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ABSTRACT

The new hyperfine-resolved HyVO line lists for vanadium monoxide (°'V!®0) are presented. The new line list considers 15
electronic states and comprises almost 59 billion transitions between 3.4 million energy levels, up to 45000 cm~'. Empirical
energy levels obtained through the MARVEL procedure are used to update calculated values to experimental accuracy, making
the line list well suited for high-resolution experiments. Machine learning is utilized to refine the energies of levels in important
bands, where empirical values are not known. These updates allow for the accurate prediction of line positions in regions of
astrophysical interest, particularly in strong rovibronic bands in the infrared and visible. Previously published ab initio transition
dipole moment curves are adjusted based on experimental lifetime measurements, resulting in increased intensities in key regions.
The line list covers levels up to F = 150 and is complete up to 5400 K, making it well suited for studies of ultra-hot Jupiter
and M-type stellar atmospheres where VO is believed to be a strong source of opacities. The full line list is made available via
www.exomol.com.
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1 INTRODUCTION

Vanadium monoxide (VO) is known to exist in cool dwarfs due to
its strong absorption spectra, where it is primarily observed in the
near infrared (Keenan & Schroeder 1952; Spinrad & Younkin 1966;
Wing, Spinrad & Kuhi 1967; Spinrad & Wing 1969; Kirkpatrick,
Henry & McCarthy 1991; Cushing, Rayner & Vacca 2005; Langon
et al. 2007; Rajpurohit et al. 2012; Liimets et al. 2022) and visible
regions (Kamifiski, Schmidt & Tylenda 2010; Tylenda et al. 2011;
Loebman et al. 2014; Rajpurohit et al. 2014) through rovibronic
transitions. It has also been observed in the envelopes of supergiants
(Fawley 1977), red hypergiants such as VY CMa (Wallerstein 1971;
Humphreys et al. 2019; Dinh-V-Trung et al. 2022), asymptotic giant
branch stars such as VX Sgr (Lockwood & Wing 1982), Mira
variables (Merrill, Deutsch & Keenan 1962; Wing & Lockwood
1973; Castelaz, Luttermoser & Piontek 2000; Goranskii & Barsukova
2007; Kamirski et al. 2009; Tylenda et al. 2011), in circumstellar
gas around protostars (Hillenbrand et al. 2012) and in protoplanetary
discs (Ali-Dib et al. 2014).

VO is expected to be present in and significantly influence the
physics of the atmospheres of hot and ultra-hot Jupiter exoplanets
(Showman et al. 2009; Gandhi & Madhusudhan 2019; Coulombe
et al. 2023), but controversies remain about its detection. In these
atmospheres, models suggest VO acts as a driver of thermal inver-
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sions at high altitudes (Hubeny, Burrows & Sudarsky 2003; Fortney
et al. 2008; Lothringer, Barman & Koskinen 2018) and in both
brown dwarfs and exoplanets, it is believed to be a strong source
of opacities (Sharp & Burrows 2007). Other studies argue that
atmospheric cold traps could instead lead to the depletion of VO
from the upper atmospheres (Spiegel, Silverio & Burrows 2009),
though this may not be the case in hotter atmospheres (Haynes et al.
2015; Evans et al. 2016). It is believed to be present in the likes
of WASP-121b (Evans et al. 2018; Tsiaras et al. 2018; Goyal et al.
2020), WASP-18b (Coulombe et al. 2023) and HD 209458b (Désert
et al. 2008; Showman et al. 2009; Schwarz et al. 2015) due to low-
resolution studies, with the detection of atomic vanadium suggesting
itis available to form gaseous species such as VO (Hoeijmakers et al.
2020); others suggest the presence of atomic Vanadium implies the
VO has undergone thermal dissociation (Ben-Yami et al. 2020).
The current best line list data for VO has struggled to facilitate
high-resolution detections due to the lack of explicit inclusion of
experimentally-derived MARVEL (measured active vibration-rotation
energy levels) energy levels and the neglect of hyperfine splitting.
A line list for VO was produced by McKemmish, Yurchenko &
Tennyson (2016b) based on earlier ab initio calculations (McKem-
mish, Yurchenko & Tennyson 2016a). Dubbed the VOMYT line list
after the author’s initials, this line list had failed to provide a high-
resolution detection of VO in an exoplanet atmosphere (Hoeijmakers
et al. 2020; Merritt et al. 2020, 2021; de Regt et al. 2022; Johnson
et al. 2023) until a recent study of WASP-76b (Pelletier et al.
2023). One metric for assessing the accuracy of a line list is to
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consider the resolving power at which the size of the known observed
minus calculated (obs.-calc.) differences of rovibronic line positions
will become clearly resolvable. In the case of the VOMYT line
list, inconsistencies between the calculated line positions and their
measured counterparts are resolvable at R = 22000 for half of all
experimentally measured transitions. Another contributing factor to
these non-detections is likely the omission of hyperfine couplings
from the spectroscopic model, and, hence, no hyperfine splittings
in the spectra generated from it. Hyperfine effects are believed to
be important in VO, splitting spectral lines into multiple hyperfine
components, which in extreme cases can be separated by more than
0.5cm~! and considerably change the structure of observed line
profiles. These effects are due to the large nuclear spin on the 3'V
atom of [ = % and due to it having one of the largest magnetic
dipole moments of any stable nucleus (Stone 2005). As such, proper
treatment of hyperfine effects is necessary to produce a VO line list
well suited to a versatile range of high-resolution studies.

The spectrum of VO has some similar characteristics to that of TiO,
with the strongest features of both occupying nearby wavelength
regions. Yet TiO has been firmly detected in exoplanet WASP-
189b by Prinoth et al. (2022), while detections of VO remain con-
tentious. While several isotopes of Ti can be detected astronomically
(Pavlenko et al. 2020), the dominant isotope is **Ti, which has zero
nuclear spin. This means that **Ti'°0 has no nuclear spin and hence
no hyperfine splitting effects in its spectrum; as a result, the ToTo
TiO line list produced as part of the ExoMol project by McKemmish
et al. (2019) is much better suited to high-resolution studies than
its sister VOMYT VO line list. Additionally, the ToTo TiO line list
incorporated empirical MARVEL energies, whereas the VOMYT line
list did not.

