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 A B S T R A C T

The lower accuracy for line positions obtained using variational calculations (VCs) compared to effective 
Hamiltonian approaches is the main drawback in the VC methodology. The ability of VCs to make predictions 
for all the bands up to dissociation, treat several isotopologues at once and to incorporate first principle
ab initio methods makes VCs the preferred method of constructing molecular line lists which are now widely 
used in astrophysics, planetary science and metrology. A significant step bringing VC of 14N216O line positions 
close to experimental accuracy is reported. High accuracy semi-empirical PESs are constructed by fitting to 
experimentally-derived rovibrational energy levels starting from available ab initio PESs. Three fitted PESs are 
presented, the best fit reproduces 279 energy levels up to 7000 cm−1 with 𝐽 = 0,2 and 5 with a standard 
deviation of 0.004 cm−1, which drops to 0.0028 cm−1 when about 10 % of these levels (29 levels to be precise) 
are removed from the fit. The extrapolation to higher 𝐽 quantum numbers is shown to be very accurate up to 
𝐽 = 15. For extrapolation to higher 𝐽 values, an additional fit of higher 𝐽 energy levels is conducted, which 
results in a standard deviation of 0.005 cm−1 for 535 energy levels with 𝐽 = 0,2,5,10, and 15. An ab initio
dipole moment surface is computed and used to produce transition intensities in good agreement with the 
observations.
1. Introduction

There are two major methodologies for calculating molecular
rotation-vibration energy levels and hence rovibrational line centres: 
effective Hamiltonians which are generally based on the use of pertur-
bation theory and variational calculations which use the variational 
principle. There are many advantages to variational calculations in-
cluding both the ability to give complete line lists [1] and the ability 
to transfer spectroscopic models between isotopologues [2], which is 
why the molecular line lists used in a variety of applications such as 
astrophysics, atmospheric monitoring and metrology, are increasingly 
being calculated using the variational approach [3]. However, there 
is one serious disadvantage to this approach. Effective Hamiltonians 
are often capable of delivering experimental accuracy for energy levels 
calculations, especially when the molecular system is semi-rigid and 
not floppy with not too many resonances. While effective Hamiltonian 
approaches are capable of reproducing line position with experimental 
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accuracy, variationally calculated line centres do not yet approach this 
accuracy.

One approach to increasing the accuracy of variational calculations 
is to fit the molecular potential energy surface (PES) using exper-
imentally derived values of the rovibrational energy levels (or di-
rectly to transitions). In cases when the Born–Oppenheimer approx-
imation works well and the nuclear motion kinetic energy used is 
exact within the Born–Oppenheimer approximation, this approach in 
principle should provide high accuracy. Variational approaches rely on 
the use of basis functions to converge the energy levels with the critical 
step often being diagonalization of the Hamiltonian matrix. Modern 
computers allow the use of very large matrices, so that numerical solu-
tion of the nuclear-motion Schrödinger equation can be obtained very 
accurately for many energy levels using the Macdonald theorem [4] 
which states that increasing the basis set size (and hence the size of 
the Hamiltonian matrix) leads to monotonically better convergence 
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towards the exact solution of the Schrödinger equation for all bound 
levels. In particular the convergence of 10−2 to 10−3 cm−1 is the typical 
convergence achieved for the fitting of the PESs [5,6]. Even higher 
convergence has been achieved for vibration–rotation calculations on 
H+
3  [7–9]. Thus, when a PES is fitted to empirical energy levels, all the 

components are in place to achieve the desired accuracy.
The accuracy of the calculated line centres can be characterized by 

the standard deviation (𝜎) with which the observed energy levels are 
reproduced. Due to the effects of the Born–Oppenheimer approxima-
tion, the reality of computations of molecular line lists for polyatomic 
molecules can be divided between hydrogen containing molecules and 
heavier systems. For H-containing species, for which water, H2O and 
hydrogen cyanide, HCN, are the two most studied examples, For both 
water and HCN, the best values of the standard deviations achieved are 
𝜎 = 0.012 cm−1 [6,10]. Estimates suggest that this limit is likely due to 
the yet unsolved non-adiabatic problem and attempts to further lower 
𝜎 will require a better treatment of non-adiabatic effects. Possible ways 
to do this are described in Refs. [11–13].

Turning to heavier molecules, which do not contain H atoms, im-
portant triatomic example include CO2, O3, and N2O. It appears that 
influence of Born–Oppenheimer breakdown on the accuracy of the 
calculated energy levels is about an order of magnitude smaller than 
for water or HCN [14]. As a result, one might expect significantly 
higher accuracy calculations using semi-empirical, fitted PESs for these 
important molecules. However, so far this has not been the case: the 
best standard deviations achieved about 0.02 cm−1 for CO2 [15,16] and 
0.025 cm−1 for O3 [17,18]. Up until recently there was no accurately 
fitted PES for N2O. Huang et al. recently published a computed 14N216O
line list based on a fitted PES [19]. Comparing their energy levels to 
the set of empirical levels used in our fits below suggests that Huang 
et al. fitted PES results in a standard deviation of 0.038 cm−1; the 
recent ExoMol line list [20] is generated using a PES which gives a 
somewhat higher standard deviation. It would seem therefore that 𝜎
for all these published PESs of the non-H containing molecules are 
counter-intuitively several times higher then those obtained for H2O 
and HCN. The goal of the present work is to obtain a fitted PES for 
14N2 16O which reduces 𝜎 from 0.03 cm−1 towards the experimental 
accuracy of around 10−3 cm−1. In this paper we are able to achieve a 𝜎
approaching 0.0028 cm−1, which is close to the average experimental 
accuracy (about 0.001 cm−1) as documented by the recent MARVEL 
(measured active rotation-vibration energy levels) study on N2O [21].

The motivation of our study was not only to significantly improve 
the accuracy of variationally calculated 14N216O line positions, but 
also to produce the basis for constructing a high accuracy, high tem-
perature 14N216O line list which requires both an accurate fitted PES 
and a high quality dipole moment surface (DMS). Until the recent 
work of Huang et al. [19], which appeared after we had started this 
project, there has been no accurate variationally-calculated line list 
of this important molecule (the fourth most important atmospheric 
molecule in the HITRAN [22]). Huang’s et al. work motivated us to 
seek further improvements in the accuracy of our calculations. We 
note that Tashkun and Campargue have also recently provided a room 
temperature 14N216O line list in the NOSL-296 database [23] which 
was computed using the effective Hamiltonian approach and improved 
on the earlier NOSD-1000 database [24].

14N216O energy levels of accuracy approaching experimental are 
needed for two major purposes. First, we need them to benchmark the 
calculated energy levels. Second, when all our efforts result in calcu-
lated line list for modelling spectra at arbitrary temperatures, using the 
experimentally accurate energy levels (when known) to substitute the 
calculated ones could result in much more accurate knowledge of the 
line positions of the line list than what we had as a result of purely 
theoretical efforts. The possibility to obtain such levels is provided 
by the so-called MARVELisation procedure, which uses the program 
MARVEL [25] to derive the experimentally accurate molecular energy 
levels.
2 
There are continuing experimental efforts to elucidate the high 
resolution spectrum of N2O with at least fifteen studies in the last 
five years alone [26–40]. A review of all high resolution studies and 
an assigned set of validated energy levels are provided in the recent 
MARVEL study on N2O [21]. The empirical energy levels derived in 
this study are used in the current work.

Another major reason for needing an accurate fitted PES is to 
calculate accurate line intensities set, which is best done, using a fitted 
PES and an ab initio DMS. Line intensities can be predicted using this 
technique to better than 0.1% [41,42]; however, we have shown [6] 
that the difference in intensities calculated using the same DMS and two 
different seemingly accurate PESs with 𝜎 = 0.012 cm−1 and 0.027 cm−1

give accuracies which vary between the PESs by between 0.1 to 0.5% 
for about quarter of the calculated lines. This is a large difference when 
compared with an accuracy requirement of 0.1%; this emphasizes the 
need for highly accurate PESs. Thus, at the same time with working 
on improvement of the fitted PES, we also calculate an ab initio DMS 
and present 14N216O line intensity calculations using different PESs and 
DMSs.

