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Abstract

An exact, within the Born-Oppenheimer approximation, body-fixed Hamiltonian for the
nuclear motions of a triatomic system is presented. This Hamiltonian is expressed in terms of two
arbitrarily defined internal distances and the angle between them. The body-fixed axis system is
related to these coordinates in a general fashion. Problems with singularities and the domain of
the Hamiltonian are discussed using specific examples of axis embedding. A number of com-
monly used coordinate systems including Jacobi, bond-length-bond-angle, and Radau coordi-
nates are special cases of this Hamiltonian. Sample calculations on the H,S molecule are
presented using all these and other coordinate systems. The possibility of using this Hamiltonian
for reactive scattering calculations is also discussed.

1. Introduction

In a recent paper [1], a rather general body-fixed Hamiltonian for the nuclear
motion of triatomic species was derived. The internal motion part of the Hamil-
tonian is given in terms of two lengths, r; and r;, and an included angle 6. The
coordinate r, is always the distance between particles 2 and 3, but r; is expressed
in terms of a parameter g in the range (0, 1) so that it can be chosen according to
the physics of the problem. The value chosen for g essentially determines where
the origin of the vector along r; lies on r;. One particular choice gives r; as the
distance between particles 2 and 1, whereas another makes r, the distance from
the center-of-mass of particles 2 and 3 to particle 1 and so on. The first choice
might be thought good for the description of normal triatomic molecules such as
water, whereas the second choice might be thought good for collision complexes
such as ArH; and other choices might fit other systems.

The advantage of this approach is that a number of physical situations can be
encompassed in terms of a single piece of computer code [2] that uses g as an
input. Its utility and efficiency in practice when dealing with a wide variety of
triatomic systems has been shown in Ref. 3.

Since the appearance of Ref. 1, other papers have appeared (see e.g., [4,5])
that also address themselves to the triatomic problem in general terms. It is the
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object of the present paper to present what is believed to be the most general
Hamiltonian possible for a triatomic whose internal motion is expressed in terms
of two lengths and an included angle and also to investigate its applicability.

2. The Construction of the Hamiltonian

As in Ref. 1, the general approach given in Ref. 7 will be used to derive the
Hamiltonian. In this approach, a set of translation-free internal coordinates t;
are first constructed in terms of the laboratory-fixed coordinates x; such that

Mz

x;Vi i=12.N-1

[
—_

i
or
t = xV, @

where N is the total number of particles and the elements of V are chosen such
that

M=z

V;=0, ali=12...N -1 2)

1

J

to ensure the invariance of the t; under uniform translation. The t; are often
said to be a set of space-fixed coordinates. In terms of these coordinates, the
translation-free part of the kinetic energy operator can be written as

3 i) - Ve, ©

T,,,-

where §(t,~) is the usual grad operator expressed in the variable t; and where
-1
Hi 1S

N
;= glm[leiVIq, (4)

in which the m; are the particle masses. For ease of writing, the diagonal re-
duced masses, p;, will be written simply as u;.
In the triatomic case, the most general V may be written as

a,— by a,—b;
V=1|bi—c by-cy|, (5)

Cy —a; C; — a4
corresponding to a choice for t; of

t. = ai(X1 - X3) + b[(Xz - Xl) + C,'(X3 - Xz). (6)
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This choice is proper as long as the inverse transformation \' exists, such that
VV = E, where E, is the two- -by-two unit matrix. The matrix Vis given for-
mally by

V=
1 ma(by — ¢2) — mac: — az) ma(c2 — a3) — malaz — b)) malaz — by) — my(b, — Cz)] (7)
malcy — ay) — ma(by — ¢1) ms(ay — b)) — my(cr — a1) m(by — ¢1) — mafay — by)|’
with
m;y m, ms
D=lay—-by bi—c ¢ — a4, (8)

az—bz bz—C2 Cy — A

and so the inverse transformation exists as long as D is not zero.
The general form of the reciprocal reduced masses is, from Egs. (5) and (4),

pil = (a; = bYmi' + (b — cymi' + (¢ — a;f'm3! i=12
pi2 = (@ — bi)(az — b)mi' + (by — ¢1) (b2 — c2)m3!
+ (c1 — a1)(c2 — az)m;3". )

The V matrix used in [1] was a special case of (5) with the choices a; = b; = 0,
Cy =landa2= 1,b2=0,02= 8.

