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Abstract

The TIRAMISU code, a new program for computing on-the-fly non-LTE molecular spectra and opacities for
solving self-consistent radiative transfer problems in exoplanet atmospheres, is presented. The ultra-hot Jupiter
KELT-20 b is used as a case study to identify the wavelength regions at which non-LTE effects may be detectable.
It is shown that upper atmospheric OH in vibrational non-LTE should be observable primarily via hot bands in the
mid-infrared and enhanced photodissociation in the visible. Varying the abundance of OH in non-LTE
demonstrates a nonlinear relationship between the abundance and the strength of non-LTE effects. Using recent
calculations of the photodissociation probabilities of OH, it is shown that non-LTE effects can increase the total
photodissociation rate by 2 orders of magnitude in the upper atmosphere, which is likely to have a significant
impact on atmospheric and chemical modelling. Increases and reductions in the molecular opacities under non-
LTE conditions may lead to the mischaracterization of molecular abundances in retrievals that only consider
opacities computed under LTE. Collisional data requirements to support future non-LTE modeling for a variety of
exoplanet atmospheres and across a wide range of wavelengths are discussed.

Unified Astronomy Thesaurus concepts: Molecular spectroscopy (2095); Molecular data (2259); Radiative
transfer (1335); Radiative transfer simulations (1967); Computational methods (1965); Exoplanet atmospheres
(487); Exoplanets (498); Hot Jupiters (753)

1. Introduction

While the ability to characterize exoplanet atmospheres
continues to be enhanced by the development of new
instruments and analysis techniques, many studies still rely
on molecular opacity data computed under the assumption of
local thermodynamic equilibrium (LTE) conditions. Non-LTE
effects, specifically where the quantum mechanical energy
level populations of a molecule deviate from those given by
the Boltzmann distribution, are known to be important for
modeling observed spectral features in Earth’s atmosphere
(A. G. Feofilov & A. A. Kutepov 2012), which are in turn
important for modeling its structure (M. López-Puertas &
F. W. Taylor 2001). Elsewhere in the solar system, non-LTE
effects are known to be important in the atmospheres of Venus
(M. López-Valverde et al. 2007; G. Gilli et al. 2009), Mars
(M. A. Johnson et al. 1976; A. Piccialli et al. 2016), Saturn
(C. Tao et al. 2011), Jupiter (A. Sánchez-López et al. 2022),
Uranus (T. Encrenaz et al. 2004), and Neptune (L. N. Fletcher
et al. 2010), as well as in other objects such as Titan
(M. García-Comas et al. 2011; L. Rezac et al. 2013) and Pluto
(E. Lellouch et al. 2025). Beyond this, non-LTE effects are
well known to be important in environments from cool
molecular clouds (F. Lique et al. 2009) to stellar photospheres
(M. Asplund 2005). Given the ubiquity of non-LTE effects in
the solar system, it would stand to reason that they would
likely play a role in the atmospheres of exoplanets. Indeed,
such effects are increasingly being considered in the modeling
of exoplanet atmospheres (F. Borsa et al. 2021; L. Fossati
et al. 2021), though many studies have focused on their
application to atomic spectra (C. Fisher & K. Heng 2019;
M. E. Young et al. 2020; L. Fossati et al. 2025) or have been

limited to rotational non-LTE (M. Chatzikos et al. 2023). The
non-LTE problem is more complex for molecules owing to the
considerably larger number of energy levels. The number of
radiative transitions between these levels is therefore much
greater; comprehensive knowledge of transition probabilities is
essential for modeling the radiative processes that inform
the non-LTE statistical equilibrium. Methods of simplifying
non-LTE calculations exist, such as the Treanor method
that instead parameterizes the Boltzmann distribution using
two decoupled rotational and vibrational temperatures
(C. E. Treanor et al. 1968). Non-LTE effects arising from
such a distribution have been shown to significantly impact the
modeled absorption spectra of several molecules believed to be
important in exoplanet atmospheres (S. O. M. Wright et al.
2022). In practice however, neither the rotational nor
vibrational distributions need to be Boltzmann-like in
non-LTE.
The ExoMol project (J. Tennyson et al. 2024) provides a

database of atomic and molecular line list data, as well as cross
sections and k-tables pre-computed under LTE conditions
(K. L. Chubb et al. 2021). As part of this project, a new line list
for the hydroxyl radical (OH) was recently calculated, refined
against laboratory measurements such that it reproduces
experimental transition frequencies in the observed bands
(G. B. Mitev et al. 2025a). A study of the photodissociation
dynamics of OH in its ground X 2Π state was also performed,
considering three different dissociation channels (G. B. Mitev
et al. 2025b). This allows for the computation of temperature-
and pressure-dependent photodissociation cross sections of
OH. As with absorption cross sections arising from bound–
bound transitions, the magnitudes of photodissociation or
continuum absorption cross sections are dependent on the
initial state populations. This means they will vary as a
function of temperature under both LTE and non-LTE
conditions; enhanced excited-state populations in non-LTE
environments can considerably increase the photodissociation
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cross section and in turn the photodissociation rate. These rates
are important for modeling the chemical equilibria of
exoplanet atmospheres and can have a significant impact on
the derived structure and composition, even if the molecule is
not directly observed.

