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a b s t r a c t 

Molecular line lists, particularly those computed for high temperature applications, often have very few 

states assigned local quantum numbers, i.e rotational and vibrational quantum labels. These are often 

important components for accurately determining line shape parameters required for radiative transfer 

simulations. Through variational calculations, the projection of the total angular momentum onto the 

molecule fixed axis ( k ) is investigated in the Radau internal coordinate system to determine when it can 

be considered a good quantum number. In the Radau coordinate system, when the square of the th com- 

ponent of the wavefunction is greater than one half, then we can classify k as a good quantum number in 

accordance with the theorem of Hose and Taylor, a quantum analogue of the Kolmogorov–Arnold–Moser 

theorem. When the theorem is satisfied, it is shown that k can reliably be used to determine oblate and 

prolate quantum labels K a and K c . This approach is tested on the states of the water and ozone molecules. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Motivation 

High resolution molecular spectroscopy routinely labels transi- 

ions and hence energy levels with quantum numbers which spec- 

fy the (sometime approximate) constants of motion for the sys- 

em. These labels are a mixture of rigorous (symmetry, parity) 

onstants of motion and more approximate labels which are usu- 

lly derived from the underlying model. These quantum labels are 

mportant for inter-comparison, identification of states, physical 

nderstanding, obtaining both rigorous and approximate selection 

ules and a variety of other uses some of which are discussed be- 

ow. 

For small molecules, spectroscopic data are increasingly being 

enerated using variational nuclear motion programs. While these 

rograms in general use rigorous quantum numbers such as the to- 

al angular momentum, symmetry and parity to simplify the solu- 

ion of the nuclear motion Schrödinger equation, there is no guar- 

ntee that the zeroth order model used by these programs will 

ield the approximate quantum numbers generally used. These are 

 N − 6 degrees of vibrational freedom for a nonlinear molecule and 

he rotational motion of asymmetric are further characterized by 

blate and prolate rotational labels ( K a , K c ). The DVR3D [1] suite
∗ Corresponding author at: Center for Astrophysics - Harvard & Smithsonian, 
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f programs use variational methods to solves the exact nuclear- 

otion Schrödinger equation within the Born-Oppenheimer ap- 

roximation for triatomic molecules. DVR3D has been used used in 

he calculation of numerous line lists, some of the most notable are 

 2 S [2] , CO 2 [3] , HCN [4] , SO 2 [5] , H 3 
+ [6] and of course H 2 O [7] .

he ExoMol [8,9] project has seen numerous high temperature line 

ists [7,10,11] developed for use in applications where high temper- 

tures are expected, such as exoplanets, cool stars and combustion 

xperiments. 

In DVR3D the molecules with like atoms can be treated in 

he permutation inversion group C 2v (M) representation and four 

otation-vibration symmetry states are possible: A 1 , A 2 , B 1 and B 2 . 

ibrational symmetry and the rotational projection are selectively 

hosen based on the eigenstate of interest. The DVR3D setup only 

rovides rigorous quantum labels such as the total angular mo- 

entum ( J), rotationless parity ( p) and interchange symmetry ( q ). 

In general, it is useful to assign states with the approximate vi- 

rational and rotational labels mentioned above, i.e the rotational 

uantum labels K a and K c , along with the 3 N − 6 vibrational quanta

1 , ν2 and ν3 symbolizing symmetric stretch, bend and asymmet- 

ic stretch, respectively. These quantum labels become particularly 

mportant in the determination of line shape parameters, which 

an be a function of the vibrational quanta that are exchanged in a 

ransition [12,13] , as well as being dependent on the change in ro- 

ational quanta. Indeed it is well established that it is the rotational 

uantum numbers (J, K a , K c ) , which are most important for char- 
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cterizing line broadening parameters [14,15] . Quantum labels can 

e used to transfer information between different isotopologues 

16,17] , providing the symmetry is conserved on isotopic substitu- 

ion. These labels can also serve as unique fingerprints in line lists 

hich can contain thousands if not millions or billions of transi- 

ions that we often see in high temperature line lists. In such high 

emperature line lists that have an enormous quantity of transi- 

ions, numerous states do not have any approximate quantum la- 

els and hence lack important spectroscopic information. While 

igorous dipole selection rules depend on the total angular mo- 

entum J and parity considerations, there are strong propensity 

ules which usually favour small changes in K a , making assigning 

alues to this number particularly important. 

