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Molecular line lists, particularly those computed for high temperature applications, often have very few
states assigned local quantum numbers, i.e rotational and vibrational quantum labels. These are often
important components for accurately determining line shape parameters required for radiative transfer
simulations. Through variational calculations, the projection of the total angular momentum onto the
molecule fixed axis (k) is investigated in the Radau internal coordinate system to determine when it can
be considered a good quantum number. In the Radau coordinate system, when the square of the th com-
ponent of the wavefunction is greater than one half, then we can classify k as a good quantum number in
accordance with the theorem of Hose and Taylor, a quantum analogue of the Kolmogorov-Arnold-Moser
theorem. When the theorem is satisfied, it is shown that k can reliably be used to determine oblate and
prolate quantum labels K, and K. This approach is tested on the states of the water and ozone molecules.

© 2021 Elsevier Ltd. All rights reserved.

1. Motivation

High resolution molecular spectroscopy routinely labels transi-
tions and hence energy levels with quantum numbers which spec-
ify the (sometime approximate) constants of motion for the sys-
tem. These labels are a mixture of rigorous (symmetry, parity)
constants of motion and more approximate labels which are usu-
ally derived from the underlying model. These quantum labels are
important for inter-comparison, identification of states, physical
understanding, obtaining both rigorous and approximate selection
rules and a variety of other uses some of which are discussed be-
low.

For small molecules, spectroscopic data are increasingly being
generated using variational nuclear motion programs. While these
programs in general use rigorous quantum numbers such as the to-
tal angular momentum, symmetry and parity to simplify the solu-
tion of the nuclear motion Schrédinger equation, there is no guar-
antee that the zeroth order model used by these programs will
yield the approximate quantum numbers generally used. These are
3N — 6 degrees of vibrational freedom for a nonlinear molecule and
the rotational motion of asymmetric are further characterized by
oblate and prolate rotational labels (Kg, K:). The DVR3D [1] suite
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of programs use variational methods to solves the exact nuclear-
motion Schrodinger equation within the Born-Oppenheimer ap-
proximation for triatomic molecules. DVR3D has been used used in
the calculation of numerous line lists, some of the most notable are
H,S [2], CO, [3], HCN [4], SO, [5], H3™ [6] and of course H,0 [7].
The ExoMol [8,9] project has seen numerous high temperature line
lists [7,10,11] developed for use in applications where high temper-
atures are expected, such as exoplanets, cool stars and combustion
experiments.

In DVR3D the molecules with like atoms can be treated in
the permutation inversion group C,,(M) representation and four
rotation-vibration symmetry states are possible: A, A,, By and B,.
Vibrational symmetry and the rotational projection are selectively
chosen based on the eigenstate of interest. The DVR3D setup only
provides rigorous quantum labels such as the total angular mo-
mentum (J), rotationless parity (p) and interchange symmetry (q).

In general, it is useful to assign states with the approximate vi-
brational and rotational labels mentioned above, i.e the rotational
quantum labels K; and K., along with the 3N — 6 vibrational quanta
V1, Vo and v3 symbolizing symmetric stretch, bend and asymmet-
ric stretch, respectively. These quantum labels become particularly
important in the determination of line shape parameters, which
can be a function of the vibrational quanta that are exchanged in a
transition [12,13], as well as being dependent on the change in ro-
tational quanta. Indeed it is well established that it is the rotational
quantum numbers (J, Ky, K¢), which are most important for char-
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acterizing line broadening parameters [14,15]. Quantum labels can
be used to transfer information between different isotopologues
[16,17], providing the symmetry is conserved on isotopic substitu-
tion. These labels can also serve as unique fingerprints in line lists
which can contain thousands if not millions or billions of transi-
tions that we often see in high temperature line lists. In such high
temperature line lists that have an enormous quantity of transi-
tions, numerous states do not have any approximate quantum la-
bels and hence lack important spectroscopic information. While
rigorous dipole selection rules depend on the total angular mo-
mentum J and parity considerations, there are strong propensity
rules which usually favour small changes in K;, making assigning
values to this number particularly important.