The solution to the non-LTE statistical equilibrium equation
is implicitly coupled to the radiative transfer problem, owing
to the dependence of the rates of stimulated emission and
absorption on the radiation in the media. Many methods have
been developed to solve this nonlinear problem, most of which
rely on linearization techniques (L. H. Auer & D. Mihalas
1969). Perhaps the most prominent is the method of multilevel
approximate Lambda iteration (MALI) of G. B. Scharmer &
M. Carlsson (1985) and G. B. Rybicki & D. G. Hummer
(1991, 1992). This method employs the Lambda operator
splitting of C. J. Cannon (1973) to apply preconditioning terms
to the statistical equilibrium equations, significantly accelerat-
ing the convergence of the method. This preconditioning also
circumvented the main failure of regular Lambda iteration,
which was the pseudo-convergence to false minima due to the
trapping of photons in optically thick media (J. Lambert et al.
2015). J. Trujillo Bueno & P. Fabiani Bendicho (1995) showed
that application of a Gauss–Seidel (GS) iteration scheme,
rather than the Jacobi-like iteration of MALI, yielded
improved convergence speed and was more resilient in
environments highly deviated from LTE. A. Asensio Ramos
& J. Trujillo Bueno (2006) provided a detailed overview of
these methods.

Here, the non-LTE radiative transfer code TIRAMISU
(Tridiagonal Integrated Radiative transfer And Molecular
opacity Iterative Solver Utility) is presented with a case study
of its application to non-LTE OH in the atmosphere of an
ultra-hot Jupiter. The code is designed for solving the coupled
radiative transfer and statistical equilibrium problem in
exoplanet atmospheres, comprising an arbitrary mixture of
atomic and molecular opacity sources and with full considera-
tion of the cross-coupling between overlapping opacity sources
in the same and adjacent regions of the atmosphere. Section 2
outlines the method for solving the non-LTE radiative transfer
problem. Section 3 details the data available for modeling the
rates of collisional processes for OH. Section 4 describes the
model atmosphere constructed for testing the new code, and
Section 5 gives the results obtained from modeling OH in this
example atmosphere.

2. Method

It has long been understood that accurate modeling on non-
LTE level populations requires the solution of the coupled
radiative transfer problem, owing to the dependence of the
rates of stimulated processes on the background radiation. As
this radiation changes as a function of the level populations,
the problem is solved iteratively until a solution is converged
upon. To obtain a given set of non-LTE populations, one must
solve a statistical equilibrium equation describing the balance
between the processes that populate and depopulate a given
energy level. These are then used to compute absorption and
emission cross sections for the various atmospheric species. A
formal solution to the radiative transfer problem is then
obtained, and the results are fed back into the next iteration. A
range of methods have been developed over the years to
optimize the speed and accuracy of this convergence. Here, a
GS iteration scheme as developed by J. Trujillo Bueno &

P. Fabiani Bendicho (1995) and P. Fabiani Bendicho et al.
(1997) is employed in conjunction with successive over-
relaxation to reduce the total number of iterations. This section
details the technical choices that were made in the develop-
ment of the TIRAMISU code, as there are a variety of
implementations available in the literature. Portions of the
code used to construct the model atmosphere and process the
LTE opacity sources were adapted from the TauREx 3 source
code (A. F. Al-Refaie et al. 2021, 2022).