Šmydke and Császár [18] showed that vibrational labels could 

e automatically assigned to variationally calculated states by com- 

uting reduced-density matrices. The procedure was shown to be 

ighly reliable up to approximately 25,0 0 0 cm 

−1 . Other varia- 

ional programs/methods [19,20] that solve the Schrödinger equa- 

ion make use of different basis sets that can be used to assign an

pproximate label on the degree of vibrational excitation [21,22] . 

ther methods have also been proposed for providing the approx- 

mate vibrational labels [23–26] . There has, however, been little 

ork performed on assigning rotational quantum numbers from 

ariational wavefunctions. Mtyus et al. [24] determined (K a , K c ) 

abels for the water molecule by computing rigid-rotor decom- 

osition (RRD) tables, obtained by projecting rovibrational wave- 

unctions onto symmetrized rigid-rotor basis function and J = 0 

ure vibrational wavefunctions. Their method is successful in those 

ases where the vibrational overlap of wavefunctions is sufficiently 

ell determined to assign ( 2 J + 1 ) rovibrational levels to a unique

onfiguration of vibrational quanta. In other words, determining 

K a , K c ) labels via the RRD method requires a priori existence of 

ufficient vibrational overlap with J = 0 wavefunctions. However, it 

hould be recognised that for molecules which go from bent to lin- 

ar it has been demonstrated [27] that it is not possible to charac- 

erize all states using a single set of quantum numbers. 

MARVEL (Measured Active Rotation Vibration Energy Levels) 

28] is an algorithmic procedure where high-quality spectroscopic 

nformation on a particular molecule is analyzed in a spectroscopic 

etwork [29] with the aim of creating an accurate set of empir- 

cal energy levels. Variational line lists can often be complete, or 

t least very extensive, thereby possessing many, if not all energy 

evels for a molecule, although transition frequencies are less pre- 

ise than their experimental counterparts. For those well studied 

olecules such as water, where numerous experiments have ob- 

erved a single transition, it can become very difficult to determine 

hat is the preferred set of data. In such cases, the MARVEL algo- 

ithm can use all known information of the molecule to determine 

he best set of data. This procedure has been hugely successful for 

any molecules [30–42] and for some, can determine energy lev- 

ls to kHz precision [43] . For tri-atomic systems (or larger), the 

ARVEL approach is currently limited to those molecules where 

he knowledge of approximate quantum labels is extensive. If en- 

rgy levels could reliably be labelled with approximate quantum 

abels in variational calculations, the MARVEL algorithm could per- 

aps be adapted to include such results. Similar considerations ef- 

ect the use of effective Hamiltonians, which are based on expan- 

ions in approximate quantum numbers, and are increasingly being 

sed in combination with variational calculations, see Refs. [3,44] . 

HITRAN [60] , HITEMP [45] , GEISA [46] and ExoMol [9] are ex- 

mples of spectroscopic databases widely used in remote sensing, 

tmospheric modeling and exoplanetary research. The line lists are 

omprised of experimental measurements, variational calculations 

nd semi-empirical models such as effective-Hamiltonians. Varia- 

ional calculations do not rely on experimental results, although 

hey can be used to improve accuracy [7,47,48] , while the semi- 
2 
mpirical data are correlated with the pre-existence of experimen- 

al data (to model/fit). As such, a large portion of data can be varia- 

ional in nature and not labelled with approximate quantum num- 

ers. The existence of approximate quantum numbers can improve 

he accuracy of line shape parameters and thus the global accuracy 

f the line lists that possess variational data. 