The space-fixed coordinates t; are now transformed to a body-fixed set z; by
means of an orthogonal matrix C according to

t = Cz. (10)

To define fully the three Euler angles that specify C, there must be three rela-
tions among the components of the z; and, in consequence, the components of z
must be specifiable in terms 3N-6 rotationally invariant internal coordinates. In
the present case, the three internal variables are chosen to be r;, the length of
t; (and of z;) and 6 the angle between t; and t, (and z; and z,). The matrix C is
chosen to put the two z; in the x—z plane, and the third relation is specified
by requiring that the x- or the z-body fixed axis is such that , makes with it an
angle a6 and r, an angle (1 — a)0 with a in the interval (0,1). It is further re-
quired that |C| = +1 in order to keep a right-handed coordinate frame.

Thus, in general,

Zx1 Zx2
z=C't=[0 0], 11
221 222
and if the z-axis is chosen to divide the angle,
—rysin a@ r; sin(l — )@
z= 0 0 , (12)
rycos a@ r;cos(l — a)é



186 SUTCLIFFE AND TENNYSON

whereas if the x-axis is chosen,

ricos af rycos(l — a)d
z = 0 0 . (13)
riysin a@ —r; sin(l — a)é

It is, of course, of no physical significance that the x—z plane has been chosen
as the embedding plane; neither is Eq. (12) in any fundamental sense different
from Eq. (13). Simple cyclic interchange of (xyz) will enable all other right-
handed embeddings to be generated, but the chosen forms are convenient for re-
lating the present to previous work. They also yield real matrix elements.

Using the techniques described in [7] and exemplified in [8], it may now be
shown that the body-fixed kinetic energy operator may be written as

K= 12(1}) + 12(13) + IeVR, 14)
where
A #l 1 {a 0 1 9 d
Ro= Bl (2 120Gl
d 2| wiri\or Yar, T sin6oe " o0
1 4 , 0 1 9 . 0
——\rr o sin 6 15
,U/zr%(arzrzarz sin 6 08 1 60)] ( )
5 # o cos@f[ 1 9
K{ =+—|—cos# — sin 6—
v M1z 6r16r2 rira sin 6 06 s 00
. 1 9 1 9 1)0
+sinfl——+——+—|— (16)
rior, r;0ry  riry/ 96
and

A A AA

A 1 A ™ -
Kyvr = —E[MxxLi + Mnyg + ML+ Mo (LiL: + L:L)]

Al {1 - a) a d coté 2a - 1) d 1
+ = 7 = sl + + cos 0= + —
l M1 M2tz 06 2 Mm2F112 00 2 sin 0

+ 2“—‘?(5‘— 2 _(0-d i)]iy. (17)

Mz

The internal coordinate part of the Jacobian for the transformation is rirsin 6
and that for the Euler angle part is sin 8, where 8 is the second Euler angle. The
range of r; and r; is (0, «) and of 6 and B is (0, 7).

The Ky operators are the familiar ones for this choice of internal coordinates
and have exactly the same form as that obtained in previous work [1]. In the op-
erator Kyg, the body-fixed angular momentum operators, L ,, obey the standard
commutation relations and the elements M,; of the inverse generalized inertia-
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tensor are given by

M — 1 le + 2_32 _ 2lezx2
xx (rlrz sin 6) 1231 M2
1 — a)? a2 2a(l — a) cos 8
M,, = ( 2) + ; t ( )
Mmari MHarls [:SViaty
M 1 (zzl + Z_ZZZ _ 2221222)
= (r1r2 sin 6)2 I Mz
1 ZnZz Z0Z ZnZ2 + Znz,
sz - a 2( 1421 x2422 _ 1422 x2 1) , (18)
(rlrz sin 0) §7%) M1 M1

where the z,; are to be realized according to Eq. (12) or (13) as appropriate.

If the body-fixed Hamiltonian is considered as operating on a manifold of
functions that are products of internal coordinate functions and angular momen-
tum eigenfunctions, then it may be replaced by an effective Hamiltonian that,
within a particular rotational state manifold, operates only on the internal coor-
dinate functions. This is possible because the angular momentum eigenfunctions
depend on the Euler angles alone and the L, , are also expressible entirely in
terms of these angles. Thus, the effect of the L, on the angular eigenfunctions
may be determined explicitly and the angular parts removed by integration. The
resulting effective Hamiltonian is diagonal in J, the angular momentum quantum
number, and is independent of M, the component of angular momentum along
the space-fixed z-axis, but is generally non-diagonal in k, the component of angu-
lar momentum along the body-fixed z-axis.