Line positions of 14N216O have long been measured to high accuracy 
[43–46] and such studies are continuing today [47,48]; a complete re-
view of experimental high resolution rotation-vibration 14N216O spec-
tra has recently been given by Tennyson et al. [21]. However, there 
has been far less emphasis on obtaining high accuracy, sub-percent, 
transition intensities. An accuracy of 3 to 5 percent used to be standard 
for many years and many measurements are available at this level of 
accuracy. Recently, line intensities for several 14N216O bands have been 
measured with the sub-percent accuracy [49–52]. Two of these stud-
ies [49,50] used lasers for the intensity measurements, which increases 
somewhat the accuracy of the line intensity determination. Specifically, 
Adkins et al. [50] observed the (4200)←(0000) and (5000)←(0000) 
bands near 1.6 μm and obtained a nominal combined standard uncer-
tainty for the intensities of 1 % for most lines. Odinsova et al. [49] 
studied eight 14N216O transitions, mainly belonging to the P-branch 
of the 3𝜈1 + 2𝜈2 vibrational band obtaining an experimental uncer-
tainty of about 0.4%. While Karlovets et al. [51] observed 47 bands 
belonging to the 14N216O, 14N15N16O, 15N14N16O and 14N218O iso-
topologues with intensities estimated to be accurate to 3 % or better 
for most lines but up to 20 % for the weakest or strongly blended 
lines. Subsequently, Karlovets et al. [52] have presented a further 49 
bands with the same uncertainties. These measurements are of crucial 
importance for obtaining of accurate variationally-calculated line lists, 
as comparison of the calculated values with the experimental ones can 
be used to characterize the quality of the calculations. These calcula-
tions are required in many applications such as monitoring the Earth 
atmosphere and analysis of exoplanetary atmospheres. In particular, it 
has been suggested that N2O should be an observable species in the 
atmospheres of Earth-like exoplanets [53] where it may be a possible 
bio-signature [54]. As a result, N2O features on the list of target species 
in exoplanet characterization missions [55,56].

This paper is organized as follows. In Section 2 we describe the 
calculation of the fitted PES, which is needed for the accurate wave-
functions. Also further improvement of the line positions via MARVELi-
sation procedure of 14N216O is described. In Section 3 we present the 
14N216O intensity calculations and extensively compare these results 
with the experimental values, focusing on the sub-percent accurate 
experiment and conclusions are outlined in Section 4.

2. Potential energy surface

There are three major requirements for high accuracy ab initio in-
tensity calculations: (1) an accurate program for the solution of the ro-
vibrational Schrödinger equation such as DVR3D [57]; (2) an accurate 
potential energy surface (PES), which in practice is obtained starting 
from an ab initio PES which is modified by fitting to experimentally-
derived ro-vibrational energy levels and (3) an accurate, usually purely
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Fig. 1. Difference between experimental and calculated (PES60) energy levels for 𝐽 = 2,5.
ab initio, dipole moment surface (DMS). In this section we deal with the 
PES part.

Until recently there were only two available ground state PESs for 
N2O, neither of which could be used to give precise models of the 
spectrum. The oldest PES by Zuniga et al. from 1996 [58] was empiri-
cally fitted with the accuracy of a few tens of wavenumbers for higher 
vibrational states. More recently, Schröder et al. [59] constructed a 
high level ab initio PES. Discrepancies between the experimentally 
derived energy levels and the ab initio rovibrational energy levels are 
only a few cm−1, see Table 3 of Ref. [59]. This accuracy is very far 
away from the experimental one of about 10−3 cm−1. This kind of 
accuracy is necessary for a variety of purposes — accurate modelling of 
the spectrum with the correct line centres, production of the accurate 
wavefuntions for the accurate line intensity calculations.

In order to obtain an accurate PES, the PES is refined to fit
experimentally-derived energy levels  [5,60]. The fitting of the 14N216O
PES and the results of this fit are described in Section 2.3. First, in 
the following subsection, we present the results of the energy levels 
calculation using the ab initio PES [59].

2.1. Ab initio PES

The ab initio PES of Schröder et al. [59] was obtained using a highly 
sophisticated level of theory. In particular, a composite approach with 
the basic contribution given by explicitly correlated coupled-cluster 
(CC) calculations was used. Smaller contributions include corrections 
due to inner-shell correlation, scalar-relativistic effects and higher-
order correlation up to iterative pentuple excitations (CCSDTQP in CC 
nomenclature). The importance of higher-order correlation for reaching 
the desired accuracy led to the use of an extrapolation scheme to 
approximately account for the effect of hextuple and some pentuple 
excitations (see Fig.  2).

Schröder et al. [59] used their PES to calculate 𝐽 = 0 energy 
levels using their own program to solve the nuclear-motion Schrödinger 
equation. These levels and their obs.-calc. values are given in the Table 
1, columns ‘‘Obs.’’ and ‘‘Obs.-Calc. Schröder’’, respectively. We use this 
PES as a starting point for the fit of the PES to the experimental energy 
3 
levels values within the framework of our open-source1 rovibrational 
program DVR3D [57].

For the DVR3D [57] calculations we used the Jacobi coordinates 
to represent the kinetic energy operator and 𝑧-axis embedded along 
the 𝑟1 one (parameter ZEMBED = F [57]). Initial calculations used 
Morse oscillator-like functions for both radial coordinates but these 
proved to be non-variational for reasons that have been identified 
previously [61]. The results reported here all used spherical oscillator 
functions for the scattering coordinate. For the diatomic (outer 𝑁 – O) 
coordinate we use a discrete variable representation (DVR) grid based 
on Morse-like oscillator functions with parameters 𝑟𝑒 = 4.5, 𝐷𝑒 = 0.2, 
and 𝜔𝑒 = 0.01 in atomic units and spherical oscillator with parameters 
0.0, 0.0 and 0.25 for the scattering coordinate [57]. For the fits we used 
60, 50, and 60 grid points for two radial and the angular scattering 
coordinates, respectively, while calculating eigenvalues with the total 
angular momentum quantum number values 𝐽 = 0 and 2, and 60, 60, 
and 60 grid points for 𝐽 = 5, and a final Hamiltonian matrix dimension 
for solving the vibrational problem equal to 10000. As is usual for 
DVR calculations most of these calculations were performed using the 
quadrature approximation for most of the matrix elements; however, 
after tests, this approximation not used for the scattering coordinate 
which goes to zero for linear NNO geometries; see Ref. [61] for a 
discussion of this issue.

We recalculated the 𝐽 = 0 levels using the ab initio PES of [59] 
using DVR3D. The results of these calculations are given in the Table 
1 which shows very good agreement with the more limited in scope 
original calculations. While this is not an ultimate proof of the optimal 
choice of parameters for our calculations, the eventual excellent result 
of the fit (see below) indicates that the parameters we are using are 
good enough to allow us to achieve the improvement in the accuracy 
of the energy levels.

1 https://github.com/exomol/DVR3D.

https://github.com/exomol/DVR3D
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Fig. 2. Difference between experimental and calculated (PES12) energy levels for 𝐽 = 2,5.
2.2. Empirical energy levels using MARVEL

We consider levels with 𝐽 = 0 up to 7000 cm−1.
There are two major reasons why we concentrate on the energies 

in the limited range. First, we are interested in the fitting the PES to 
obtain energy levels as close to experiment as possible; in the fact the 
PES produces not only the energies via solution of the Schrodinger 
equation, but also the corresponding wavefunctions. These wavefunc-
tions can subsequently be used to calculate the line intensities. Since 
the MARVELisation procedure described below, helps to obtain the 
line positions close to experimentally accurate ones, we could have 
dropped the quest for as accurate PES as possible and rely entirely on 
the MARVELisation of the energy levels used. However, the use of the 
wavefunctions produced using the fitted PES for intensity calculations 
makes the goal of accurately fitting the PES extremely important. A 
goal of the line intensity calculations is the subsequent comparison of 
them with the experimentally observed ones. This comparison validates 
the use of the calculated line intensities beyond the ones, observed 
experimentally. This is needed because the experiment is always limited 
for obvious reasons and calculations are capable of providing important 
line intensities for hundreds and thousands more lines than are avail-
able experimentally. In particular, extrapolation to higher temperatures 
than those readily accessible experimentally is easily available to the 
calculations [1]. As modern experiments which determine transition 
intensities with sub-percent accuracy are mostly available for the lines 
which lie below 7000 cm−1, it was natural to concentrate on this lower 
energy range. Second, fitting all available energies, potentially up to 
dissociation, in one go significantly reduces the accuracy of the fit 
and the corresponding wavefuctions. The accuracy of the calculated 
intensities is therefore compromised. However, for many applications 
completeness of the range of the PES is more important than its 
accuracy. For that reason we decided to also construct a PES valid up 
to 12 000 cm−1 (see the end of Section 2.4.3) .