The Radau coordinate system is one such option that is avail- 

ble in DVR3D and it has been shown to be an excellent choice, 

here the value of k , the projection of J on the molecule-fixed 

-axis is found to be better than the value of k obtained in the 

ckart embedding [49] . For quasi-linear molecules such as H 2 He + , 
 can be used as a proxy to determine the vibrational angular mo- 

entum, often labelled as � . It remains to be seen as to whether 

nowledge of k can be further exploited to assign approximate 

uantum labels. 

The Hose–Taylor theorem [50] , a quantum analogue of the the 

olmogorov–Arnold–Moser theorem [61] , gives the condition on 

hen two states can be uniquely assigned quantum labels and 

s dependent on the overlap of the states’ wavefunctions. In this 

ork, we will investigate the wavefunctions of the DVR3D pro- 

ram and apply the results of the Hose–Taylor theorem to deter- 

ine what unique quantum label(s) can be assigned when it holds 

rue. 

. Methods 

The Hose–Taylor theorem [50] states that if we have two quan- 

um states � and �, and if � and � are normalized and if the 

ollowing inequality holds true 

 

〈 �| �〉| 2 > 

1 

2 

(1) 

hen there is a one-to-one transformation between the two states, 

.e we can uniquely assign quantum numbers. Despite being such 

n important result, it has been little used in the field of molec- 

lar spectroscopy. Fortunately, the wavefunctions (basis functions) 

sed in DVR3D are indeed normalized and hence, they satisfy the 

ormalization condition required by the theorem. 

The DVR3D [1] program solves the Schrödinger equation us- 

ng a discrete variable representation (DVR) approach in three di- 

ensions. The wavefunctions in the radial direction ( r 1 , r 2 ) are 

escribed by associated-Laguerre polynomials, while associated- 

egendre polynomials are used in the angular coordinate ( θ ). 

ithin the DVR, we will use α, β and γ to represent the quadra- 

ure points in R 1 , R 2 and θ . We will also consider an internal coor-

inate system described by Radau coordinates. The process of de- 

eloping the body-fixed Hamiltonian in a Radau coordinate system 

s described thoroughly in references [51–56] . 

In our Radau coordinate system, the wavefunction can be writ- 

en as 

= 

J ∑ 

k = p 

( ∑ 

αβγ

� J,k 

αβγ

) 

(2) 

here p describes the rotationless parity of the system and takes 

alues zero (e state) or one (f state); the total parity is given by 

−1) (J+ p) . Another rigorous quantum number is the symmetry of 

he wavefunction with respect to interchange of identical nuclei, 

escribed by q .; of course this label is only valid for molecular sys- 

ems consisting of two identical atoms having the form AB 2 . 

In terms of conventional asymmertric top quantum numbers, 

he parity of the wavefunction can be given by Eq. (3) [57] . There-

ore, if we know K a (or equivalently K c ) we can determine the 

alue for K c (or equivalently K a ) if we know the rotationless par- 

ty p. Also, the label q can also be deduced from the expression 

−1) ν3 + K a + K c where ν3 is the quanta of asymmetric stretch. 

p = (−1) J+ K a + K c (3) 
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Fig. 1. (a) The ratio of assigned states to the total number of available states (per J) as a function of increasing energies. States are grouped into bins of 50 0 0 cm 

−1 . The 

lower bounds of the bins are plotted. (b) The number of assigned states per J value compared to what is available by MARVEL [17] . 
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Table 1 

Dependence of state energy on the distribution of as- 

signments made possible for water by the Hose–Taylor 

theorem [50] for J ≤ 15 . 