Recent work has produced a MARVEL spectroscopic network of
the experimental transition data for VO (Bowesman et al. 2022).
Building on recent variational models (Qu, Yurchenko & Tennyson
2022b, 2023), we present here a hyperfine-resolved line list for VO
that covers 15 electronic states, based on the hyperfine-resolved
spectroscopic model of Bowesman, Yurchenko & Tennyson (2023a)
and computed using the variational nuclear motion program DuUO
(Yurchenko et al. 2016), as updated by Qu, Yurchenko & Tennyson
(2022a) to allow for hyperfine effects. The new line list is refined
with experimentally derived empirical energy levels and is suitable
for use in high-resolution spectroscopic studies.

Section 2 outlines the techniques to refine the energy levels of the
new VO spectroscopic model to create a hybrid line list. Section 3
details the scope of the new line list and the spectra generated from it.
Section 4 provides some discussion on the accuracy of the new line
list and its suitability for high-resolution studies. Section 5 presents
our conclusions and some paths for future improvements on the work
presented here.

2 METHOD

The new spectroscopic model of Bowesman, Yurchenko & Tennyson
(2023a) describes 13 of the electronic states that have been observed
in transitions: X =7, A’ *®, A *I1, B *I1, C *=~, D *A, 1 2A,
123+, 12, 1 211, 2 211, 2 2A, and 3 2A. Two additional ‘dark’
states, 1 2X~ and 1 2T, that are known to exist through ab initio
calculations and through their spin-orbit couplings to other states
are also included. An illustration of these electronic states and
their energies is given in Fig. 1, along with the observed electronic
bands. This model was used to calculate the term energies for all
hyperfine-resolved rovibronic levels in these electronic states below
45000 cm~! and with F < 150, and in turn the transition probabilities
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Figure 1. Electronic states of 3! V!0 and the observed transitions between
them arranged based on their dominant electron configuration. States marked
in blue are included in the new line list, and those in red are not. States
marked with a solid horizontal line are known from experiment, while those
marked with a dotted line are from ab initio calculations. The 3 2I1 state
was observed by Hopkins, Hamilton & Mackenzie (2009) through 3 2I1-
X 4%~ bands that are unassigned and are marked in purple. Energies for
the unobserved, ab initio doublets are taken from the calculations of Hiibner,
Hornung & Himmel (2015).

for all possible transitions between these levels. Hyperfine coupling
terms were included in the model for the X *X~, B *I1, and C *X~
states as their hyperfine-resolved energy levels were well studied
through experiments (Hocking, Merer & Milton 1981; Cheung,
Hansen & Merer 1982a; Suenram et al. 1991; Adam et al. 1995;
Flory & Ziurys 2008; Doring et al. 2022) and MARVEL analysis
(Bowesman et al. 2022; McKemmish et al. 2024). This set of energy
levels and transitions are used as the basis for the states and trans-
file components of a new line list. Further refinement is carried
out through the MARVELization of the energy levels and the use
of machine learning to predict obs.-calc. shifts, resulting in a new,
hybrid line list for 3! V!0,

2.1 Transition dipole moments

To compute the Einstein A coefficients contained in the trans file
portion of the line list, required to calculate intensities, the original
dipole moment curves of McKemmish, Yurchenko & Tennyson
(2016a) calculated using the program MOLPRO (Werner et al. 2015,
2020) were used. The transition dipole moment curves were initially
kept the same, though after calculating final state lifetimes for the new
line list there was disagreement between the calculated lifetimes of
the A *IT, B*I1,and C* %~ states and the experimental measurements
made by Karlsson et al. (1997). These measurements only concerned
the lifetimes of v = 0 levels in these electronic states and the v = 1
levels in the B *IT and C *X%~ states. Accordingly, there was not
sufficient information to fully refit the dipoles. Instead, the transition
dipole moments between these three states and the X <~ ground
state were scaled. This involved multiplying these three ab initio
dipole moment curves by scalar values, taken as the square root
of the ratio between the calculated lifetimes and the experimental
lifetimes for each state. While these states can transition to states
other than the ground state, the A MI-X -, B *II-X *X~, and
C ¥~ -X *X~ bands are the primary decay channels for each of
the upper states, as evidenced by being the three strongest electronic
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bands in the spectra of VO. The dipoles for each of these bands were
scaled by factors of 1.94, 1.58, and 1.33, respectively, and can be
found in the DUO input file included in the supplementary material.

The final intensity distributions in the spectra generated from the
new line list will differ for two additional reasons. Firstly, the dipole
moment curves in the VOMYT model (McKemmish, Yurchenko &
Tennyson 2016b) had mistakenly been entered in A-representation
rather than the Cartesian form appropriate for MOLPRO outputs. This
has been corrected and results in an increase in the intensities of
transitions between upper and lower states, both with A > 1 and
AA = %1 by a factor of 2 (Whiting et al. 1980). Secondly, the spin-
orbit coupling curves were refined in an earlier work (Bowesman,
Yurchenko & Tennyson 2023a) and allow for intensity borrowing
between states, proportional to the magnitude of the coupling.
The change in the strengths of these couplings should result in
a slight shift in the distribution of intensities between electronic
bands.

2.2 MARVELization

Although the parameters of the spectroscopic model were refined
against the empirical energy levels determined in a MARVEL study
on VO (Bowesman et al. 2022), the final calculated energies do
not exactly reproduce the empirical term values. Because of this,
one of the final, post-processing steps in the refinement of the
line list is to MARVELize the energy levels; where energy lev-
els are known empirically via MARVEL, the energies calculated
by DUO are replaced with those from MARVEL. Similarly, the
uncertainties determined for these term energies by the MARVEL
procedure are taken to be the final uncertainties for these levels.
This process has been performed during the refinement of other
diatomic, triatomic, and polyatomic molecular line lists to further
improve the reproduction of experimental data (Al-Derzi et al. 2021;
Mellor et al. 2022; Owens et al. 2022a, 2022b; Semenov, Ten-
nyson & Yurchenko 2022; Yurchenko et al. 2022; Bowesman et al.
2023b).

The MARVEL data set used in this work consists of 5702 hyperfine-
resolved and 4712 hyperfine-unresolved energy levels, derived from
experimental transitions from 15 sources (Lagerqvist & Selin 1957;
Hocking, Merer & Milton 1981; Cheung, Hansen & Merer 1982a;
Cheung, Taylor & Merer 1982b; Merer et al. 1987; Suenram et al.
1991; Cheung et al. 1994; Adam et al. 1995; Karlsson et al. 1997;
Ram et al. 2002; Ram & Bernath 2005; Flory & Ziurys 2008;
Sriramachandran et al. 2008; Hopkins, Hamilton & Mackenzie 2009;
Doring et al. 2022).