In the fit we used 118 MARVEL levels in the range 0–7000 cm−1, 
and 91 levels from HITRAN database. When the level is present in both 
sets (MARVEL and HITRAN) the difference between them is less than 
4 
0.001 cm−1 with a single exception of 𝐽 = 2𝑒 (2110) level 3168.313 
cm−1. Up to about 4000 cm−1 all experimental levels are present in 
both sets. Higher in energy about 40% of the levels are present only in 
one of the sets, the remaining in both. The differences are still less than 
0.001 cm−1. The number of calculated levels in the region is 265. The 
G𝑣 analogue of 𝐽 = 0 levels for all vibrational states with 𝑙 ≠ 0 have 
not been used here.

2.3. Fit of the PES starting from ab initio PES

The typical accuracy of the majority of the empirically-determined 
energy levels is about 10−3 cm−1. Such accuracy of the rovibrational 
energy level calculations using variational approach could be achieved 
at present only for diatomic molecules. For triatomic molecules the best 
accuracy reached yet is about 10−2 cm−1 [6] for water spectra up to 
15 000 cm−1. For the molecules with heavier atoms, like ozone and 
carbon dioxide, the best accuracy reached is about 0.03 cm−1. This is 
approximately the accuracy of the energy levels computed by Huang 
et al. for N2O [19].

In order to fit the PES we use the DVR3D [57] program suite. As 
practically every fit of the PES within the variational approach is done 
nowadays (since 1997, when Partridge and Schwenke fitted the water 
PES [62] starting from the multi-reference configuration interaction 
(MRCI) PES, calculated ab initio) we started our 14N216O PES fit with 
the ab initio surface due to Schröder et al. [59], with the PES given by 
the formula 

𝑉 − 𝑉 𝑒 =
𝑘+𝑚+𝑛=8
∑

𝑘,𝑚,𝑛=0
𝐶𝑘𝑚𝑛(𝑟𝑁𝑁 − 𝑟𝑒𝑁𝑁 )𝑘(𝑟𝑁𝑂 − 𝑟𝑒𝑁𝑂)

𝑚(𝜃𝑒 − 𝜃)𝑛, (1)

where 𝐶𝑘𝑚𝑛 is a set of 52 (excluding the free term 𝐶000 = 𝑉 𝑒 of the 
polynomial) empirically determined coefficients; 𝑘, 𝑚 and 𝑛 are the 
integer numbers (𝑛 must be even); 𝑟𝑖𝑗 — the bond length between atoms 
𝑖 and 𝑗, 𝑟𝑒𝑖𝑗 — the bond equilibrium length between atoms 𝑖 and 𝑗, 𝜃 and 
𝜃𝑒 = 𝜋 — instantaneous and equilibrium bond angles, respectively. This 
analytical form of the potential is identical to the one used by Schröder 
to represent his PES. During the fitting procedure, we vary the initial 
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Table 1
Vibrational band origins (𝐽 = 0 levels), taken from [58], in cm−1: comparison of our 
DVR3D calculations with the calculations due to Schröder et al. [59] using Schröder 
et al.’s ab initio PES.
 𝑣1 , 𝑣02 , 𝑣3 Obs. Obs.-Calc. Obs.-Calc. 
 DVR3D Schröder  
 0 2 0 1168.13 −0.07 −0.07  
 1 0 0 1284.90 −0.42 −0.42  
 0 0 1 2223.76 −0.19 −0.19  
 0 4 0 2322.57 −0.07 −0.07  
 1 2 0 2462.00 −0.59 −0.59  
 2 0 0 2563.34 −0.88 −0.88  
 0 2 1 3363.98 −0.44 −0.44  
 0 6 0 3466.60 −0.01 −0.01  
 1 0 1 3480.82 −0.64 −0.63  
 1 4 0 3620.94 −0.73 −0.73  
 2 2 0 3748.25 −1.16 −1.16  
 3 0 0 3836.37 −1.41 −1.41  
 0 0 2 4417.38 −0.30 −0.27  
 0 4 1 4491.54 −0.63  
 1 2 1 4630.16 −0.97  
 2 0 1 4730.82 −1.14  
 1 6 0 4767.14 −0.82  
 2 4 0 4910.99 −1.40  
 3 2 0 5026.30 −1.73  
 4 0 0 5105.68 −2.07  
 0 2 2 5529.70 −0.78  
 1 0 2 5646.74 −0.75  
 1 4 1 5762.37 −1.25  
 2 2 1 5888.10 −1.52  
 3 0 1 5974.84 −1.75  
 3 4 0 6192.27 −2.04  
 4 2 0 6295.45 −2.29  
 5 0 0 6373.31 −2.88  
 0 0 3 6580.86 −0.33  
 0 4 2 6630.41 −1.22  
 1 2 2 6768.48 −1.28  
 2 0 2 6868.53 −1.30  
 2 4 1 7024.07 −1.83  
 3 2 1 7137.10 −2.04  
 4 0 1 7214.65 −2.52  
 4 4 0 7463.96 −2.59  
 5 2 0 7556.11 −2.88  
 6 0 0 7640.45 −3.77  
 0 2 3 7665.22 −1.16  
 1 0 3 7782.64 −0.78  
 1 4 2 7873.50 −2.40  
 2 2 2 7998.56 −1.83  
 3 0 2 8083.93 −2.00  
 3 4 1 8276.30 −2.43  
 4 2 1 8376.32 −2.56  
 5 0 1 8452.61 −3.46  
 0 0 4 8714.12 −0.25  
 1 2 3 8877.03 −1.58  
 2 0 3 8976.50 −1.33  
 2 4 2 9108.39 −2.24  
 3 2 2 9219.04 −2.26  
 4 0 2 9294.97 −2.88  
 4 4 1 9517.92 −2.74  
 5 2 1 9606.31 −3.11  
 1 0 4 9888.58 −0.63  
 2 2 3 10079.56 −2.04  
 3 0 3 10163.61 −2.02  
 4 2 2 10429.12 −2.69  
 0 4 4 10815.27 −0.74  
 0 0 5 10820.14 −1.66  
 0 2 5 11844.97 −1.69  
 1 0 5 11964.25 −0.61  
 0 0 6 12891.15 −0.59  
 1 0 6 14009.69 −0.98  
 0 0 7 14934.27 −2.23  

set of 𝐶𝑘𝑚𝑛 in the way that allows us to minimize the standard devi-
ation between the resulting energy levels and the experimental data
set.

There are 279 empirical energy levels (both the MARVEL ones and 
the levels from the HITRAN database) with 𝐽 = 0,2 and 5 which lie to 
5 
about 7000 cm−1; these formed the basis for our fits. After a significant 
number of trials we managed to obtain PES53, which gives an accuracy 
of 0.0089 cm−1 for the whole set of 0, 2 and 5 experimental energy 
levels.

We then attempted to further improve the accuracy by increasing 
the number of polynomial parameters 𝐶𝑘𝑚𝑛 from the original 53 terms 
used to represent Schröder’s PES. First, we increased the expansion to 
60 terms obtaining a new PES60, and then considered the whole set 
of 96 polynomial terms which satisfy 𝑘 + 𝑚 + 𝑛 ≤ 8 giving PES96. The 
standard deviations, obtained for the set of experimental energy levels 
up to 7000 cm−1 for calculations with the new PES60 and PES96, are 
0.0054 cm−1 and 0.0041 cm−1, respectively.

In an attempt to get the most accurate wavefunctions for some of the 
vibrational states, we also removed about 10% of the levels which gave 
the highest residues. The resulting fits with partial sets of experimental 
data we called PES60a and PES96a. The standard deviations of these 
fits were 0.0032 cm−1 with PES60a for a set of 251 energy levels and 
0.0028 cm−1 with PES96a for a set of 250 energy levels. We present a 
comparison of the experimental and calculated 𝐽 = 0 levels for all 5 
obtained variants in the Table  2.

Prediction of band origins (𝐽 = 0 levels) between 7000 and 
15 000 cm−1 with the potentials obtained are given in the Table  3.

All our PESs are given as supplementary material to this work.

2.4. Final results of the fit and extrapolation results

We decided to present all three PESs obtained, that is PES53, PES60 
and PES96, as each of them have their own advantages. The standard 
deviation of the 279 𝐽 = 0,2 and 5 fitted levels as well as the results 
with the removal of about 10% of the levels from the fit are given in the 
Table  4. The level-by-level list of residues (observed minus calculated 
values), which were used while calculating standard deviation values 
performed in the Table  4, is presented in the Supplementary material, 
Table 2.