Smydke and Csaszar [18] showed that vibrational labels could
be automatically assigned to variationally calculated states by com-
puting reduced-density matrices. The procedure was shown to be
highly reliable up to approximately 25,000 cm~!. Other varia-
tional programs/methods [19,20] that solve the Schrédinger equa-
tion make use of different basis sets that can be used to assign an
approximate label on the degree of vibrational excitation [21,22].
Other methods have also been proposed for providing the approx-
imate vibrational labels [23-26]. There has, however, been little
work performed on assigning rotational quantum numbers from
variational wavefunctions. Mtyus et al. [24] determined (K, K;)
labels for the water molecule by computing rigid-rotor decom-
position (RRD) tables, obtained by projecting rovibrational wave-
functions onto symmetrized rigid-rotor basis function and J=0
pure vibrational wavefunctions. Their method is successful in those
cases where the vibrational overlap of wavefunctions is sufficiently
well determined to assign (2] + 1) rovibrational levels to a unique
configuration of vibrational quanta. In other words, determining
(Kg, K) labels via the RRD method requires a priori existence of
sufficient vibrational overlap with ] = 0 wavefunctions. However, it
should be recognised that for molecules which go from bent to lin-
ear it has been demonstrated [27] that it is not possible to charac-
terize all states using a single set of quantum numbers.

MARVEL (Measured Active Rotation Vibration Energy Levels)
[28] is an algorithmic procedure where high-quality spectroscopic
information on a particular molecule is analyzed in a spectroscopic
network [29] with the aim of creating an accurate set of empir-
ical energy levels. Variational line lists can often be complete, or
at least very extensive, thereby possessing many, if not all energy
levels for a molecule, although transition frequencies are less pre-
cise than their experimental counterparts. For those well studied
molecules such as water, where numerous experiments have ob-
served a single transition, it can become very difficult to determine
what is the preferred set of data. In such cases, the MARVEL algo-
rithm can use all known information of the molecule to determine
the best set of data. This procedure has been hugely successful for
many molecules [30-42] and for some, can determine energy lev-
els to kHz precision [43]. For tri-atomic systems (or larger), the
MARVEL approach is currently limited to those molecules where
the knowledge of approximate quantum labels is extensive. If en-
ergy levels could reliably be labelled with approximate quantum
labels in variational calculations, the MARVEL algorithm could per-
haps be adapted to include such results. Similar considerations ef-
fect the use of effective Hamiltonians, which are based on expan-
sions in approximate quantum numbers, and are increasingly being
used in combination with variational calculations, see Refs. [3,44].

HITRAN [60], HITEMP [45], GEISA [46] and ExoMol [9] are ex-
amples of spectroscopic databases widely used in remote sensing,
atmospheric modeling and exoplanetary research. The line lists are
comprised of experimental measurements, variational calculations
and semi-empirical models such as effective-Hamiltonians. Varia-
tional calculations do not rely on experimental results, although
they can be used to improve accuracy [7,47,48], while the semi-
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empirical data are correlated with the pre-existence of experimen-
tal data (to model/fit). As such, a large portion of data can be varia-
tional in nature and not labelled with approximate quantum num-
bers. The existence of approximate quantum numbers can improve
the accuracy of line shape parameters and thus the global accuracy
of the line lists that possess variational data.

The Radau coordinate system is one such option that is avail-
able in DVR3D and it has been shown to be an excellent choice,
where the value of k, the projection of | on the molecule-fixed
z-axis is found to be better than the value of k obtained in the
Eckart embedding [49]. For quasi-linear molecules such as H,He™,
k can be used as a proxy to determine the vibrational angular mo-
mentum, often labelled as ¢. It remains to be seen as to whether
knowledge of k can be further exploited to assign approximate
quantum labels.

The Hose-Taylor theorem [50], a quantum analogue of the the
Kolmogorov-Arnold-Moser theorem [61], gives the condition on
when two states can be uniquely assigned quantum labels and
is dependent on the overlap of the states’ wavefunctions. In this
work, we will investigate the wavefunctions of the DVR3D pro-
gram and apply the results of the Hose-Taylor theorem to deter-
mine what unique quantum label(s) can be assigned when it holds
true.

2. Methods

The Hose-Taylor theorem [50] states that if we have two quan-
tum states W and @, and if ¥ and & are normalized and if the
following inequality holds true

(@) > 5 (1)
then there is a one-to-one transformation between the two states,
i.e we can uniquely assign quantum numbers. Despite being such
an important result, it has been little used in the field of molec-
ular spectroscopy. Fortunately, the wavefunctions (basis functions)
used in DVR3D are indeed normalized and hence, they satisfy the
normalization condition required by the theorem.

The DVR3D [1] program solves the Schrodinger equation us-
ing a discrete variable representation (DVR) approach in three di-
mensions. The wavefunctions in the radial direction (rq,r,) are
described by associated-Laguerre polynomials, while associated-
Legendre polynomials are used in the angular coordinate (0).
Within the DVR, we will use «, B and y to represent the quadra-
ture points in Ry, R, and 6. We will also consider an internal coor-
dinate system described by Radau coordinates. The process of de-
veloping the body-fixed Hamiltonian in a Radau coordinate system
is described thoroughly in references [51-56].