Bin range Total # states Assigned states 

0–5000 745 652 

5000–10,000 2963 2431 

10,000–15,000 7087 5291 

15,000–20,000 13,334 8211 

20,000–25,000 22,340 10,649 

25,000–30,000 34,728 11,372 

30,000–35,000 51,947 10,725 

35,000–40,000 76,502 9129 

40,000–41,145 37,817 2940 
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If we hypothesize that, for a single value (per energy level) of 

 ∈ (p, p + 1 , . . . , J) , this chosen k can be considered a good quan-

um number if its wavefunction satisfies the Hose–Taylor theorem. 

n other words, if the following condition is true 

∑ 

βγ

(� J,k 

αβγ
) 2 > 

1 

2 

(4) 

hen we can uniquely assign k an approximate quantum number. 

The objective of this study is to prove this statement by deter- 

ining what approximate quantum number k represents (if any) 

hen the Hose–Taylor theorem is satisfied. We will investigate this 

heory for two important, non-linear gaseous triatomic molecules: 

ater and ozone. 

For water, states will be calculated based on our recently pub- 

ished global potential energy surface (PES) [47] . The upper energy 

hreshold is dissociation (41,145.94 cm 

−1 ) [58] and we consider 

tates with a value of the total angular momentum less than or 

qual to 30. In total, this gives 806,317 states to analyze. 

For ozone, we will consider the PES from Polyansky et al. [59] . 

or these calculations, we consider a J = 50 upper bound and set 

he upper limit of the energies to the dissociation threshold of 

563.5 cm 

−1 . Using these thresholds, we are left with 192,812 

tates. 

. Results 

Considering the water molecule first, for every state possess- 

ng an energy below dissociation, we calculate the value of k that 

ives the largest value of 
∑ 

αβγ (� J,k 

αβγ
) 2 . Of the 806,317 states, we 

re only interested in those that satisfy Eq. (4) . In total, there are

8,985 of these, which represents almost 10% of the total num- 

er of states. For these, the remaining task is to determine what 

 physically corresponds to. Without too much investigation, it be- 

omes obvious that k is a good approximate to K a (discussed be- 

ow). To obtain the respective value of K c , it can be determined 

rom Eq. (3) . This is possible as there are always two choices of K c 

or every K a (with the exception of J = K a = 0 ) and we know the

alue of p and J. 

In Fig. 1 (a), the number of possible assignments made per value 

f J against what is provided in the latest version of MARVEL 

17] (referred to as W2020) (for the main water isotopologue) is 

lotted. The differences are quite substantial. The W2020 dataset 

as 19,200 states available and as already explained, these are 

etermined from experimentally measured transitions frequencies. 

ll of these 19,200 states have approximate quantum assignments. 

ere, we manage to assign 68,985 calculated energies with accu- 

ate and reliable values of (K a , K c ) . This is almost four times the
3 
umber of assigned states available in MARVEL. For J = 4 , we man- 

ge to label 76 6 6 energy levels with values of K a and K c , while for

he same J, MARVEL has approximately 919 levels, representing a 

actor seven increase. One needs to remember, however, that the 

ARVEL levels also have vibrational quanta associated with them, 

hile the theoretical states do not. 

It is interesting to investigate the distribution of the assign- 

ents with respect to energy. To do this, bins are created in in- 

rements of 50 0 0 cm 

−1 and the number of possible assignments 

re placed in the respective bin, see Table 1 . In Fig. 1 (b), the distri-

ution of assignments are plotted for several different J values as a 

unction of the bins (lower value of each bin is plotted). As energy 

nd/or J increase, it becomes less probable to assign a value of K a . 

or increasingly larger values of the total angular momentum, the 

umber of states assignable via this method gradually reduces. 