In particular, PES53 was the first one, which resulted in a significant 
improvement of the 𝜎 from the ab initio value of 0.04 cm−1. This 
surface’s peculiarity is that we did not change the number of parameters 
from the original Schröder et al. number of constants 𝑁 = 53. We 
fitted only these 53 original constants. The second major improvement 
by about two times happened when we added 7 parameters to obtain 
PES60 – 𝜎 became 0.005 cm−1. The final PES used to fit levels up to 
7000 cm−1 was PES96. We added 36 parameters but the improvement 
was only marginal. The advantage of this PES is that it is still the 
most accurate but the disadvantage is that this minor improvement was 
obtained using a significant increase in the number of constants. This 
PES demonstrates that a further increase of the number of constants 
will not be productive and if we want to further lower 𝜎, making it 
closer to experimental accuracy, we need a significant improvement in 
the present theory (see Conclusions below).

In order to better characterize the results obtained using the above 
PESs we present the standard deviations for a set of the reliable 
MARVELised energy levels of 14N216O  only. These levels are based 
purely on the experimental values. The possibility of the problematic 
levels in a MARVELised set comes from the situations where a level is 
determined from the only one line position, and this line is misassigned. 
Otherwise the MARVELised levels have even higher accuracy than the 
experimental accuracy, as they are obtained by the averaging of the 
information from the different line positions, which contain the level 
in question.

Table  5 shows that for all the sets of data used and all the 𝐽 s, the 
standard deviations are practically equal to the ones given in much 
less detailed Table  4, where 𝜎 is only presented for the levels which 
we actually fitted. Thus, the results shown in Table  5 confirm the 
high accuracy of the PESs obtained. The level-by-level list of residues, 
which were used while calculating 𝜎 values performed in the Table  5, 
is presented in the Supplementary material, Table 3.
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Table 2
Fitted and predicted levels, in cm−1, calculated with PES53, PES60, PES96, PES60a, PES96a, PES60hJ and PES12 with 𝐽 = 0.
 𝑣1 , 𝑣2 , 𝑣3 Obs. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc.
 PES53 PES60 PES96 PES60a PES96a PES60hJ PES12

 0 2 0 1168.132 −0.007 −0.002 0.003 0.001 0.001 0.003 −0.030
 1 0 0 1284.903 −0.013 −0.007 −0.003 −0.003 −0.002 −0.006 −0.004
 0 0 1 2223.757 −0.014 −0.004 0.002 −0.001 −0.001 0.002 −0.013
 0 4 0 2322.573 −0.010 −0.003 −0.001 0.000 −0.003 0.002 −0.013
 1 2 0 2461.996 −0.010 −0.007 −0.001 −0.003 −0.001 −0.005 −0.020
 2 0 0 2563.339 −0.013 −0.004 0.001 −0.002 −0.000 −0.004 −0.011
 0 2 1 3363.978 −0.008 −0.001 0.002 −0.002 0.000 0.001 −0.002
 0 6 0 3466.600 −0.011 −0.004 0.003 0.000 0.002 0.001 0.007
 1 0 1 3480.819 −0.003 0.004 0.004 0.005 0.001 0.002 −0.002
 1 4 0 3620.943 −0.006 −0.002 0.000 0.001 −0.000 0.001 −0.021
 2 2 0 3748.252 −0.013 −0.010 −0.004 −0.005 −0.003 −0.008 −0.008
 3 0 0 3836.371 −0.007 0.002 0.004 0.003 0.002 −0.002 −0.023
 0 0 2 4417.378 −0.005 0.001 0.006 0.005 0.005 0.005 −0.027
 0 4 1 4491.542 −0.005 0.000 0.001 0.002 0.001 0.003 0.011
 1 2 1 4630.161 −0.004 −0.002 0.003 −0.002 0.002 −0.002 −0.014
 2 0 1 4730.825 −0.010 −0.007 −0.004 −0.001 −0.004 −0.006 0.021
 1 6 0 4767.142 −0.004 0.002 0.004 0.005 0.002 0.005 −0.027
 2 4 0 4910.995 −0.013 −0.009 −0.007 −0.004 −0.006 −0.007 −0.014
 3 2 0 5026.303 −0.013 −0.009 −0.007 0.001 −0.003 −0.009 −0.002
 4 0 0 5105.677 −0.005 0.001 0.002 0.004 0.002 −0.006 −0.042
 0 2 2 5529.695 −0.006 0.000 0.004 −0.000 −0.002 0.002 −0.016
 1 0 2 5646.740 0.004 0.009 0.010 0.008a 0.009a 0.009 −0.009
 1 4 1 5762.373 −0.015 −0.008 −0.001 −0.004 −0.000 −0.002 −0.028
 2 2 1 5888.106 −0.009 −0.008 −0.003 −0.004 −0.005 −0.008 0.006
 3 0 1 5974.845 −0.008 −0.007 0.003 0.003 0.004 −0.005 0.017
 2 6 0 6058.667 −0.008 −0.004 −0.001 −0.001 −0.002 −0.007 −0.025
 3 4 0 6192.271 −0.012 −0.008 −0.005 −0.001 −0.001 −0.011 −0.006
 4 2 0 6295.448 0.005 0.006 0.006 0.024a 0.016a 0.003 −0.009
 5 0 0 6373.308 −0.008 −0.007 −0.005 −0.002 −0.002 −0.011 −0.061
 0 0 3 6580.854 0.006 0.006 0.004 0.005a 0.005a 0.007 −0.049
 1 2 2 6768.502 −0.015 −0.006 −0.002 −0.008a −0.01a −0.009 −0.019
 2 0 2 6868.550 0.012 0.013 0.011 0.021a 0.009a 0.000 0.015
 3 2 1 7137.127 0.011 0.011 0.006 0.008 0.004 0.007 0.027
 4 0 1 7214.680 −0.011 −0.005 0.001 0.001 0.004 −0.011 −0.024
 1 0 3 7782.662 −0.009 −0.002 0.005 −0.009 0.003 −0.007 −0.022

a Designate levels not included in the fit.
Table 3
Fitted and predicted levels, in cm−1, calculated with PES53, PES60, PES96, PES60a, PES96a, PES60hJ and PES12 with 𝐽 = 0.
 𝑣1 , 𝑣2 , 𝑣3 Obs. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc. Obs.-Calc.
 PES53 PES60 PES96 PES60a PES96a PES60hJ PES12

 2 2 2 7998.589 0.002 −0.022 0.004 −0.042 −0.024 −0.0530 −0.017
 3 0 2 8083.953 −0.017 −0.027 −0.010 −0.034 −0.060 −0.0834 0.002
 4 2 1 8376.326 0.008 −0.006 −0.046 −0.010 −0.013 −0.0186 0.037
 5 0 1 8452.636 −0.036 −0.078 −0.053 −0.083 −0.075 −0.1014 −0.057
 0 0 4 8714.140 0.052 0.036 0.045 0.034 0.035 0.0154 0.019
 1 2 3 8877.042 −0.094 −0.091 −0.099 −0.120 −0.117 −0.1286 −0.027
 2 0 3 8976.489 −0.070 −0.069 −0.075 −0.079 −0.134 −0.1225 0.021
 2 4 2 9108.322 −0.109 −0.157 −0.108 −0.185 −0.138 −0.0700 −0.029
 3 2 2 9219.040 −0.129 −0.190 −0.184 −0.227 −0.215 −0.2153 0.010
 4 0 2 9294.994 −0.218 −0.273 −0.246 −0.294 −0.323 −0.3471 −0.027
 4 4 1 9517.874 −0.076 −0.115 −0.198 −0.118 −0.138 −0.0920 −0.017
 5 2 1 9606.336 −0.063 −0.077 −0.246 −0.088 −0.117 −0.1430 0.039
 1 0 4 9888.58a −0.064 −0.037 −0.087 −0.043 −0.102 −0.1021 0.000
 2 2 3 10079.556 −0.330 −0.380 −0.363 −0.435 −0.447 −0.4434 0.005
 3 0 3 10163.593 −0.477 −0.492 −0.534 −0.522 −0.643 −0.6256 0.035
 4 2 2 10429.151 −0.680 −0.746 −0.923 −0.815 −0.840 −0.8713 −0.012
 0 0 5 10815.251 0.140 0.091 0.119 0.021 0.064 0.0825 0.014
 0 4 4 10820.128 −0.224 −0.151 −0.197 −0.201 −0.188 −0.1757 0.084
 0 2 5 11844.97a −0.115 −0.154 −0.125 −0.257 −0.247 −0.2473 0.057
 1 0 5 11964.122 −0.844 −0.754 −0.905 −0.769 −0.996 −0.8684 0.056
 0 0 6 12891.079 −0.792 −0.824 −0.757 −0.838 −1.011 −0.9400 0.088

a The exp. values 9888.58 and 11844.97 were taken from [58].
The results of the predictions of the energy levels for 𝐽 = 0 by these 
PESs are given in the Tables  2 and 3. These results give information 
on how well our PESs extrapolate to the higher vibrational energies 
and what accuracy could be achieved when someone uses these PESs 
to calculate the line positions for the lines beyond 7000 cm−1.