2.3 Predicted shifts

The MARVEL data for a given vibrational level within an electronic
state is sometimes incomplete, with experimental transitions to some
F values missing. Where this was the case, a series of fits to the
known obs.-calc. values as a function of F were performed to predict
synthetic obs.-calc. shifts. Given that the obs.-calc. trends were
slightly different for each hyperfine component, the fits were also
performed as a function of F — J. These fits were carried out over
every combination of electronic state, vibrational quantum number,
fine structure component, and parity for which MARVEL energies
existed. Within each of these combinations, linear regression was
performed in multiple segments over the missing data, such that
a fit was done over the known obs.-calc. values of between 10
and 15 sequential F values, either side of the missing data. The
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number of data points, either side was varied to ensure that the linear
approximation to the trend in the obs.-calc. data held, as this is only
true over small number of F values. A Huber loss algorithm (Owen
2007; Huber & Ronchetti 2009; Pedregosa et al. 2011) was utilized
to reduce the sensitivity of the fits to outliers, such as when the
variance in obs.-calc. values can become larger for levels involved in
electronic state crossings. This interpolation avoids discontinuities
between the MARVELized and calculated data and has been employed
in the production of other high-resolution line lists (Bowesman et al.
2021; McKemmish et al. 2024).

Uncertainties for levels adjusted with predicted shifts were set to
the sum of the mean of the uncertainty in the data included in the
linear regression segment and the standard error of the regression,

N " AE; + 8 — 8™
ABps = + ¢))

i=1

where 7 is the number of obs.-calc. data points in the fit, AE; is
the uncertainty in a given MARVEL energy from which an obs.-calc.
value is calculated, 8; a singular obs.-calc. value and 8™ its value
predicted by the regression model. By using the error in the known
obs.-calc. data points, and the error in how well the model predicts
those values, we ensure that the estimated uncertainty in the predicted
shift energies is on the same order, though slightly worse, than that
of the MARVEL energies.

For levels with values of F above the maximum MARVEL value that
exists in the band being fit to, Fi,,«, a similar correction is performed.
These levels have an energy shift applied equal to the mean obs.-calc.
difference in the final few MARVEL data points in that band. The
number of data points over which this mean is taken is generally the
same number as used for the regression model segments, but also
excludes any data points that lie more than two standard deviations
away from the mean. The uncertainty for levels shifted in this manner
depends initially on the standard deviation of the obs.-calc. values
over which the mean was taken, o s, and is then scaled as a function of
F. This scaling is a function of how far this shift has been extrapolated
beyond the Fi,x value in the band, taking Fey = F — Fpay such that

AEM‘F’S =05 + aFe(Foxe + 1), (2)

where a is a constant used to scale the uncertainty, chosen here as
0.0001 cm~1.

2.4 Calculated levels

For levels without a corresponding MARVEL or predicted shift energy,
the energy calculated by DUO is retained. In this case, an estimate
for the uncertainty is extrapolated from the mean obs.-calc. energy
difference,

AEc, = AE +aF(F + 1) + b, 3)

where AE is the mean obs.-calc. energy difference of MARVEL
energies in the same electronic state as the calculated level, or the
global mean obs.-calc. energy difference if no MARVEL data exists
for the corresponding level’s electronic state. a and b are constant
values used to scale how the estimated uncertainty increases as a
function of F and v; the values @ = 0.001 cm™" and » = 0.05cm™!
were used.

In cases where calculated energies were replaced with MARVEL
or predicted shift energies, the original calculated term energies are
retained in the final column of the states file.

MNRAS 529, 1321-1332 (2024)
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3 RESULTS

3.1 New line list

A new line list, consisting of a state file and series of trans files, is
now made available and is formatted following the ExoMol standard
(Tennyson, Hill & Yurchenko 2013). The states file consists of a
series of term energies with associated uncertainties, each with a
rigorous F and +/— total parity assignment and labelling for other
identifiers such as electronic state, vibrational band, and J. These
latter quantum number labels are provided based on the largest
contributions to the wavefunction for each state as computed by
Duo. An excerpt from the new state file is provided in Table 1.
While the fourth column in the ExoMol standard is usually J and g
is calculated as (2J 4 1) x gy, under hyperfine coupling, the rigorous
quantum number is instead /" and gy = 2F + 1. This is in keeping
with the HITRAN format (Simeckova et al. 2006), such that the total
degeneracy of the hyperfine-unresolved level is recouped through the
combination of the degeneracies of the individual hyperfine-resolved
components. The fifth and sixth columns contain the uncertainty on
the term energies and each level’s radiative lifetime, calculated using
EXOCROSS (Yurchenko, Al-Refaie & Tennyson 2018), in keeping
with the updated ExoMol format (Tennyson et al. 2023). While the
updated ExoMol states file specification also includes the option
of a column for Landé g-factors, these had not been implemented
in the DUO hyperfine modules at the time of calculation. Were
the DUO code updated to include this functionality, they could be
computed using the hyperfine-resolved spectroscopic model for VO
(Bowesman, Yurchenko & Tennyson 2023a) and added to the line
list should the need arise to consider the effect of magnetic fields on
the spectra of VO.

As has been used in other recent ExoMol line lists, a ‘Source Tag’
column is provided to indicate the method used to produce each
final term value (Bowesman et al. 2021; McKemmish et al. 2024).
The final line list consists of 28 760 MARVELized levels, labelled
with ‘Ma’; 105566 levels energies adjusted have been based on
obs.-calc. predicted shifts and are labelled ‘PS’; 3276 272 levels are
labelled ‘Ca’ and retain their energies as calculated by Duo. The
number of MARVELized levels is greater than the number of MARVEL
energies obtained by the earlier study (Bowesman et al. 2022), as the
hyperfine-unresolved MARVEL energies were used for all hyperfine
components of the hyperfine-unresolved electronic states. Using the
same energy for each hyperfine component is valid here, given
that according to experiment, the uncertainties in the hyperfine-
unresolved MARVEL levels are set such that they are greater than
the magnitude of their hyperfine splitting else they would have been
resolved (Lagerqvist & Selin 1957; Cheung, Taylor & Merer 1982b;
Merer et al. 1987; Cheung et al. 1994; Adam et al. 1995; Karlsson
et al. 1997; Ram et al. 2002; Ram & Bernath 2005; Sriramachandran
et al. 2008; Hopkins, Hamilton & Mackenzie 2009).