In Fig. 2 the total number of MARVEL states are plotted over the 

8,610 states that we could uniquely label. Our predicted quantum 

abels directly overlap those values from MARVEL, proving our val- 

es are reliable and accurate. It is interesting to note the substan- 

ial amount of extra coverage in the regions where MARVEL lacks 

ata, mostly in the visible (beyond approximately 20,0 0 0 cm 

−1 ) 

nd with τ = (K a − K c ) > 0 . We cannot explain why the major-

ty of assigned states appear to have τ = (K a − K c ) > 0 , all we

an assume at this stage is that k becomes less well defined for 

= (K a − K c ) � 0 , i.e large values of K c corresponding to a highly

blate water molecule. 

Ozone is a significantly more rigid molecule than water. Of the 

92,812 calculated states, 169,840 of these have a value of k that 

atisfies Eq. (4) , which represents a 88% success rate. As of yet, 

here has not been a MARVEL release on ozone, so we instead 

ompare to the states available in the ozone line list within the 

ITRAN2016 [60] database that have values of total angular mo- 

entum less than or equal to 50 (note the HITRAN2016 line list 
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Fig. 2. Our calculated states with 
∑ 

αβγ (� J,k 

αβγ
) 2 > 0 . 5 and MARVEL [17] states superimposed. 

Fig. 3. (a) Calculated O 3 states with 
∑ 

αβγ (� J,k 

αβγ
) 2 > 0 . 5 and HITRAN2016 [60] states superimposed. (b) The ratio of assigned states to the total number of available states 

(per J) as a function of increasing J. 
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xtends to J = 87 ). It should be noted that every state in the HI-

RAN2016 line list has been assigned vibrational and rotational 

uanta. In Fig. 3 (a), the 169,840 calculated states are plotted with 

hose states in the HITRAN2016 line list. Our predicted quantum 

abels match the HITRAN2016 labels with a high degree of accu- 

acy, evident from the overlap present in Fig. 3 (a). Unlike water, 

he number of states satisfying the Hose–Taylor theorem do not 

educe in the limit of K c � K a . However, for much higher values of

 , this may indeed occur. 

In Fig. 3 (b), the ratio of the number of assignable states to the 

otal number of states calculated per J is plotted for ozone. For 

 = 50 , over 65% of calculated states are assignable, while for the 

ater molecule, at J = 50 less than 1% of states were assignable. 

he noise present in Fig. 3 (b) is likely a consequence of us truncat-

ng the calculated states at the dissociation limit, which we took to 

e the upper limit of energies in the HITRAN2016 line list. 

The DVR3D program suite has been updated and the code 

vailable on the ExoMol GitHub repository. Upon running the 

otlev3b.f90 code, used to calculate wavefunctions, aside from 

riting the wavefunction files, it will simultaneously write out the 

alues of K a and K c that satisfy the Hose–Taylor theorem together 

ith the square of the wavefunction for that value of k . 

. Conclusion 

We have demonstrated how the Hose–Taylor theorem [50] can 

e used with variational calculations to assign the rotational labels 

 a and K c for asymmetric top molecules using water and ozone 

s examples. The DVR3D program suite was used to calculate en- 

rgy levels in a discrete variable representation in a Radau coordi- 
4 
ate system. In principle, the theory should be applicable to any 

olecule regardless of its symmetry. Setting the maximum value 

f the total angular momentum for water and ozone molecules to 

0 and 50 respectively, the Hose–Taylor theorem was used to as- 

ign K a and K c labels to almost 70,0 0 0 and 170,0 0 0 states for water

nd ozone respectively. The results indicate that for heavier, more 

igid molecules, the quantity of assignable states increases. A use- 

ul advantage of this approach over the rigid-rotor decomposition 

RRD) method [24] is that it requires no a priori information on 

he degree of vibrational excitation of states. The Hose–Taylor the- 

rem can be used to significantly improve our knowledge of ap- 

roximate quantum labels for many molecules and ultimately in- 

rease the quality of spectroscopic information available. To com- 

lete the approximate quantum labelling, future work will focus on 

alculating the vibrational quantum labels by further exploring the 

avefunction amplitudes. 
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