As the accuracy of our calculations is extraordinary, we decided to 
present here not only the standard deviations, as in Tables  4 and 5, but 
6 
also the actual values of discrepancies from the experimentally derived 
MARVELised (where possible) energy levels for all the levels included 
in the fit for 𝐽 = 0 (Table  6). The residues (obs-calc) of the 𝐽 = 2 and 
5 levels are given in Fig.  1, as well as in the supplementary materials, 
Table 1. The majority of these values are equal to 0.001 cm−1, which 
coincides with typical FTS accuracy. These tables give us the opportu-
nity to compare not just the 𝜎 values (see Tables  4 and 5) obtained for 
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Table 4
Summary of our fitted and previous PESs; 𝜎 gives the standard deviation from the 𝑁
experimental levels used in our fits.
 PES 𝜎, cm−1 𝑁  
 Schröder ab initio [59] 1.2520 279 
 Huang et al. fitted [19] 0.038 279 
 PES53 0.0089 279 
 PES60 0.0054 279 
 PES96 0.0041 279 
 PES60a 0.0032 251 
 PES96a 0.0028 250 
 PES60hJ 0.0050 535 

Table 5
Standard deviations for different 𝐽 levels and different PESs from the MARVEL energy 
levels. The first line for 𝐽 values up to 30 corresponds to calculations with PES60, 
PES96, and PES60hJ potentials and all the MARVEL levels (used in the fit where 
applicable) included. The second line for each 𝐽 value corresponds to calculations with 
PES60a and PES96a potentials in which up to 15% of the worst MARVEL levels were 
excluded. In the final section, the first line gives a comparison between PES60hJ and 
Huang et al. line list for MARVEL energies below 11500 cm−1 with 𝐽 = 50; the second 
line gives a comparison for the set of the best-predicted energies. Hu.ll — Huang et al. 
line list [19], 𝑁 — number of levels, 𝜎 — standard deviation.
 𝐽 PES60/PES60a Hu.ll PES96/PES96a PES60hJ

 𝑁 𝜎, cm−1 𝑁 𝜎, cm−1 𝑁 𝜎, cm−1 𝑁 𝜎, cm−1 
 0 29 0.0067 27 0.0356 29 0.0039 29 0.0061  
 26 0.0029 27 0.0023  
 2 84 0.0057 76 0.0301 84 0.0040 84 0.0051  
 76 0.0032 77 0.0029  
 5 99 0.0052 91 0.0277 99 0.0039 99 0.0050  
 91 0.0033 93 0.0031  
 10 97 0.0051 87 0.0182 97 0.0050 97 0.0046  
 87 0.0035 84 0.0034  
 15 98 0.0062 88 0.0143 98 0.0078 98 0.0049  
 88 0.0049 85 0.0059  
 20 100 0.0100 88 0.0284 100 0.0130 100 0.0067  
 88 0.0074 85 0.0094  
 30 98 0.0190 85 0.0197 98 0.0258 98 0.0119  
 85 0.0137 85 0.0204  
 50 165 0.160 165 0.051  
 86 0.068 86 0.036  

the levels presented in the literature, but to do it level by level. Some of 
those calculated levels coincide with the experiment up to two orders 
of magnitude better than the accuracy 0.001 cm−1 mentioned above.

2.4.1. Extrapolation to higher 𝐽 levels
Let us consider the results of the extrapolation to higher 𝐽 levels. 

As we fitted only the energy levels with 𝐽 = 0,2 and 5 for the purposes 
of saving computer time, the results of the extrapolation to higher 𝐽 s 
are important from the viewpoint of the accuracy of any subsequent 
line list. We do not present here the 𝜎 of the very high 𝐽 s needed for 
the high temperature line lists; however, how well our PESs behave for 
levels with 𝐽 > 5 which were not included in the fit can be judged from 
Table  5. Table  5 shows that the extrapolation (𝐽 = 10, 15 and 20) is 
excellent and gives results comparable to the 𝜎 of the levels used in 
the fit (𝐽 = 0, 2 and 5). However, for 𝐽 s above 20 the extrapolation 
does start to deteriorate somewhat. This suggests that to achieve an 
accuracy for very high 𝐽 levels comparable to that obtained for the 
lower 𝐽 levels, we would have to include data on the higher 𝐽 levels 
in the fit. The fit of the PES60hJ, which includes the data with 𝐽 s 10 
and 15, is performed in the next section.

The extrapolation of the PES96a’s levels to higher 𝐽 s behaves worse 
than the one for the PES60 potential, whereas the 𝜎 of the lower 𝐽 s 
of PES96a is noticeably better. Such behaviour indicates that PES96a 
represents over-fitting hence the poorer extrapolation properties. This 
7 
fact demonstrates once again that the further increasing of the number 
of parameters used to fit the PES would be unproductive, and other 
methods to further improve the accuracy of the fit should be used.

Thus, we demonstrated in detail the accuracy of the calculated 
levels both by showing the residues (observed minus calculated values) 
for particular levels used in the fit (in Tables  2 and 6 and Tables in 
supplementary materials) and by a detailed analysis of the standard 
deviations for the fitted levels, for the MARVELized levels only and for 
higher 𝐽 s (in Tables  4 and 5). The wavefunctions, corresponding to 
such levels, on the other hand, demonstrate quite significant instability, 
as can be seen from the next section, where we analyse the line 
intensities. The demonstration of such instability is especially seen 
from the Table  9, where the comparison of multiple calculations is 
presented. We present the results of intensity calculations using the 
accurate PESes obtained in this work for completeness. The stability of 
the wavefunctions generated by these PESs is the subject of the further 
studies.

2.4.2. Expanding 𝐽 range
In order to obtain a potential, which would result in an accuracy of 

about 0.01 cm−1 or better for all 𝐽 s up to 𝐽 = 30, we conducted another 
refinement of our PES60 by adding 256 extra experimental energy 
levels with 𝐽 values equal to 10 and 15 to the dataset we used previ-
ously. After a fitting procedure with PES60 taken as a starting point we 
managed to obtain a new potential PES60hJ, which represents all the 
535 available experimental energies up to 7000 cm−1 and a bit above 
with 𝐽 values 0, 2, 5, 10, and 15 with a standard deviation 0.005 cm−1; 
Table  4 gives a comparison with all the other potentials, while Table 2 
from the Supplementary materials contains the level-by-level list of the 
corresponding residues.

The accuracy of the new PES60hJ for low-𝐽 s is almost the same 
as for PES60 — 0.0052 cm−1 for 279 energy levels with 𝐽 values 0, 
2, and 5. Tables  2 and 3 show deviations of our new results from 
pure vibrational experimental energies used in the fit which we user to 
estimate the predictive capabilities of the obtained potentials at higher 
energies. It can be seen from these tables that, while deviations from 
energies used in the fit for PES60hJ are close to the ones obtained with 
PES60, the accuracy of extrapolation to higher energies for PES60hJ is 
somewhat worse than the one of PES60. That is the price we pay for 
extending our fits to a wider 𝐽 range.

Nevertheless, Table  5 shows that our goal is achieved with PES60hJ: 
extrapolation of the potential to high-𝐽 values gives standard deviation 
0.007 cm−1 for 𝐽 = 20 and 0.01 cm−1 for 𝐽 = 30 for the entire reli-
able set of available MARVEL energy levels, and begins to deteriorate 
significantly only for 𝐽 > 32. However, even for 𝐽 = 50 the 𝜎 value 
remains quite good, about 0.05 cm−1 for almost all the MARVELised 
energies available, with an exclusion of only 10 outliers, whose residues 
vary from 0.15 till 1 cm−1. This result is an essential improvement in 
comparison with PES60 and PES96 potentials. The level-by-level lists 
of residues, which were used while calculating 𝜎 values for PES60hJ, 
are also presented in the Supplementary material, Tables  3 and 4.