In deriving this effective Hamiltonian, it is convenient also to eliminate the
factor rir3 from the Jacobian so that the results appear in what is often called
manifestly Hermitian form. The process is equivalent to choosing an internal co-
ordinate wave function re sV, , and obtaining an operator for <I>k . alone.
The operators replacing R and K2 are thus

A 18 1 & 1 1 1 9 3
KY = —6x— + s + 5 + —sin 6—1 (19)
2 [.L]rl 67‘1 11510 ars Ml /.Lzl‘;;_ sin 6 06 a0

N 2 2 1
Ky +8krk—h——[—cos ] 9 + (li + 19 _ —) (sin 06% + cos 0)

K12 6r16r2 r ar2 rp 6r1 nry
cosff{ 1 a d
+ — - 60— 20
rra (sm066 sin 60)] (20)

while the operator replacing Kyr is

2 2

h h + 3+
KVR = &y kx27y —Cii21Cib- + 8pks1 5 —CjA*

+ 5kkh (b+(J(J + 1) — kY + bok?). (21)
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Egs. (19)—(21) are diagonal in J and this has not been explicitly noted. Because
the potential energy is a function of the internal coordinates only, that too is di-
agonal in J and is also diagonal in k as in Egs. (19) and (20). In Eq. (21),

Cin=[JJ +1) — k(k £ 1)]"* (22)
and
b, = (M, £ M,,)/2, b= M, (23)
while
. 1 g coth 1\ zwz,
T = — —_— B —— + + —
A u,r%[*.(l %) (60 * ) (k * Z)r% sinzﬂ]

2
+ 1 ta i+cot0 + (& +l Zx120
wor] T\ o0 2 =~ 2 /risin’e

d csc @ 1) (zuza + z22za)
+ F2a-1 60— + -k £z =]——F
u12r1r2[+( 4 )(COS a0 2 ) ( 2) ri sin’@
isine[g_a__(l—a)_a__’_(l—Za)], 24)
K12 |72 0r ry on rir;

where again the terms in z,; are to be supplied from Eq. (12) or (13) as required.

3. The Domain of the Hamiltonian

Because the construction of a body-fixed coordinate system is, in general, a
mapping from R*~ to R* ¢ x §° where R is the M-dimensional Euclidean
manifold and S’ is the spherical manifold, it must have singular regions identi-
fied by the vanishing of the Jacobian. In these regions, the transformation fails
and the body-fixed Hamiltonian cannot properly be constructed. In a quantum
mechanical context, this means that the domain of the body-fixed Hamiltonian
can consist only of those functions that vanish very strongly in the singular re-
gions. For any other kind of functions, the expectation values will diverge.

In the present case, the singular region of the transformation is defined by
ri = 0,0rr; = Qorsin @ = 0, this last implying 8 = 0 or = 7. The kind of diffi-
culties that can arise in the singular region can be illustrated by considering the
angular divergence.

In the embedding (13) (in which the x-axis divides the angle), explicit substitu-
tion in Eq. (23) gives

21 _ 2
b, = 1 (cos(l a)¢9i(1_a)2)+ 1 (cosa0+a2)

2uqri sin%@ 2uri\ sin’6 ~
cos af cos(l — a)o
- *+a(l - os 6 — 25
ulzrlrz( a(l - a) cos sin’0 ) 25)
by = CSCZO(SinZ(l - a)d N sin2a20 N 2 sin a@ sin(1 — a)O). 26)
My Har2 M12l1l?
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There will, in this embedding, be diagonal matrix elements involving products
of operators of the form (a) cos gf/sin 6 (from b..) and (b) sin gf/sin 8 (from by)
where ¢ can be a or (1 — a), but, in general, lies between (0,1). For operator (a)
it is easy to see that the operator diverges at 8§ = 0 whatever the value of g and
that the operator also diverges at 8 = 7 except when q is 3. For operator (b),
g = 0 and g = 1 are special cases; in the former the term vanishes, and in the
latter, it is a constant. Otherwise, the term diverges at both § = 0 and 6 = =.

In the embedding (12), precisely the same integrals arise except in that case
the cosine ones come from b, and the sine ones from b..

From the above discussion, it is clear that if, for example, t; and t; are chosen
to lie along the bonds in a triatomic molecule so that 6 is the bond angle, then
care will have to be taken in using this Hamiltonian to describe states corre-
sponding to large amplitude bending motion. However, whatever the precise
physical significance of the chosen t; and t», and, hence, whatever meaning
should be ascribed to the 8, trial functions that give rise to very large or small
values of 6 will need to be dealt with cautiously.