The trans files consist of a list of upper and lower state counting
numbers, referencing the new states file, and an Einstein A coefficient
giving the transition probability between the two states. Given the
large number of transitions computed as part of the new line list,
the trans files are provided as a series of archives each covering
transitions within a 500 cm™! range. An excerpt from one of the new
trans files is given in Table 2.

The total number transitions calculated as part of the new line
list is 58904 173243. The total number of MARVELized transitions,
being the number of transitions with both upper and lower lev-
els having MARVELized energies, is 1298 7450. This represents a
very significant increase on the 8082 hyperfine-resolved and 9344
hyperfine-unresolved experimental transitions used to determine the
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MARVEL energies and serves as a strong example of the power the
MARVEL technique has to predict new transitions frequencies with
experimental accuracy. Also considering transitions between energy
levels that have been adjusted with predicted shifts, the number of
transitions that are known to a reasonably high accuracy increases
to 9078 7509. An example of the distribution of the predicted shift
energies amongst the MARVEL energies of the X *X~, v = 1 state
can be seen in Fig. 2. Fig. 3 shows the contributions to the overall
cross section from transitions between each possible combination
of upper and lower level source tags, highlighting how the most
intense transitions all involve at least one MARVELized or predicted
shift energy level. Transitions between calculated levels provide the
largest contribution at small cross sections, which is to be expected
as levels involved in weaker transitions are less likely to be observed
experimentally and hence not present in the MARVEL data set.

3.2 Partition functions

Partition functions for the new line list were calculated over a
range of temperatures using the program EXOCROSS (Yurchenko, Al-
Refaie & Tennyson 2018) and are shown in Table 3. The difference
between these values and the partition function of the VOMYT
line list (McKemmish, Yurchenko & Tennyson 2016b) increases
with temperature and have separated by 5 per cent at approximately
5400 K. Though there are over five times as many levels in the new
line list than in VOMYT (638 958 levels) the total degeneracies of
the levels of VOMYT, which neglect hyperfine effects, are a factor of
gns = (21 + 1) = 8 larger. Moreover, the VOMYT line list contains
all states up to J = 197.5 with energies below 50 000 cm~!, meaning
approximately 216 619 levels (33.9 per cent of total) exist outside of
the scope of the new line list. The number of levels is approximate
as a J cut-off of 150.5 was taken for a comparison, whereas the new
line list contains levels up to F' = 150, meaning a small subset of
levels with J = 151.5-153.5 are present. The contribution of these
extra high-energy levels to the overall partition function will become
more prominent at higher temperatures as their level population
increases, accounting for most of the divergence between the two
line lists. It is possible to calculate partition functions for the levels
in VOMYT that are beyond the scope of the new line list and add
them to the hyperfine-resolved partition functions to produce a more
equivalent comparison. This is shown in Table 3, where the adjusted
partition function is in much better agreement with the VOMYT
line list. Indeed, this adjusted partition function never deviates from
the VOMYT partition function by more than 1 percent. Given the
equivalence of the total degeneracies used in the line lists, this
approximates the partition functions that would be obtained were
the hyperfine-resolved model to be calculated up to J = 197.5.

Other partition functions for VO exist in the literature, often
based on theoretical calculations with some adjustments owing to
experiments but ultimately differing considerably from those of the
new line list. For example, the partition functions of Sauval & Tatum
(1984) are ~35 per cent larger at 1000 K than they are for both the
VOMYT and the new Hy VO line lists, with the difference decreasing
until reaching approximate agreement at 5000 K and falling off to
~25 per cent smaller at 9000 K. Similarly, the partition functions of
Barklem & Collet (2016) are slightly larger at low temperatures of T
< 100K, but fall off rapidly at higher temperatures to ~40 per cent
of the values presented in Table 3 at 5000 K and diverging further
beyond that.

It can be noted that the first level to appear in the states file, shown
in Table 1, with F = 0, does not have zero energy as it is not the
zero-energy level. In the absence of hyperfine resolution, the lowest
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Table 1. Excerpt from the SIy16Q gtates file, using the format defined by Tennyson et al. (2013, 2023).
i E gt F unc T +/— elf J State v A X 2 Source Tag Ecalc
1 10.764111 1 0 0.002646 1.3052E404 + f 3.5 X(4SIGMA-) O 0 0.5 0.5 Ma 10.773921
2 18.286612 1 0 0.002646 5.4524E+403 + f 3.5 X(4SIGMA-) O 0 1.5 1.5 Ma 18.329941
3 1012.490751 1 0 0.014945 5.2807E-02 + f 3.5 X(4SIGMA-) 1 0 0.5 0.5 PS 1012.367510
4 1020.007393 1 0 0.001500 5.2805E-02 + f 3.5 X(4SIGMA-) 1 0 1.5 1.5 Ma 1019.925017
5 2003.704567 1 0 0.009312 2.6738E-02 + f 3.5 X(4SIGMA-) 2 0 0.5 0.5 PS 2003.948182
6 2011.289305 1 0 0.006908 2.6739E-02 + f 3.5 X(4SIGMA-) 2 0 1.5 1.5 PS 2011.485588
7 2985.497918 1 0 0.280311 1.8054E-02 + f 3.5 X(4SIGMA-) 3 0 0.5 0.5 Ca 2985.497918
8 2992.995747 1 0 0.280311 1.8056E-02 + f 3.5 X(4SIGMA-) 3 0 1.5 1.5 Ca 2992.995747
9 3956.999417 1 0 0.330311 1.3718E-02 + f 3.5 X(4SIGMA-) 4 0 0.5 0.5 Ca 3956.999417
10 3964.443764 1 0 0.330311 1.3720E-02 + f 3.5 X(4SIGMA-) 4 0 1.5 1.5 Ca 3964 .443764

Notes. i: State counting number;

E: Term value (in cm™!);

giot: Total state degeneracy, 2F + 1;

F: Final angular momentum, F = J + [;

unc: Estimated uncertainty of energy level (in cm™!);

7: Radiative lifetime (in seconds);

+/ —: Total parity;

e/f: Rotationless parity;

J: Total electron angular momentum;

State: Electronic state;

v: vibrational quantum number;

A: Projection of the electron orbital angular momentum;
X: Projection of the electron spin;

Q: Projection of the total angular momentum, 2 = A + X;

Source Tag: The method used to generate the term value; ‘Ma’ for MARVELized energies, ‘PS’ for energies from predicted shifts and, ‘Ca’ for energies

calculated using DUO;
Ecqc: The original energy calculated by DUO.

