1 2koi)om
x [(—px — ipy)(cos(—k' k' + kk) x +isin(—k'k' +kk)x)

(i, eOS(—K k)~ sin(—K 4+ ek (1Y ]
(53

- (J I ) B
“\K I —K-1)22
x [—Mx cos(—k’k' + kk) x(l (=1 y”*p)
—ipty cos(—k'K + k) X(l + (—1)f”+f’)
ity sin(—k'K’ + kk) X(l (1 )P’+P) ~ iy sin(—k'K + «k)
X(l + (—1)P’+P)]. (54)
Since p’ #p then (—1)’? =—1 and

(1 J! 2
tod= K 1 —K—1)22

X [—px cos(—«'k’ 4 i) x + py sin(—'k' + xk)x].
(55)

The projections of the dipole are real functions and therefore
X(J, J') is real too.

Let us define AK=K—K', i.e. K=K'+ AK. The equa-
tions can be also summarised in a more compact form for
different cases of AK and K'.

AK=0, K=K'=0 (Terms II and I)

_(J 1 J/)
{...}= 00 o)

x 2[cos(K/k’ — 1) g+ (=1 cos(K + k) x].
(56)
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AK=0, K=K’'>0 (Term II)

(7 L 2 'k’ k 57
{..‘}—(K, 0 _K,>M: cos(k'k" —kk)x.  (57)

AK=1, K'=0, K=1 (Terms III and IV)

{.)}= J1J 21/2
-110

x [,ux ((— D+ cos(k' k' — k) x + (= 1) cos(' k' + Kk))()

ity ((— 1)+ sin(c k' — k) + (= 1)+ sin(k’ + k) X)]

(58)
AK=1, K'>0, K=K'+1 (Term III)
{...}= ( 4 1 J/>21/2
K'-1 1 K
x [M,{(—l)l’“*‘ cos(k — k) x
i, (= 1Y sin(c' K — k) X]. (59)

AK=—1, K'=1, K=0 (Terms VI and IV)

(ST 12
{...}_(0 i _1>2

x [px (= cos('k’ — k) x + (= 1)+ cos(’k' + «k)x)
+1ay (= sin('k’ — kk)x + (= 1)+ sin('k' + «k)x)].
(60)
AK=-1,K'>1, K=K’ —1 (Term VI)

{.}= 7 b 21/
K—-1 1 —-K

x [~y cos(K'k’ — kk)x — py sin(c'k’ — kk)x].  (61)

The expressions above provided the basis for performing
numerical line strength calculations and were used in the new
DIPOLE4 code to compute line intensities. In practice, we
calculate X(J, J') as a sum of three terms each depending on
either w,, p, or .. The code supplements wavr4 [22] and
was written in Fortran 90 as wavr4 itself. The code takes as
an input a set of initial and final eigenfunctions, a dipole

function, and a control file and computes line strengths
between all possible combinations of initial and final states.
It follows from the equations above that there must be
necessarily a sum (i.e. a loop) over all angular and radial
basis functions and an integration of the dipole function
in order to obtain its matrix representation in the angular
basis. We should note again that we assume diagonal
representation of the dipole function in the radial basis.
Since the basis functions (both FBR and DVR parts) are the
same as those used in wavr4, we could readily use the inte-
gration functions from wavr4 for integration over the
angular (FBR) basis and perform direct summation for
the integration over the radial grids. For the purposes of the
current project we only needed evaluation of matrix elements
of the dipole moment function and pipoLE4 code has been
modified accordingly.

One note on the implementation is in order. If the
integration-summation formulae are taken literally then they
may result in matrix vector multiplication which is very
inefficient on cache-based computer architectures for matri-
ces larger than the cache. Therefore we decided to operate
simultaneously on several initial and final eigenfunctions and
thus utilise matrix—matrix multiplication which is much more
efficient. At the core, the new code is essentially a loop over
the three-dimensional radial grid which builds a matrix
representation of the integrand in the primitive basis and
performs computations of integrals involving all possible
initial and final states. The intermediate results are accumu-
lated in a matrix of the size equal to the number of initial
times final states. The loop over the radial grid lends itself to
a very efficient parallelisation strategy. In the parallel
implementation, the accumulators reside on every parallel
processor so that no communication is necessary during the
computation. Only a final reduction is required to gather the
intermediate accumulators and compute the transition
matrix.

Finally, one additional step is required for the calculation
of dipole transitions. The wave-functions produced by wavr4
need to be transformed back into the primitive basis on
which pipoLE4 operates. This is done using a separate
program and the results are stored on disk. The two-step
approach allows more efficient calculation of the integrals,
reuse of converted wave functions as well as potential use of
prpoLE4 with the codes which do not implement contraction-
reduction strategy (e.g. direct methods).