In our Radau coordinate system, the wavefunction can be writ-
ten as

J
v=3 (Y v (2)
k=p \aBy
where p describes the rotationless parity of the system and takes
values zero (e state) or one (f state); the total parity is given by
(=1)U+P), Another rigorous quantum number is the symmetry of
the wavefunction with respect to interchange of identical nuclei,
described by q.; of course this label is only valid for molecular sys-
tems consisting of two identical atoms having the form AB,.

In terms of conventional asymmertric top quantum numbers,
the parity of the wavefunction can be given by Eq. (3) [57]. There-
fore, if we know K, (or equivalently K.) we can determine the
value for K. (or equivalently K;) if we know the rotationless par-
ity p. Also, the label g can also be deduced from the expression
(=1)v3tKatKe where v; is the quanta of asymmetric stretch.

p= (_1)1+K,,+Kc (3)
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Fig. 1. (a) The ratio of assigned states to the total number of available states (per J) as a function of increasing energies. States are grouped into bins of 5000 cm~'. The
lower bounds of the bins are plotted. (b) The number of assigned states per J value compared to what is available by MARVEL [17].

If we hypothesize that, for a single value (per energy level) of
ke (p.p+1,...,J), this chosen k can be considered a good quan-
tum number if its wavefunction satisfies the Hose-Taylor theorem.
In other words, if the following condition is true

1

Jk N2

Do) > 5 (4)
afy

then we can uniquely assign k an approximate quantum number.

The objective of this study is to prove this statement by deter-
mining what approximate quantum number k represents (if any)
when the Hose-Taylor theorem is satisfied. We will investigate this
theory for two important, non-linear gaseous triatomic molecules:
water and ozone.

For water, states will be calculated based on our recently pub-
lished global potential energy surface (PES) [47]. The upper energy
threshold is dissociation (41,145.94 cm~') [58] and we consider
states with a value of the total angular momentum less than or
equal to 30. In total, this gives 806,317 states to analyze.

For ozone, we will consider the PES from Polyansky et al. [59].
For these calculations, we consider a J = 50 upper bound and set
the upper limit of the energies to the dissociation threshold of
8563.5 cm~!. Using these thresholds, we are left with 192,812
states.

3. Results

Considering the water molecule first, for every state possess-
ing an energy below dissociation, we calculate the value of k that
gives the largest value of 3.z, (\Ifﬁzy)z. Of the 806,317 states, we
are only interested in those that satisfy Eq. (4). In total, there are
68,985 of these, which represents almost 10% of the total num-
ber of states. For these, the remaining task is to determine what
k physically corresponds to. Without too much investigation, it be-
comes obvious that k is a good approximate to K; (discussed be-
low). To obtain the respective value of K, it can be determined
from Eq. (3). This is possible as there are always two choices of K.
for every K, (with the exception of ] = K; = 0) and we know the
value of p and J.

In Fig. 1(a), the number of possible assignments made per value
of | against what is provided in the latest version of MARVEL
[17] (referred to as W2020) (for the main water isotopologue) is
plotted. The differences are quite substantial. The W2020 dataset
has 19,200 states available and as already explained, these are
determined from experimentally measured transitions frequencies.
All of these 19,200 states have approximate quantum assignments.
Here, we manage to assign 68,985 calculated energies with accu-
rate and reliable values of (Ky, K;:). This is almost four times the

Table 1

Dependence of state energy on the distribution of as-
signments made possible for water by the Hose-Taylor
theorem [50] for J < 15.

Bin range Total # states  Assigned states
0-5000 745 652
5000-10,000 2963 2431
10,000-15,000 7087 5291
15,000-20,000 13,334 8211
20,000-25,000 22,340 10,649
25,000-30,000 34,728 11,372
30,000-35,000 51,947 10,725
35,000-40,000 76,502 9129
40,000-41,145 37,817 2940

number of assigned states available in MARVEL. For | = 4, we man-
age to label 7666 energy levels with values of K, and K., while for
the same J, MARVEL has approximately 919 levels, representing a
factor seven increase. One needs to remember, however, that the
MARVEL levels also have vibrational quanta associated with them,
while the theoretical states do not.

It is interesting to investigate the distribution of the assign-
ments with respect to energy. To do this, bins are created in in-
crements of 5000 cm~! and the number of possible assignments
are placed in the respective bin, see Table 1. In Fig. 1(b), the distri-
bution of assignments are plotted for several different J values as a
function of the bins (lower value of each bin is plotted). As energy
and/or J increase, it becomes less probable to assign a value of Kj.
For increasingly larger values of the total angular momentum, the
number of states assignable via this method gradually reduces.