Table 2. Excerpt from the 'V1°0 trans file, using the format defined by
Tennyson, Hill & Yurchenko (2013). The below data come from the trans file
detailing transitions between 0-500cm ™.

f i An(s™h
328 6864 5.6380E-08
598 7659 5.7151E-07
975 8772 7.4097E-11
382 7023 2.9118E-18
166 6387 3.0935E-07

59 6069 1.3400E-37
490 7341 5.2938E-24
652 7818 1.0421E-12
1029 8931 7.0662E-13
219 6546 1.6189E-12

Note. f: the upper state counting number from the corresponding states file.
i: the lower state counting number from the corresponding states file. Ag: the
Einstein A coefficient.

energy level in the system is the J = 0.5, e parity level in the F
fine structure component of the X <=, v = 0 ground state. When
hyperfine coupling is included, this level gives rise to two F' levels
with F = 3 and 4, of which F = 3 is lowest and hence the zero-energy
level, i.e. taken to have energy zero in our line list.

3.3 ExoMolOP opacities

Molecular opacities of VO have been generated using the Hy VO line
list and following the ExoMolOP procedure (Chubb et al. 2021) for
four exoplanet atmospheric retrieval codes ARCiS (Min et al. 2020),
TauREx (Al-Refaie et al. 2021), NEMESIS (Irwin et al. 2008), and
petitRADTRANS (Molliere et al. 2019). For the line broadening, we
assumed an 85 percent H, and 15 per cent He atmosphere and the
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Figure 2. Combination of MARVELized and predicted shift energy levels in
the X T, v = 1 state. Levels with positive total parity are marked with a
‘4’ and those with negative total parity with ‘o’.

Voigt line profile with the following parameters: yy, = 0.19 cm™!,
ny, = 0.5, ype = 0.10 cm™!, and nge = 0.5.

4 DISCUSSION

An example of the absorption spectrum generated from the new
line list can be seen in Fig. 4, computed using the program
ExOCROSS (Yurchenko, Al-Refaie & Tennyson 2018) for a variety
of temperature up to 5000 K. This covers the main B “TI-X X~ and
C*X~—X*X~ bands, which are expected to be the strongest features
for observation in exoplanet atmospheres.
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Figure 3. Probability density of transitions being between levels with each
combination of source tags at a given intensity, in the spectrum of 3! V160
at 2000 K computed using EXOCROSS (Yurchenko, Al-Refaie & Tennyson
2018). Transitions are grouped irrespective of which source tag belongs to
the upper and lower energy level. ‘Ma’ denotes a MARVELized energy level;
‘PS’ denotes a predicted shift energy level and ‘Ca’ an energy calculated by
Duo.

Table 3. Partition functions of 'V!'®0O were calculated over a range of
temperatures for the new line list presented here. The partition functions
of the VOMYT line list are given as references, along with the contribution
to the partition function from levels outside the scope of the new line list. An
adjusted partition function for the new line list, with the added contribution
from the VOMYT levels outside the quantum number and energy scope, is
given for a more accurate comparison.

Partition function

Temp. (K) HyVO VOMYT APF Adjusted

100 3.9097 x 10°  3.9152 x 10> 0.0000 x 10°  3.9097 x 103
200 7.9850 x 10> 7.9905 x 10°  0.0000 x 10°  7.9850 x 103
300 1.2154 x 10* 1.2160 x 10*  0.0000 x 10°  1.2154 x 10*
400 1.6588 x 10* 1.6593 x 10*  0.0000 x 10°  1.6588 x 10*
500 2.1423 x 10*  2.1428 x 10*  0.0000 x 10°  2.1423 x 10*
600 2.6740 x 10*  2.6745 x 10*  0.0000 x 10°  2.6740 x 10*
700 3.2581 x 10*  3.2586 x 10*  0.0000 x 10°  3.2581 x 10*
800 3.8971 x 10*  3.8976 x 10*  0.0000 x 10°  3.8971 x 10*
900 45926 x 10*  4.5930 x 10* 2.0000 x 10~*  4.5926 x 10*
1000 5.3460 x 10* 5.3462 x 10* 1.4000 x 1073 5.3460 x 10*
1500 1.0037 x 10> 1.0035 x 10° 9.4060 x 10~'  1.0037 x 103
2000 1.6556 x 10°  1.6554 x 10> 29106 x 10!  1.6559 x 103
2500 25621 x 10°  2.5642 x 105 2.6255 x 102 2.5647 x 10°
3000 3.8289 x 10° 3.8429 x 105  1.2726 x 10°  3.8416 x 10°
3500 5.5822 x 10°  5.6325 x 105 4.2959 x 10°  5.6251 x 10°
4000 7.9548 x 10°  8.0901 x 10°  1.1469 x 10*  8.0695 x 103
5000 1.5069 x 10° 1.5670 x 10°  5.2019 x 10*  1.5589 x 10°
6000 2.6073 x 10° 27879 x 10°  1.6032 x 105  2.7677 x 10°
7000 4.1620 x 10° 4.5870 x 10°  3.8568 x 105  4.5476 x 10°
8000 6.2072 x 10° 7.0536 x 10°  7.8170 x 10°  6.9889 x 10°
9000 8.7519 x 10° 1.0245 x 107 1.3982 x 10°  1.0150 x 107
10000 1.1782 x 107 1.4186 x 107 22754 x 10°  1.4058 x 107

Given the lack of dipole moment curves for the 2 A and 3 2A
states in the new model, there are 51 dipole allowed electronic bands
where AS = 0, AA =0, 1 (24 quartet-to-quartet and 27 doublet-
to-doublet) though these selection rules are not rigorous, unlike
the AF = 0, 1, and parity change selection rules. Consequently,
a further 50 spin-forbidden bands between doublet and quartet

MNRAS 529, 1321-1332 (2024)

states and 68 bands with |AA > 2| occur, facilitated through state
mixing and intensity borrowing via spin-orbit coupling. Of these
possible electronic bands, 99 different bands (32 dipole allowed,
31 spin forbidden, and 36 forbidden) provide contributions to the
overall cross section on the order of 1072° cm?/molecule or larger
at 2200K. It can be seen in Fig. 5, however, which shows the
individual electronic bands responsible for the main features in the
spectrum of VO, that the spectrum is dominated by the A *IT—
X 4%, B *II-X *7, and C X -X *X~ bands in the near-
infrared and visible regions, in agreement with the bands reported
in astronomical observations (Kirkpatrick et al. 1993; Kirkpatrick,
Henry & Simons 1995; Kaminski, Schmidt & Tylenda 2010; Tylenda
etal.2011). Though some of the bands that are shown to provide large
contributions to the overall cross section below 15000 cm™! seem to
show an increase in their contributions at higher wavenumbers, this
is most likely due to the mislabelling of states in higher vibrational
bands as a result of state mixing. The primary feature from 30 000-
45000 cm™~! appears to be the forbidden D * A-X *X~ band, though
state mixing at these higher energies means this is unclear.