2.4.3. High energy fitted PES
For the fit of the PES to 12000 cm−1 we used the same parameters 

as for the PES60 fit, gradually increasing the number of coefficients 
included in the fit from 60 to 96. The standard deviation of the fit was 
0.025 cm−1.

Subsequently, we decided to carry out a ‘‘Varandisation’’ [13] of 
PES60, following the approach we used the water molecule as described 
in Ref. [63]. All the 637 energy levels up to 12 000 cm−1 were fitted. 
After discarding 10 levels from the fit, the standard deviation became 
0.023 cm−1. We call the resulting PES PES12.

The last column of the Table  2 shows the observed minus calculated 
energy levels for 𝐽 = 0 calculated by the PES12, fitted up to the 
energies of 12 000 cm−1. The standard deviation of the fitted data 
up to 𝐽 = 5 is several times worse than our PESes with the limit of 
energies up to 7000 cm−1. However, these results still demonstrate 
some improvements over the results published in the literature. The 
PES12 is also given in the supplementary material.
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Table 6
Comparison of levels with 𝐽 = 0 with the experimental levels included in the fit in cm−1 for PES96a and Huang et al. line list [19].
 exp. vib. PES96a obs. − calc. Huang.ll obs. − calc.

 1168.1323 0 2 0 0 1168.1317 0.001 1168.133 −0.001
 1284.9033 1 0 0 0 1284.9055 −0.002 1284.907 −0.004
 2223.7568 0 0 1 0 2223.7572 0.000 2223.762 −0.006
 2322.5731 0 4 0 0 2322.5761 −0.003 2322.561 0.012
 2461.9964 1 2 0 0 2461.9970 −0.001 2462.031 −0.035
 2563.3394 2 0 0 0 2563.3398 0.000 2563.324 0.015
 3363.9780 0 2 1 0 3363.9777 0.000 3363.975 0.003
 3466.5997 0 6 0 0 3466.5975 0.002 3466.616 −0.016
 3480.8192 1 0 1 0 3480.8178 0.001 3480.825 −0.005
 3620.9431 1 4 0 0 3620.9433 0.000 3620.921 0.023
 3748.2517 2 2 0 0 3748.2549 −0.003 3748.251 0.001
 3836.3710 3 0 0 0 3836.3689 0.002 3836.346 0.025
 4417.3778 0 0 2 0 4417.3731 0.005 4417.371 0.007
 4491.5421 0 4 1 0 4491.5412 0.001 4491.529 0.013
 4630.1611 1 2 1 0 4630.1595 0.002 4630.139 0.023
 4730.8251 2 0 1 0 4730.8294 −0.004 4730.808 0.017
 4767.1421 1 6 0 0 4767.1397 0.002 4767.127 0.015
 4910.9955 2 4 0 0 4911.0020 −0.007 4910.974 0.022
 5026.3029 3 2 0 0 5026.3062 −0.003 5026.267 0.036
 5105.6769 4 0 0 0 5105.6748 0.002 5105.678 −0.001
 5529.6950 0 2 2 0 5529.6964 −0.001 5529.660 0.035
 5646.7402 1 0 2 0 5646.7316 0.009 5646.734 0.006
 5762.3727 1 4 1 0 5762.3730 0.000 5762.315 0.058
 5888.1059 2 2 1 0 5888.1104 −0.005 5888.075 0.031
 5974.8451 3 0 1 0 5974.8407 0.004 5974.814 0.031
 6058.6675 2 6 0 0 6058.6693 −0.002 6058.810 −0.143
 6192.2706 3 4 0 0 6192.2720 −0.001 6192.353 −0.083
 6295.4476 4 2 0 0 6295.4313 0.016 6295.461 −0.014
 6373.3077 5 0 0 0 6373.3095 −0.002 6373.383 −0.075
 6580.8537 0 0 3 0 6580.8490 0.005 6580.824 0.030
 6768.5017 1 2 2 0 6768.5134 −0.012 6768.446 0.056
 6868.5498 2 0 2 0 6868.5404 0.009 6868.518 0.032
 7137.1271 3 2 1 0 7137.1229 0.004 7137.092 0.035
 7214.6799 4 0 1 0 7214.6761 0.004 7214.675 0.005
 7782.6615 1 0 3 0 7782.6581 0.003 7782.654 0.008
3. Intensity calculations

As the Lodi–Tennyson [64] approach for estimating the uncertainty 
of calculated intensities requires at least two DMSs, we performed our 
own DMS calculations, which are described in the following subsection.

3.1. Ab initio DMS calculations

As our experience in calculating intensities for HCN [65] and wa-
ter [66] shows, the external field calculation method (ED) is preferable 
to the expectation value method (XP) for computing dipole moments. 
We employed an internally contracted (IC)-MRCI all-electrons method 
for dipole moment calculations as programmed in MOLPRO [67]. For 
the dipole moment calculations, we selected the default complete active 
space (CAS) defined by MRCIC; OCC, 12, 3; CLOSED, 3,0; CORE ,0,0.

Using a cc-pCVQZ-F12 basis proved to be reasonably cheap for 
the dipole moments calculations, as every dipole point requires 4 
independent calculations of the energies in an 0.0003 au external field. 
We calculated the DMS at about 6000 points. We add a Davidson-fixed 
correlation correction as well as a relativistic correction, mass–velocity 
plus first-order Darwin term (MVD1) as produced by MOLPRO.

3.2. Results of intensity calculations using PES60 and two DMSs

Measurements of 14N216O line intensities with sub-percent accuracy 
are rare; however, two papers providing such measurements have 
been published recently [49,50]. Comparison of our calculated line 
intensities with these measurements is given in Tables  7 and 8. and 
on Figs.  3 and 4: differences are represented as (Obs/Calc−1).

To estimate the accuracy of the intensity calculations using the 
various PESs plus the DMS obtained here and from the Schröder 
et al. [59], we calculated intensities for the R4 and R8 lines of the 
many bands presented in the HITRAN database [22]. The results of 
8 
Fig. 3. Differences for 24 bands (see Table  9) between calculated intensities and 
HITRAN values in percent, blue squares for p60.Sch (PES60 and Schröder et al. 
DMS [59]) calculation and red squares for PES60.ai (PES60 and ab initio DMS).

these comparisons are given in the Table  9 where the differences are 
represented as (Obs/Calc−1). The HITRAN database data is mostly 
based on somewhat less accurate intensity measurements. However, 
the overall agreement with the all four calculations is excellent. Two 
types of bands are exceptions from this good agreement. First are 
bands affected by resonances and the second are bands for which even 
relatively accurate experimental measurements are not available.

Table  9 also presents corresponding line intensities taken from 
Huang et al. [19] for comparison. In some cases our calculations agree 
worse with the experimental data presented in HITRAN. More accurate 
measurements are required to produce the final verdict which intensity 
calculation is actually more accurate.
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Table 7
Differences between (4200) band measured intensities (𝐼 in cm/molecule at 𝑇 = 296 for 100% 14N216O) due to Adkins et al. [50] and 
calculations: Hu.ll — Huang et al. line list [19], PES60.ai — PES60 and our ab initio DMS, PES60 and Schröder et al. DMS [59], Yu.ll — line 
list [20]. The differences in % are given as (Obs/Calc-1)*100.
 Line 𝜔̃/cm−1 𝐼 Hu.ll PES60.ai PES60.Sch Yu.ll