In Fig. 2 the total number of MARVEL states are plotted over the
68,610 states that we could uniquely label. Our predicted quantum
labels directly overlap those values from MARVEL, proving our val-
ues are reliable and accurate. It is interesting to note the substan-
tial amount of extra coverage in the regions where MARVEL lacks
data, mostly in the visible (beyond approximately 20,000 cm~1)
and with t = (K; — K¢) > 0. We cannot explain why the major-
ity of assigned states appear to have 7 = (K; —K;) > 0, all we
can assume at this stage is that k becomes less well defined for
T = (K; — K:) <0, i.e large values of K. corresponding to a highly
oblate water molecule.

Ozone is a significantly more rigid molecule than water. Of the
192,812 calculated states, 169,840 of these have a value of k that
satisfies Eq. (4), which represents a 88% success rate. As of yet,
there has not been a MARVEL release on ozone, so we instead
compare to the states available in the ozone line list within the
HITRAN2016 [60] database that have values of total angular mo-
mentum less than or equal to 50 (note the HITRAN2016 line list



E.K. Conway, LE. Gordon, O.L. Polyansky et al.

Journal of Quantitative Spectroscopy & Radiative Transfer 270 (2021) 107716

30, @ This Work
® MARVEL

20

10

T (Ks —K¢)

-20

-30

-40

0 10000

20000

30000 40000

Energy (cm™1)

Fig. 2. Our calculated states with }°, By (\11“‘

apy

-+ This Work
401 o HITRAN2016
20
3
|
Y, 0
=
-20
-40
0 1000 2000 3000 4000 5000 6000 7000
Energy (cm™1)
(a)

)2 > 0.5 and MARVEL [17] states superimposed.

Ratio (Assigned/Total)
e o o o o
~ [e<] [ee] [t} o
9 O u o O

o
N
o

o
o
o

0 10 30 40 50

20
) (Total Angular Momentum)

(b)
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extends to | = 87). It should be noted that every state in the HI-
TRAN2016 line list has been assigned vibrational and rotational
quanta. In Fig. 3(a), the 169,840 calculated states are plotted with
those states in the HITRAN2016 line list. Our predicted quantum
labels match the HITRAN2016 labels with a high degree of accu-
racy, evident from the overlap present in Fig. 3(a). Unlike water,
the number of states satisfying the Hose-Taylor theorem do not
reduce in the limit of K. > K;. However, for much higher values of
J, this may indeed occur.

In Fig. 3(b), the ratio of the number of assignable states to the
total number of states calculated per J is plotted for ozone. For
J =50, over 65% of calculated states are assignable, while for the
water molecule, at J = 50 less than 1% of states were assignable.
The noise present in Fig. 3(b) is likely a consequence of us truncat-
ing the calculated states at the dissociation limit, which we took to
be the upper limit of energies in the HITRAN2016 line list.

The DVR3D program suite has been updated and the code
available on the ExoMol GitHub repository. Upon running the
ROTLEV3B.F90 code, used to calculate wavefunctions, aside from
writing the wavefunction files, it will simultaneously write out the
values of K; and K. that satisfy the Hose-Taylor theorem together
with the square of the wavefunction for that value of k.

4. Conclusion

We have demonstrated how the Hose-Taylor theorem [50] can
be used with variational calculations to assign the rotational labels
K, and K. for asymmetric top molecules using water and ozone
as examples. The DVR3D program suite was used to calculate en-
ergy levels in a discrete variable representation in a Radau coordi-

nate system. In principle, the theory should be applicable to any
molecule regardless of its symmetry. Setting the maximum value
of the total angular momentum for water and ozone molecules to
30 and 50 respectively, the Hose-Taylor theorem was used to as-
sign K; and K. labels to almost 70,000 and 170,000 states for water
and ozone respectively. The results indicate that for heavier, more
rigid molecules, the quantity of assignable states increases. A use-
ful advantage of this approach over the rigid-rotor decomposition
(RRD) method [24] is that it requires no a priori information on
the degree of vibrational excitation of states. The Hose-Taylor the-
orem can be used to significantly improve our knowledge of ap-
proximate quantum labels for many molecules and ultimately in-
crease the quality of spectroscopic information available. To com-
plete the approximate quantum labelling, future work will focus on
calculating the vibrational quantum labels by further exploring the
wavefunction amplitudes.
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