4. Effective Radial Hamiltonians

4.1 Vibrational Operators

It is convenient, as it was in earlier work, to construct an effective radial
Hamiltonian. This can be obtained by allowing the internal coordinate Hamilto-
nian to act on the normalized associated Legendre functions (in the Condon and
Shortley phase convention [6]) ®x(8), multiplying from the left by 0, () and in-
tegrating over 6 yields

ﬁ(rl,rz) = 129) + Ie(‘;) + Ie(ﬁ) + I%VR + ak’k V;"jk(rl, rz), (27)

where

A W & w8 # 1 1
RY = 8,80~ — = — — + =j(j + 1 +—— 28
v 5“5“[ R o=t i v i) | B

K(z) = —(s]"j+1 ak'k dfk (_ h ] ) (_ - J_)

2[J412 6r1 r arz ry
wlo j\[fo j
-8 iabidicax—|— +=|—+ = 29
5]] 16kkdj l,klez(ar1 rl) (67'2 a2 ’ ( )
with
i-k+1D)(+k+1"?
dy = U : )(1. ) (30)
Q2 +1D@+3)
and
A k> 1 1 1 2 cos 6
(3} = =8, — ‘lkl k _ -rk/ k )’
Ky Bk ((W%+ M%)O e L Mm(l B
(31

where the integration runs only over 6.
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If the potential is expressed in a Legendre expansion
Vr,r,0) = %I/)‘(rl,rz)@),\)o(e), (32)
then the angular integration described above can be performed analytically giving
Vintriyra) = 2 (k10,0000 Vitr,r2), (33)
where the integral over 6 gives the usual Gaunt coefficient [8]:

., A . . A \
okWNMM—mulma+n@+DW@ 09(%()U‘

(34)

This method of performing the angular integration over the potential is
completely general as potentials that are not naturally expanded in Legendre
polynomials can be so expressed for each (ri,r;) by using Gauss-Legendre
quadrature [9].

The “vibrational” terms in H(rl,rz) given above are valid for all choices of
coordinates and embeddings discussed here. However, K vr(r1, r2) depends on the
embedding, chosen examples of which are given in the following subsections.
The term K is included in the effective vibrational Hamiltonian despite the
fact that it is null for J = 0 (as |k| < J) because it too is independent of the em-
bedding. In practice, as will be seen below, this term is usually absorbed into the
terms arising from K z.

42. Embeddings a = Oand a = 1

In earlier work [8], it was shown by choosing t; and t, to be scattering (or Ja-
cobi) coordinates and by embedding the z-axis along either t; or t, (@ = 0 or
a = 1) that the divergence discussed in Section 3 could be explicitly avoided by
choosing the angular part of the trial functions to be ®,(8). In later work [1], it
was shown how this approach could be extended somewhat by a more general
choice of t; but with the same embedding. From the present discussion, it should
be clear that still further generalization is possible in terms of the same embed-
ding but with the dependence of t, and t; given generally by Egs. (1) and (5).

In this case, the operator K K P given above is cancelled exactly and the remain-
ing vibration-rotation kinetic energy operators are

2 2

) #
a0+ - 2k?) — 8 Suks1 —— » C,kC (35)
1 1

K% = —5j'j Ok k2

h + ] +
K}/}q = 8 'j+l 8k k+12 C]ka!_k (] 1 -_ —q—)

r r or;

hz b'+k j 3
+ 8 j-1 Oxke Ci—=|=+—
i1 Ok g — Gl (r2 o) (36)
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with the extra angular factors

|G +k+DG+Ek+ 2"

“"’“[ Qi + )@ + 3) ] G7)
|G =k -k=-D|"

m—[ W) ]- (38)

These equations have the same form as egs. (22)—(23) of Ref. 1, but here have
been shown to apply to a very much more general coordinate set.

43. Embedding a = 3

The present formalism also allows the generalization of some earlier work [10]
in which t, and t, were chosen as bond lengths and in which g was chosen so that
the z-axis bisects the angle between them. Here, embedding (13) is chosen with
a= % so that when bond-angle, bond-length coordinates are chosen the corre-
spondence with Ref. 10 is exact. With these, choices Eqgs. (25) and (26) specialize
to

1 1 1 2 1( 1 1 2 cos 6
b. = 5 + 7~ * — >+ 5 +
4(1 - COSG) Hari Hars Harrs 8 Hiry Mar32 K12l 7r
(39)

bo

=(1—cos(9)( 1 1 . 2 ) 40)