 P10e 6286.473645 2.46E−24 −2.3 −2.8 −4.5 −4.1 
 P9e 6287.430421 2.29E−24 −3.1 −3.6 −5.3 −4.8 
 P8e 6288.373997 2.18E−24 0.0 −0.5 −2.3 −1.7 
 P7e 6289.304378 1.92E−24 −2.6 −3.1 −4.9 −4.3 
 P6e 6290.221565 1.69E−24 −2.8 −3.3 −5.1 −4.5 
 P5e 6291.125559 1.45E−24 −2.4 −2.9 −4.6 −4.1 
 P4e 6292.016361 1.19E−24 −2.0 −2.4 −4.2 −3.7 
 P3e 6292.893972 9.06E−25 −2.2 −2.6 −4.4 −3.8 
 P2e 6293.758388 6.03E−25 −3.6 −4.0 −5.8 −5.2 
 P1e 6294.609609 2.99E−25 −5.3 −5.6 −7.3 −6.7 
 R0e 6296.272448 3.07E−25 −3.3 −3.6 −5.3 −4.7 
 R1e 6297.084057 6.22E−25 −1.8 −2.1 −3.9 −3.3 
 R2e 6297.882451 9.23E−25 −2.1 −2.4 −4.2 −3.6 
 R3e 6298.667624 1.21E−24 −2.7 −3.0 −4.7 −4.2 
 R4e 6299.439566 1.50E−24 −2.0 −2.3 −4.0 −3.6 
 R5e 6300.198270 1.75E−24 −2.9 −3.1 −4.9 −4.4 
 R6e 6300.943725 2.03E−24 −1.2 −1.4 −3.2 −2.7 
 R7e 6301.675921 2.23E−24 −2.4 −2.6 −4.4 −3.9 
 R8e 6302.394846 2.24E−24 −10.1 −10.3 −11.8 −11.5 
 R9e 6303.100487 2.62E−24 −2.0 −2.2 −3.8 −3.5 
Table 8
Differences between (5000) band measured intensities (𝐼 in cm/molecule at 𝑇 = 296 for 100% 14N216O) due to Adkins et al. [50] and 
calculations: Hu.ll — Huang et al. line list [19], PES60.ai — PES60 and our ab initio DMS, PES60 and Schröder et al. DMS [59], H0.ai – Huang 
[19] PES and our ab initio DMS, H0.Sch — Huang et al. PES [19] and Schröder et al. DMS., Yu.ll — line list [20]. The differences in % are 
given as (Obs/Calc-1)*100.
 Line 𝜔̃/cm−1 𝐼 Hu.ll PES60.ai PES60.Sch H0.a H0.Sch Yu.ll

 P10e 6364.329281 1.130E−24 −4.7 8.3 6.0 10.4 8.1 −3.6 
 P9e 6365.286733 1.080E−24 −3.2 10.0 7.7 12.2 9.8 −2.0 
 P8e 6366.231001 1.087E−24 5.5 19.8 17.2 22.2 19.6 6.7 
 P7e 6367.162054 8.929E−25 −4.3 8.6 6.3 10.8 8.5 −3.2 
 P6e 6368.079869 7.778E−25 −5.7 7.0 4.8 9.2 6.9 −4.6 
 P5e 6368.984422 6.707E−25 −4.9 7.9 5.6 10.0 7.8 −3.9 
 P4e 6369.875696 5.485E−25 −4.9 7.9 5.6 10.0 7.8 −3.9 
 P3e 6370.753673 4.111E−25 −6.6 5.9 3.7 8.0 5.8 −5.6 
 P2e 6371.618341 2.859E−25 −3.9 8.9 6.7 11.1 8.9 −2.9 
 P1e 6372.469689 1.434E−25 −4.5 8.3 6.3 10.4 8.3 −3.4 
 R0e 6374.132400 1.394E−25 −7.7 4.6 2.7 6.6 4.6 −6.7 
 R1e 6374.943758 2.939E−25 −2.3 10.7 8.5 12.8 10.7 −1.3 
 R2e 6375.741786 4.242E−25 −5.3 7.3 5.2 9.4 7.4 −4.3 
 R3e 6376.526487 5.586E−25 −5.3 7.2 5.2 9.3 7.3 −4.3 
 R4e 6377.297871 6.838E−25 −5.8 6.7 4.7 8.8 6.8 −4.8 
 R5e 6378.055947 8.121E−25 −4.8 7.8 5.8 9.8 7.9 −3.8 
 R6e 6378.800729 9.202E−25 −5.2 7.3 5.3 9.3 7.4 −4.3 
 R7e 6379.532233 1.077E−24 −0.1 13.1 11.0 15.2 13.2 0.9 
 R8e 6380.250481 1.125E−24 −4.1 8.6 6.6 10.6 8.7 −3.1 
 R9e 6380.955494 1.202E−24 −4.3 16.0 6.5 10.4 8.4 −3.3 
Comparison of intensities for different bands of 14N216O calculated 
using the same wavefunctions and two different dipole moment (DMS) 
surfaces shows that for 24 out of 35 bands the obs-calc residues are 
largely independent of the DMS used. These discrepancies are often 
very different between Huang et al.’s and our calculations which are 
performed with different PESs. This suggests that for some bands the 
most important part of the calculations of line intensity is the accuracy 
of the wavefunctions and not the accuracy of the DMSs. This is not the 
case for all the bands. As one can see from the Table  9, the obs-calc 
residues there depends strongly on the DMS, and significantly more 
accurate measurements of the line intensities of these bands are needed 
to better evaluate the DMS (see Fig.  5).

4. Conclusion

In this paper we address the long standing problem of computing 
line positions for a polyatomic molecule using variational calculations 
with close to the experimental accuracy. We fit experimentally derived 
energy levels [21] to produce the 14N216O PESs covering energies up to 
about 7000 cm−1. We obtained the PES of 14N 16O, which reproduces 
2

9 
Fig. 4. Differences for 24 bands (see Table  9) between calculated intensities and 
HITRAN values in percent, blue stars for Hu.Sch (Huang et al. PES [19] and Schröder 
et al. DMS [59]) and calculation and red stars for Hu.ai (Huang et al. PES [19] and
ab initio DMS).
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Table 9
Differences from effective-dipole moment intensities (𝐼 in cm/molecule at 𝑇 = 296 K scaled to 100% 14N216O) from HITRAN for strong bands. Calculation with pair PES.DMS (Hu 
— Huang et al. PES [19], ai — ab initio DMS, Sch — Schröder et al. DMS [59], p60 — PES60, p60.Quad.ai — calculation without quadrature approximation, Yu.ll — line list 
[20]).
 Line 𝜔̃ Band 𝐼 Hu.ll Hu.ai Hu.Sch p60.ai p60.Sch p60.Quad.ai Yu.ll