While the strength of the C X ~-X “%~ band system decreases
relative to the B “T1-X #X~ system as temperature increases, it still
remains the strongest component of VO spectra up to 5000 K, as seen
in Fig. 4. Given that VO is believed to exist in hot Jupiter exoplanets
across temperature ranges of approximately 1500-2800 K, consistent
with its characterization of late M and early L dwarf spectra, the
C*4X~—X*%~ (0, 0) band head should be the single most prominent
feature in its spectra. Due to the MARVELization procedure, this
band is known to very high accuracy. The MARVELized transition
frequencies across all vibrational bands of the C *X~-X 4%~
system have a mean uncertainty of 0.0045cm™!, meaning the
predicted line positions are accurate to a mean instrumental resolving
power of approximately R = 4 000 000. Above this resolving power,
deviations in the line positions arising from the limits on the
uncertainties in the MARVEL energy levels would be resolvable.
Similarly, the MARVELized B #TT-X # X ~ transition frequencies have
a mean uncertainty of 0.0041 cm™!, which given their position in
the infrared corresponds to an accuracy up to a resolving power of
R = 3000 000.

For other important electronic bands where one or more electronic
state is not hyperfine resolved, the uncertainty in the line positions are
larger but still well suited for high-resolution studies. This includes
the strong A “IT-X * ¥~ band with a mean uncertainty in the transition
frequencies of 0.064 cm™!, hence accurate up to resolving powers of
R = 140000. Some of the other important features in the spectrum
of VO, such as the B “TT-A *IT system with its prominent peak
around 3000 cm™! and the 1 2®—1 2A system with its contributions
to the peaks from 3500-6500 cm~! shown in Fig. 5, have larger mean
uncertainties in their transition frequencies: 0.064 and 0.31cm™!,
respectively. This means the new line list has comparatively limited
accuracy for these bands, with deviations from the predicted line
positions becoming resolvable at resolving powers of R = 49000
and 17000. This is owing to the lower accuracy of the empirical
MARVEL energies derived from hyperfine-unresolved transition data.
Indeed, some of the experimental data for the 1 2® state was not of
sufficiently high-resolution to resolve parity splitting, so the derived
MARVEL energies are less accurate.

Given the MARVEL data only includes transitions with full quantum
number assignments, the vibrational coverage of most electronic
states is somewhat limited. To combat this, the model of Bowesman,
Yurchenko & Tennyson (2023a) was also fit to the band heads of
higher vibrational bands where available: Hopkins, Hamilton &
Mackenzie (2009) provided effective Hamiltonian constants to calcu-
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Figure 4. Absorption spectra of 3! V160 at a variety of temperatures up to 5000 K, computed using the program EXOCROSS (Yurchenko, Al-Refaie & Tennyson
2018) between 0-45 000 cm™!. These spectra were computed using Gaussian line profiles with a half width at half-maximum of 0.2 cm~!
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Figure 5. Decomposition of the absorption spectrum of >!' V10 at 2200K was

computed using the program EXOCROSS (Yurchenko, Al-Refaie & Tennyson

2018), between 0-30 000 cm™!. The individual contributions to the overall spectrum from several of the strongest electronic bands that contribute to the majority
of the most prominent features are shown. The spectrum was computed using Gaussian line profiles with a half width at half-maximum of 1cm™!

late vibrational band origins for the B *ITv = 4, C*%~v = 3-6, and
2 2Tlv = 4 states; Mahanti (1935) provided band head measurements
for transitions involving the X * % ~v = 3-8 and C*X ~v = 7-8 states.
Hence, the predicted band origins for features arising from these
states should also be reliable.

4.1 Hyperfine effects

Though the number of energy levels is increased by approximately
a factor of 8 under hyperfine coupling, due to the splitting of each
J into F values in the range |J — I| < F < J + I, the increase
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in the number of transitions is much greater — approximately 64.
This is a result of how the hyperfine coupling F = J + [ allows
for transitions forbidden under the dipole selection rule AJ = 0,
+1 to occur, as the selection rule transforms to AF = 0, +1.
Consequently, transitions up to |AJ| = 8 are allowed. Despite this,
it has been shown in earlier work on the hyperfine-resolved ground
state of VO by Qu, Yurchenko & Tennyson (2022b) that Einstein A
coefficients and hence intensities decrease rapidly above |AJ| = 3.
Experimental measurements have only been reported up to |AJ| =
2, however (Cheung, Hansen & Merer 1982a; Cheung et al. 1994;
Adam et al. 1995; Karlsson et al. 1997). Though propensity rules
favour transitions with AF = AJ, those where AF # AJ do occur
(Cheung, Hansen & Merer 1982a; Suenram et al. 1991; Adam et al.
1995; Flory & Ziurys 2008; Déoring et al. 2022) and are referred to
as hyperfine satellites. It can be seen in Fig. 6 that as the difference
between AF and AJ becomes larger, transitions get weaker. Given
that the new line list comprises just under 59 billion transitions, mod-
ifications were made to the hyperfine modules of the DUO code (Qu,
Yurchenko & Tennyson 2022a) to parallelize the computation of Ein-
stein A coefficients, in order to significantly reduce the computation
time.