: 2 2
2 sin’@ HiF1T Moy jhir

Similarly, Eq. (24) specializes to

A* 1 1 (_A++(k+1)(1+cos()) _sin6f{1 8 19
x _ + + = = - _9
2#,2"% 2[.1,17'% I 2 Sin8 2[.L12 &) ar1 r arz ’

(41)

where
750 = CiOpe, (42)

with Cj given by Eq. (22).
If the result of the term in b, operating on the angular functions is combined
with K from Eq. (31), the resulting term is then

2 1 1 2
_6k’kh—k2( + - )Ij(’l,)k,j,ka (43)

2 2
4 [IATA MHal'2 M2l

where

IO = (k|
i = (] |(l — cos 6)

| k) - (44)
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Adding this result to the remainder of the term in Eq. (21) that is diagonal in
k leads to a contribution to the effective Hamiltonian

KV} =6r£2(J(J+l)—3k2) 1,1 __2 )Is,nk.k
VR kh'g pirs  peri  pann P
+ 8 h—zJJ+1 k| é Ly L)+ 2 Oy jndi + 8;j1d; ))
k'k16(( ) j'J M17'12 I.Lzr% Larir j'j+1%jk j'j—10j-1k) } -
(45)
The term depending on A* in Eq. (21) leads to the contribution
A # 1 1 . 1
KO = 8pim— Clk[(uzrz - ;;,‘12’) (51"ij? + (k * E)I](Z)kjk)
1 {1 9 19
* L (7‘—257‘_1 - ;_‘1 a_r) (3; jH1@jxk — 5j'j—1bj:k)}a
(46)
where
., 1 +cos@ .
L= ('R — 1R (47)

Finally, the remaining term in Eq. (21) gives rise to the effective operator

n I3 1 1
KGOk = 8¢ k+232CJk+1CJk|:(;1r—% + ot )(211(11: ik = T i)
2
- X (Ij<%)k’,j+l,kdjk + Ij(’:f)k’,j-l,kdj—lk + 21,‘('1,)15,,;0 ,
K12l
(48)
where
1Pk = (J'k' | k). (49)

Examination of the angular integrals in the above formulae for K%k shows that
angular divergences are encountered only for terms arising from K(l) and then
only when k = 0. In this case, I, ;, is logarithmically divergent at the limit
8 = 0. This divergence is only effective when J(J + 1) is non zero, for otherwise
it is multiplied by k2, which vanishes when k = 0. If r, and r; are chosen as bond
lengths and 6 as the bond angle, then prima facie it would seem that contribu-
tions with & = 0 may be unimportant because they have a very high energy.
Thus, it might be expected that the divergence is of little physical consequence
and should cause no trouble in calculation. Numerical experiments in Ref. 10
would seem to confirm that this is indeed the case.
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It is perhaps appropriate to note here that if embedding (12) is chosen with
a =1, the integral equivalent to I{"; ;o has a logarithmic divergence at § = 7.
This choice of embedding with the specified angular functions would be inade-
quate to describe the more common case where large values of 8 are important.

5. Application to H,S

The coordinate system detailed in Section 2 is very general. We have pro-
grammed [11] a subset of the coordinates, given in Figure 1. These coordinates
are obtained by setting

a,=—g,b=0,¢,=-1 0=g=<1
a2=1,b2=0,cz=g1 Osglsl.

This is thus a generalization of the coordinates of [1] that can be obtained by set-
tingg: = gand g, = 0.

Orthogonal coordinates form a special class of coordinates systems. These coor-
dinates have simpler, diagonal kinetic energy operators. They are thus particu-
larly advantageous, if not essential, for finite element methods where the off-
diagonal coupling is given by the kinetic energy rather than by the potential
term. In our formalism, orthogonal coordinates are given by any combination
satisfying the condition

pit = (a1 — b)) (@ — bo)mi' + (b1 — c1)(by — ci)m3' + (c1 — a1)

X (c; — a)mst =0 (50)
or
—gmi' = gimi' + (1 - g)(1 — g)m3' =0 (51)
A,
R
A; P A,

Figure 1. Coordinate system. A; represents atom i. The coordinates in the text are
givenbyr, = A, — R, r; = Ay — P and 8 = 4,QA;. The geometric parameters are
defined by

_A-P A -R
B -4y 8T - A
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in the programmed coordinates. Clearly, there is a potentially infinite set of or-
thogonal coordinates.