 R 4 4.1900 0000 8.394E−24 8.4 57.8 14.6 36.6 2.0 38.0 14.8 
 R 8 7.5416 0000 4.364E−23 8.1 57.3 14.3 36.2 2.1 37.8 14.5 
 R 4 1172.3495 0200 2.798E−21 2.8 1.9 1.1 −0.5 −0.3 0.1 −1.5 
 R 8 1175.7552 0200 4.566E−21 3.0 1.9 1.1 −0.5 −0.3 −0.4 −1.4 
 R 4 1289.0406 1000 8.313E−20 −3.3 2.0 −1.0 1.0 −1.0 2.1 −0.5 
 R 8 1292.2870 1000 1.354E−19 −2.9 2.3 −0.7 1.3 −0.8 1.8 −0.3 
 R 4 2326.8111 0400 2.313E−22 2.7 7.0 5.5 −13.6 −13.9 −17.5 −4.5 
 R 8 2330.2577 0400 3.737E−22 2.3 6.3 4.8 −14.1 −14.6 −18.0 −5.2 
 R 4 2466.1605 1200 2.677E−21 3.2 6.9 5.8 0.0 0.0 1.4 5.6 
 R 8 2469.4599 1200 4.354E−21 3.2 6.6 5.6 −0.2 −0.3 0.6 5.3 
 R 4 2567.4273 2000 1.202E−20 −0.6 1.8 0.6 −1.3 −1.4 −0.3 0.5 
 R 8 2570.5747 2000 1.939E−20 −1.1 1.2 0.1 −1.8 −2.1 −0.9 0.0 
 R 4 3625.1260 1400 3.919E−23 3.8 7.3 5.1 −4.2 −5.2 −5.9 4.1 
 R 8 3628.4623 1400 6.354E−23 3.3 6.6 4.4 −4.8 −4.9 −6.2 3.4 
 R 4 3752.3612 2200 3.283E−22 1.6 2.6 1.2 −3.2 −3.6 −1.9 1.1 
 R 8 3755.5516 2200 5.333E−22 1.4 2.3 0.9 −3.5 −4.0 −2.1 0.7 
 R 4 3840.4155 3000 7.212E−22 1.6 1.7 0.8 −2.2 −2.1 −1.4 0.2 
 R 8 3843.4763 3000 1.162E−21 0.9 1.0 0.1 −2.9 −2.9 −2.5 −0.5 
 R 4 4771.3396 1600 3.566E−25 −10.7 −6.6 −8.0 −6.5 −7.1 1.2 4.5 
 R 8 4774.7042 1600 5.828E−25 −10.5 −6.3 −7.7 −6.3 −7.1 −0.1 4.6 
 R 4 4915.1220 2400 4.273E−24 −1.0 4.1 1.9 −2.5 −3.6 −3.8 1.2 
 R 8 4918.3457 2400 6.970E−24 −1.1 4.1 1.9 −2.6 −3.8 −3.6 1.4 
 R 4 5030.3546 3200 2.424E−23 −0.3 1.3 −0.6 −3.3 −4.1 −1.8 −1.4 
 R 8 5033.4295 3200 3.939E−23 −0.6 1.1 −0.8 −3.5 −4.5 −3.1 −1.6 
 R 4 5109.6882 4000 2.505E−23 −1.6 0.4 −0.7 −3.2 −3.3 −2.9 −2.7 
 R 8 5112.6830 4000 4.061E−23 −1.5 0.5 −0.6 −3.1 −3.3 −2.7 −2.5 
 R 4 6196.3380 3400 4.232E−25 −6.0 0.5 −0.6 −4.2 −4.5 −6.2 −3.8 
 R 8 6199.4436 3400 6.919E−25 −6.0 0.6 −0.5 −4.1 −4.5 −6.1 −2.7 
 R 4 6299.4395 4200 1.495E−24 −2.4 −0.1 −1.8 −3.6 −4.3 −1.5 −3.9 
 R 8 6302.3948 4200 2.434E−24 −2.4 0.0 −1.6 −3.5 −4.3 −1.3 −3.8 
 R 4 6377.2978 5000 7.000E−25 −3.5 11.4 9.4 8.1 7.3 5.6 −2.5 
 R 8 6380.2504 5000 1.131E−24 −3.6 11.3 9.4 8.0 7.2 4.9 −2.6 
 R 4 592.9627 0110 5.919E−21 −6.7 −2.8 −0.7 −8.6 −1.8 −7.7 −3.6 
 R 8 596.32443 0110 9.121E−21 −6.6 1.4 3.6 −4.7 2.3 −4.1 0.5 
 R 4 1753.2724 0310 1.051E−23 6.4 5.7 4.6 26.7 8.0 28.0 26.2 
 R 8 1756.6582 0310 1.515E−23 6.9 −4.0 −2.8 14.5 −2.0 13.3 −1.4 
 R 4 2227.8432 0001 4.929E−19 −2.2 −0.2 0.7 1.4 1.0 2.4 0.8 
 R 8 2230.9878 0001 8.020E−19 −1.8 0.1 1.0 1.7 0.9 3.1 1.1 
 R 4 2802.3854 0111 4.889E−22 1.4 −19.1 −17.8 −34.8 −18.4 −34.1 −34.6 
 R 8 2805.5426 0111 7.333E−22 1.2 −18.2 −17.8 −34.7 −18.3 −33.8 −34.6 
 R 4 3368.0939 0201 7.980E−22 −2.3 −0.2 1.4 3.7 1.9 4.8 4.6 
 R 8 3371.2972 0201 1.303E−21 −2.0 −0.1 1.5 3.8 1.9 4.3 4.7 
 R 4 3484.8524 1001 1.626E−20 −5.0 −6.5 −5.8 −5.4 −5.2 −4.5 −6.5 
 R 8 3487.8906 1001 2.636E−20 −5.0 −6.6 −5.9 −5.4 −5.4 −4.4 −6.5 
 R 4 4066.0208 1111 6.232E−24 1.3 57.6 13.6 53.1 12.8 54.9 46.4 
 R 8 4069.0748 1111 8.960E−24 0.9 43.5 4.2 39.5 3.4 41.8 33.5 
 R 4 4421.3604 0002 5.828E−22 33.8 20.2 21.8 4.1 6.1 5.7 26.2 
 R 8 4424.2974 0002 9.404E−22 33.7 18.6 20.3 2.8 4.7 4.4 24.5 
 R 4 4634.2236 1201 5.091E−23 −9.0 −3.4 −8.4 −1.2 −5.4 0.5 −7.4 
 R 8 4637.3198 1201 8.273E−23 −9.4 −3.5 −8.5 −1.3 −5.6 0.3 −7.5 
 R 4 4734.8083 2001 3.606E−22 −4.0 −1.3 −2.7 −0.7 −1.0 0.0 −5.3 
 R 8 4737.7465 2001 5.869E−22 −3.7 −1.0 −2.3 −0.3 −0.7 0.4 −4.9 
 R 4 4981.6881 0112 2.232E−24 2.5 −89.8 −73.7 −90.0 −74.0 −89.9 −88.7 
 R 8 4984.6404 0112 3.333E−24 2.4 −89.9 −73.9 −90.1 −74.2 −90.2 −88.7 
 R 4 5533.7095 0202 4.273E−25 30.6 870.8 626.8 675.6 492.8 492.2 454.5 
 R 8 5536.7099 0202 6.970E−25 31.0 843.7 609.2 652.6 477.7 476.5 437.8 
 R 4 5650.6691 1002 8.556E−24 57.1 2.3 30.5 −16.4 4.5 −13.1 66.5 
 R 8 5653.4986 1002 1.374E−23 56.3 0.2 27.5 −18.0 −2.1 −14.9 62.6 
 R 4 5892.1134 2201 3.242E−24 −12.7 −12.6 −18.5 −11.9 −17.1 −9.0 −16.8 
 R 8 5895.0997 2201 5.293E−24 −12.7 −12.2 −18.2 −11.6 −16.8 −8.5 −16.4 
 R 4 5978.7849 3001 8.798E−24 −9.0 9.2 0.6 8.5 1.0 7.2 −11.0 
 R 8 5981.6365 3001 1.434E−23 −8.5 9.9 1.3 9.2 1.7 8.3 −10.4 
 R 4 6584.7324 0003 1.182E−23 25.7 97.9 16.3 67.8 3.0 65.4 −21.4 
 R 8 6587.4616 0003 1.909E−23 25.7 94.6 15.0 65.1 1.8 64.5 −22.3 
 R 4 6872.4284 2002 3.091E−25 −18.4 11594 138.0 4561.5 104.7 −95.7 −52.6 
 R 8 6875.1572 2002 5.010E−25 −18.3 11573 140.0 4545.3 106.1 −94.3 −52.6 
 R 4 7141.0757 3201 3.545E−25 −10.2 −8.6 −23.1 −10.9 −24.2 −6.3 −20.3 
 R 8 7143.9444 3201 5.747E−25 −10.7 −8.9 −23.3 −11.2 −24.5 −6.4 −20.6 
 R 4 7218.5881 4001 3.384E−25 −16.7 133.6 67.8 103.3 50.9 80.5 −24.1 
 R 8 7221.3766 4001 5.495E−25 −16.5 134.3 68.8 103.8 51.5 81.4 −23.9 
10 
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Fig. 5. Differences for 24 bands (see Table  9) between calculated intensities by DMS 
change from our ab initio DMS to the Schröder et al. DMS [59], with PES unchanged, 
stars for Huang et al. PES [19]: Hu.ai − Hu.Sch difference and squares for PES60: 
p60.ai − p60.Sch difference.

about 90% of the experimental energy levels within 7000 cm−1 range 
to the accuracy of 0.0028 cm−1 and all 100% levels to the slightly 
worse accuracy of 0.004 cm−1. The standard accuracy of the experi-
mental measurements using Fourier Transform Spectrometers, which 
are responsible for the majority of infrared (IR) and optical spectra for 
the most of the molecules, is about 0.002 cm−1. Thus, the accuracy 
of our calculations has finally become close to the experimental one. 
Our results pave the way for the attempts to achieve the experimental 
accuracy of the line positions for the similar triatomic molecules — CO2
and O3 [17,41] and provide the solid basis for the accurate variational 
line list calculation although some adjustments are still necessary to 
achieve accurate intensities for all bands.

We used these surfaces to calculate the line intensities of 14N216O. 
In order to do that we calculated an ab initio DMS using the MRCI 
level of theory and also used the DMS due to Schröder et al. [59] 
for comparison. Very accurate line intensities are obtained for both 
DMSs, as the comparison to the experimentally observed values of line 
intensities shows. New experimental studies by Gang Li (PTB, private 
communications, 2024) and others on high accuracy infrared intensities 
for 14N216O are in progress and we will return to the problem of 
constructing spectroscopic models which accurately model 14N216O
line intensities once these studies are complete.
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