Considering how the new line list compares to hyperfine-
unresolved transitions, what would have previously been considered
a single AJ = 0 Q-branch transition now exists as 22 hyperfine
transitions — 8 transitions with AF = 0 and 7 each for AF =
+1. While the number of hyperfine transitions decreases as |AJ|
increases, down to 1 for |AJ| = 8, the single feature you would
expect to see in a hyperfine-unresolved spectrum becomes spread
out due to hyperfine coupling. An example of the 21 components
comprising a standard R-branch transitions are shown in Fig. 6.
It should be noted that the difference in the cross sections of the
hyperfine transitions of the new line list compared to those of
VOMYT are due to changes in the underlying potential energy,
coupling and transition dipole moment curves of the spectroscopic
model and not simply due to the introduction of hyperfine couplings.
The total integrated cross section of a given transition is conserved
upon the introduction of hyperfine couplings and the splitting of
the transitions into its hyperfine components. In the known exper-
imental data for the C #£-X #%~ and B *IT1-X =~ systems,
the hyperfine components of what would be considered a single
transition in the absence of hyperfine couplings have a median
spread over 0.198 and 0.188 cm™!, respectively. For both systems,
approximately 45 per cent of experimental transitions have hyperfine
splitting between 0.2-0.4 cm™!, with a tail off up to ~0.6cm™'. An
example of rotational transitions with hyperfine components spread
over this range can be seen in Fig. 7. Consequently, and given
the positions of these band systems, these hyperfine splittings will
start to be resolvable at resolving powers of R &~ 30000. While at
temperatures such as 2200 K, the Doppler-broadened line profiles
of these bands will have half width at half-maximum (HWHM)
values of ~20.025-0.035 cm™', Fig. 7 shows how multiple rotational
bands overlap and individual hyperfine transitions are significantly
blended. Consequently, the convolution of individual line profiles is
decidedly non-Gaussian and the overall cross section differs greatly
from that of the spectrum without hyperfine effects (Qu, Yurchenko &
Tennyson 2022b). Given high-resolution cross-correlation studies
aim for a resolving power of R = 100000 for a reliable detection,
the inclusion of hyperfine effects is hence necessary for a line list
to be used with such high-resolution techniques. Moreover, it is
possible that failure to consider hyperfine effects in the spectra of
Sy16Q, with their impact on the overall cross section and broadening
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of spectral features, may lead to the mischaracterization of the
thermal broadening present in exoplanet spectra. This could in turn
lead to the improper determination of physical properties such as
atmospheric temperature during an exoplanet retrieval. Though many
of the resolving powers discussed here are much greater than the
capabilities of the instruments onboard the JWST, with R ~ 3000,
the adjusted intensities presented here will also result in a change in
the derived atmospheric abundances at any resolution.

4.2 VOMYT comparisons

Individual transitions in the new line list appear quite differently
to those in the VOMYT line list, not just because of the splitting
of transitions into multiple hyperfine components, but also due
to the redistribution of intensities. As shown in Fig. 6, while the
hyperfine transitions are spread across ~0.2cm~! either side of
the equivalent C *X~-X 4%~ (0,0) R;(J = 4.5) transition from
VOMYT, which neglects hyperfine effects, they are also signifi-
cantly more intense. The C X -X 4%~ (0, 0) band overall is
only slightly stronger in the new line list, but the intensities of
individual transitions have been redistributed, as can be seen in
Fig. 7. This is not surprising given the refitting of the electronic
state potentials and couplings (Bowesman, Yurchenko & Tennyson
2023a). In particular, considerable adjustments were made to the
off-diagonal spin-orbit couplings in the model that are princi-
pally responsible for the intensity of borrowing between electronic
states.

While the (v, v”) = (0, 0) bands in the VOMYT model generally
most accurately recreated experimental band head measurements, the
new model is much better at reproducing the higher vibrational bands
for which experimental data was available. Fig. 8§ shows an example
of the C*Z~-X *X~ (2, 0) band, one of the strongest features in the
spectrum of VO, which has shifted by several wavenumbers as a result
of the refitting of the C* X~ state. Even in low resolution experiments
that are not able to resolve the hyperfine structure, this change in
position, intensity, and shape will be noticeable, highlighting how
the new line list is better suited for experiments at all resolutions.
It should be noted that an earlier work (Bowesman et al. 2022)
misidentified a band feature at 18 952cm™! as the C*Z"-X 4~ (2,
0) band, though it was actually the (3, 1) band. This mislabelling
was not used in the construction of the MARVEL network or
spectroscopic model and does not impact the accuracy of the new line
list.

Table 4 gives the mean lifetimes for the levels in each spin-
orbit or fine structure component of each vibronic state in the
new line list and in VOMYT. As discussed in Section 2.1, the
three dipole moment curves between the A *I1, B *I1, and C *X~
states and the ground state were scaled to bring the final vibronic
lifetimes in line with the experimental values obtained by Karls-
son et al. (1997). This dipole scaling is the primary cause of
the difference in the lifetimes of these three states between the
HyVO and VOMYT line lists and will have knock-on effects for
other state lifetimes as a result of intensity borrowing through
spin-orbit coupling.

The lifetimes of states with v =0 in the new line list are on
average almost 12 times smaller than they were in VOMYT, but
this is skewed by several states. The 1 2IT and 2 I1, v = O states
have lifetimes over ten times smaller in the new line list, likely
because the VOMYT model did not include spin-orbit coupling to the
C *X~ state, which provided a mechanism for the intensity stealing
that facilitates the spin-forbidden 2 2IT-X *%~ band observed by
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Figure 6. C*X-X*X~ (0, 0) R{(J = 4.5) transitions in the absorption spectrum of > V160 computed using the program EXOCROSS (Yurchenko, Al-Refaie &
Tennyson 2018) at 2200 K. The spectra were generated using Gaussian line profiles with HWHM of 0.005cm™! and are marked with their F/ <— F” values.
Note that the new, hyperfinely resolved spectrum in red uses the left-hand axis, and the VOMYT spectra in black use the right-hand axis. Transitions with AF =
+1 are the strongest, as is expected for AJ = +1 transition with AF = 0 transitions being weaker but still noticeable, and those with AF = —1 being heavily
blended and difficult to distinguish. This coincides with the experimental observations for these transitions recorded by Cheung, Hansen & Merer (1982a),
shown in blue in the bottom panel, who only observed AF = +1 transitions. The higher uncertainty in the 7 <— 6 transition was due to severe blending leading