In systems with identical particles, it is desirable for the coordinates to reflect
this symmetry. For AB, molecules, scattering or Jacobi coordinates (g, = 0.5,
g, = 0) allow the symmetry to be represented as reflections about 8 = /2. Co-
ordinates with g, = g, allow the interchange of r; and r, to carry this symmetry.
One form of these coordinates, bond-length-bond-angle coordinates (g; = g, =
0) are well known [10]. Another form is Radau coordinates [12]. These orthogo-
nal coordinates can be obtained for any system by setting

_1____a— _1_L
&1 a+ B — af 2= 1-8+ ap
12
a=(__ms_) g (52)
m; + m,; + ms my + m;

For molecules where m; is very much bigger than m; or m,, Radau coordinates
mimic bond-length-bond-angle coordinates.

Table I presents results for a series of calculations on H,S using several coordi-
nate systems. To avoid difficulties with singularities and to enable comparison
with previous results, all results are for the embedding of Section 4.2. H,S has
recently been used as a benchmark system for ro-vibrational calculations [13].
The calculations presented here used the same potential and other parameters as
the previous calculations and are in very good agreement with them.

Tasel. Calculated low-lyingJ = 0 andJ = 1 energy levels, in cm™, for H,S for several choices of
internal coordinates.

Quantum g8:=0 g1 = 0.0153 g = 0.25 g1 =05
numbers g8=0 g2 = 0.0153 g2 = 0.25 g = 0.0
Ny = 6007 Ny = 600 Nyp = 1250 Nyip = 1051
Band J K, K. N, =300 Noo = 300 Noo = 300 Noot = 200
vy 0 0 0 3297.46 3297.46 3297.47 3297.46
1 0 1 3311.15 3311.15 3311.15 3311.15
1 1 1 3312.53 3312.53 3312.54 3312.54
1 1 0 3316.79 3316.79 3316.79 3316.79
vy 0 0 0 4487.90 4487.90 4487.94 4487.90
1 0 1 4501.72 4501.72 4501.72 4501.73
1 1 1 4503.28 4503.28 4503.28 4503.28
1 1 0 4507.79 4507.79 4507.79 4507.80
2v; 0 0 0 5669.48 5669.48 5669.68 5669.50
1 0 1 5683.45 5683.45 5683.45 5683.46
1 1 1 5685.20 5685.20 5685.20 5685.21
1 1 0 5689.78 5689.98 5689.98 5689.99

See text for an explanation of the coordinate system.
“Dimension of the vibrational secular matrix.
*Dimension of the largest rotational secular matrix.
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These calculations were performed using programs TRIATOM and
ROTLEVD [11] and our two-step variational procedure [14]. This procedure
involves using the solutions of “vibrational” secular problems as basis functions
for the fully coupled rotational problem. Given sufficient basis functions, of
course, converged results should be obtained from any well-behaved coordinate
system. However, the rate of convergence is dependent on a judicious choice of
coordinates. Table I gives the size of both vibrational and rotational secular
problems used.

Clearly, the bond-length-bond-angle (g; = g, = 0) and Radau (g, = g, =
0.0153) coordinates are most efficient for solving the vibrational problem. Of
course, for H,S, these coordinates are very similar. The arbitrarily defined coor-
dinates (g; = g, = 0.25) proved the least efficient; indeed, an attempt to per-
form the calculation with a g, = g; = 0.5 coordinate system was abandoned
because of poor convergence.

For the rotational problem, scattering coordinates (g; = 0.5, g, = 0) proved
the most efficient. This is because the a = 1 embedding is not symmetric in the
g1 = g coordinate systems, meaning that the calculations with rotational excita-
tion cannot use the full symmetry of the system.

6. Conclusion

We have formulated a nuclear motion Hamiltonian for triatomic systems in
terms of two arbitrarily defined internal distances and their included angle. We
show how the body-fixed axis system can be placed at an arbitrary orientation
with respect to the molecule, although most orientations have singularities that
may cause difficulties in any numerical application. A nonsingular version of this
Hamiltonian has been tested and been shown to give satisfactory results for a
number of coordinate systems. This is now available as part of a program suite
for the synthesis of ro-vibration spectra of triatomic systems [11].

Finally, it is worth mentioning a possible use of this Hamiltonian or reactive
scattering calculations. If one considers the reaction A + BC — AB + C, then
both4 — BC and C — AB scattering coordinates might give suitable representa-
tions for portions of the reaction. With the flexible coordinates presented here,
one can define a coordinate system where r; and r; are the 4 ~ BC and C — AB
distances. Other variations on this idea are also possible.
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