to an initial misassignment to the 6 <— 6 transition.
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Figure 7. Close-up near the C *<~=X *X~ (0, 0) band head in the absorption spectra of 3! V10, computed using the program EXOCROSS (Yurchenko, Al-
Refaie & Tennyson 2018) at 2200 K. The spectra were generated using Gaussian line profiles with HWHM of 0.035 cm™! to demonstrate that the complicated
arrangement of line positions and their individual intensities are very different in the new line list compared to that of the older VOMYT line list (McKemmish,
Yurchenko & Tennyson 2016b). Rotational assignments to the strongest transitions in this region are marked in the bottom panel, with the number in brackets
being the lower state J assignment. Stick marks are used to identify each hyperfine component of a rotational transition: the 63 rotational transitions shown here
comprise 1250 hyperfine components. The new line list contains a total of 1309 241 hyperfine transitions in the 4 cm™! range shown in this plot.
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Figure 8. C *X~-X *X~ (2, 0) band head in the absorption spectra of
31y160, computed using the program EXOCROSS (Yurchenko, Al-Refaie &
Tennyson 2018) at 2200 K. The spectra were generated using Gaussian
line profiles with HWHM of 1.0cm™!, showing an example of how many
entire bands are shifted compared to the VOMYT line list (McKemmish,
Yurchenko & Tennyson 2016b) at resolutions relevant to high-resolution
studies.

Hopkins, Hamilton & Mackenzie (2009). The 1 2@, v = 0 lifetimes
are now almost 70 times smaller, however, and are likely due to
a combination of its refit electronic state potential and spin-orbit
interactions and the correction to the transition dipole moments
affecting states with A > 1 mentioned in Section 2.1. This is also
likely the cause of the factor of 10 reduction in the 1 2I" and factor
of 25 reduction in the 12X ~, v = 0 lifetimes.

5 CONCLUSIONS

A new, high-resolution line list for 3'V'0 has been produced,
intended to replace the existing ExoMol line list (McKemmish,
Yurchenko & Tennyson 2016b). The new line list is based on the
hyperfine-resolved spectroscopic model of Bowesman, Yurchenko &
Tennyson (2023a) and is computed using the program DuO
(Yurchenko et al. 2016) with its recently added hyperfine cou-
pling modules (Qu, Yurchenko & Tennyson 2022a). Based on

earlier ab initio (McKemmish, Yurchenko & Tennyson 2016a; Qu,
Yurchenko & Tennyson 2022b) and empirical (Qu, Yurchenko &
Tennyson 2023) studies, this model was refined against empirical
term energies derived from the MARVEL procedure (Bowesman et al.
2022) to enable the accurate recreation of experimental transition
measurements. Accordingly, this new line list should enable the more
reliable high-resolution detection of the molecule in both stellar and
exoplanet atmospheres, which the previous line list was unable to
facilitate due to the absence of hyperfine effects (de Regt et al. 2022).

Sriramachandran et al. (2008) identified four vibrational bands of
the C *~—X *X~ system in sunspot spectra. While their measure-
ments were incorporated into the MARVEL network (Bowesman et al.
2022), they were only able to identify a limited number of rotational
transitions. The new line list provides high-accuracy predictions for
transitions in these bands and could be used in conjunction with
high-resolution spectra to assign additional sunspot features.

While the levels of the X X, B *I1, and C *=~ states are fully
hyperfine-resolved, levels from other electronic states use hyperfine-
unresolved term energies for all of their hyperfine components
due to limited experimental resolution. As such, hyperfine-resolved
spectroscopic studies of important bands such as the A 4TI-X X~
system would enable the further improvement of the line list by
characterizing the currently poorly quantified hyperfine splitting
in the A *IT state. If studies aim to observe VO further into the
UV, calculations could be performed for transition dipole moments
involving the 2 2A and 3 2A states to better characterize their
contributions to the spectra in these regions. A proper treatment of
these two states would require the addition of nine transition dipole
moments and 16 off-diagonal spin-orbit couplings to the current
model, which, given the high degree of correlation between the model
parameters, would likely require extensive refinement.

The roughly 59 billion transitions in the new line list are a
considerable increase on the 277 million transitions that made up
the VOMYT line list. Owing to the significant increase in energy
levels as a result of hyperfine coupling, the number of transitions
in the new line list is closer to line lists of polyatomic molecules
than it is for other diatomics. With the current implementation of
Duo, the spectroscopic model calculations required a significant
amount of computer resources and made use of the DIRAC Data
Intensive service at the Leicester high-performance cluster. While
the VO line list could be extended to consider some of the additional
known electronically excited states, particularly those lying at higher

Table 4. Mean radiative lifetimes in the first two vibrational bands of each state, compared against the VOMYT line list and experimental measurements of
Karlsson et al. (1997). The lowest energy levels in the X *X~ state with infinite lifetimes were excluded from the calculations. The mean lifetimes of the
VOMYT line list were calculated over levels with J < 150.5 for a more equivalent comparison to the ' < 150 of the new HyVO line list.

v = 0 mean lifetime (s)

v = 1 mean lifetime (s)

State HyVO VOMYT Experiment HyVO VOMYT Experiment
X4z~ 5.19 x 10* 1.03 x 10° - 5.34 x 1072 5.32 x 1072 -
12%- 6.51 x 1073 1.69 x 107! - 471 x 1073 7.49 x 1072 -
A4 9.61 x 10! 7.63 x 10! - 9.16 x 1072 8.98 x 1072 -
121 3.43 x 10° 3.66 x 10! - 7.07 x 1072 7.41 x 1072 -
ATl 5.82 x 107¢ 229 x 1073 5.8 x 107° 5.88 x 107 2.34 x 1073 -
12A 5.15 x 1074 278 x 1073 - 1.60 x 1073 5.53 x 1073 -
125+ 148 x 10~* 1.89 x 10~* - 1.68 x 10~* 271 x 1074 -
B Il 4.03 x 1077 9.94 x 1077 3.74 x 1077 3.86 x 1077 9.71 x 1077 4.07 x 1077
120 2.88 x 1072 1.97 x 1073 - 2.60 x 1073 9.82 x 1073 -
1211 9.19 x 107 1.18 x 10~ - 9.40 x 107 6.25 x 1073 -
C4s- 6.88 x 1078 1.18 x 1077 7.3 x 1078 6.80 x 1078 1.16 x 1077 6.3 x 1078
221 1.03 x 1073 1.53 x 10~* - 1.03 x 1075 1.21 x 107 -
D4A 1.22 x 1073 2.70 x 107> - 1.09 x 1073 245 x 1073 -
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energies, the calculations using our spectroscopic model would
rapidly approach the limits of the computer resources available to us.
Accordingly, it would first be necessary to optimize or restructure
parts of the code before tackling larger and more complex systems.
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