2.1. Statistical Equilibrium

The statistical equilibrium equation for level populations
can be constructed in numerous ways depending on the
processes under consideration. Here, a comprehensive for-
mulation comprising radiative, collisional, and chemical rates
is utilized such that
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where the Cij terms describe the collisional rates between
levels, and Fi and Di describe the chemical formation and
destruction rates, respectively. The radiative rates are
described by Uij and Vij, where Uij describes the rate of
spontaneous emission
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and Vij is the rate of stimulated processes, such that
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The quantity fij describes the integral normalized line profile.
This form of the statistical equilibrium equations was outlined
by G. B. Rybicki & D. G. Hummer (1992) and describes the
fully preconditioned rates, building on the method that only
preconditioned “within” the profile of each transition, as given
by their earlier work (G. B. Rybicki & D. G. Hummer 1991).
The term I is the preconditioned intensity and is given by

I , 4
ij

ij ( )† † † †/ /=

where Λ and Λ∗ are the full and approximate Lambda
operators, ην is the emissivity, and χν is the absorption. A
primer on these operators can be found in I. Hubeny &
D. Mihalas (2014) though detailed discussion of their
application to this work is given in Section 2.2. The superscript
† is used to denote a quantity evaluated using results from the
previous iteration, when available. It is worth noting that
the approximate Lambda operator in Equation (4) acts only on
the total sum of all emissivity from the molecule in question,
though still considers the total opacity from all atmospheric
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constituents. The emissivity is defined here as

h
n A

4
, 5ij i ij ij ( ) ( )=

and the absorption as

h
n B n B

4
. 6ij j ji ji i ij ij( ( ) ( )) ( )=

Preconditioning in this manner aims to ensure that the set of
populations obtained have physical values, such as ensuring
that they are positive (H. Socas-Navarro & J. Trujillo
Bueno 1997). Linearization in this manner also offers a
performance increase, particularly in optically thick media
(L. Auer et al. 1994). In Equations (2) and (3), Aij is the
Einstein A coefficient describing the rate of spontaneous
emission from the ith to jth level, and Bij is the Einstein B
coefficient describing the rate of stimulated processes; when
Ei > Ej, this is stimulated emission, and when Ei < Ej, this is
absorption. Bic describes the continuum absorption or photo-
dissociation rate, where the subscript “c” denotes a continuum
level; Bci describes the photoattachment rate, which depends
on nc. Here, nc is used to denote the population of the limiting
species in the photoattachment process, i.e., for OH in a
hydrogen-dominated atmosphere, photoattachment is limited
by the number of free oxygen atoms.

The Einstein B coefficient, Bij, can be related to the Einstein
A coefficient, but the exact expression used varies in the
literature depending on whether Bij is being used to describe a
rate dependent on either the intensity, irradiance, or energy
density incident on the atom or molecule (R. C. Hilborn 1982).
Here, the Einstein B coefficient describing the process of
stimulated emission is

B
A c

h2
, 7ij

ij

ij

2

3
( )=

where h is the Planck constant, c is the speed of light in
vacuum, and νij is the transition frequency (D. Mihalas 1978).
This can be related to the probability of absorption through the
expression

B B
g

g
, 8ji ij
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where gi and gj are the degeneracies of the ith and jth levels.
This form of the Einstein B coefficient is expressed in terms of
a rate per radiation density in units of s−1 m2 J−1. This term
alone does not provide a direct rate for the stimulated
processes without also considering the radiation field in the
medium to drive such processes, i.e., the energy density in
J m−2. This incident energy density is accounted for in the
preconditioned intensity terms defined by Equation (4).

To evaluate the intensity driving stimulated processes, the
atmosphere is divided into discrete layers in order to solve the
radiative transfer problem. The intensity IΩ,ν,l at each layer of
the atmosphere can be computed as

I S , 9l l l, , , , , ,[ ] ( )=

where ΛΩ,ν,l is the so-called Lambda operator, SΩ,ν,l is the
Source function and all quantities are dependent on the
direction of radiation Ω, frequency ν, and an index l, which
tracks the layer of the atmosphere such that l = 0 is the bottom

of the atmosphere. The source function is expressed as

S , 10l
l

l
, ,

, ,

, ,

( )

where χΩ,ν,l and ηΩ,ν,l are the sum of the terms given by
Equations (6) and (5) for all transitions of all species in each
layer. Under LTE conditions, this expression is given by the
Planck function; here, these terms are computed directly from
the input line lists using the populations obtained at each
iteration. The Lambda operator transforms a description of
the radiation traveling through a region of the atmosphere, the
source function, into the intensity at that point. It can then be
recognized from Equation (9) that an obvious choice of the
Lambda operator would be a function of the absorption or
optical thickness at each layer. Through application of the
operator splitting technique, an approximate form of the
operator, Λ∗, can be separated out, which acts only on the local
part of the spatial grid, i.e., within the same layer
(C. J. Cannon 1973). This term describes the self-scattering
component of the radiation in a given layer; photons that
scatter within the same discretized region of the atmosphere do
not contribute to the overall transport of radiation. Conse-
quently, this component is subtracted from the action of the
overall radiation field in Equation (4).
It was pointed out by G. B. Rybicki & D. G. Hummer

(1992) that the term χij is not linear with respect to the
populations, owing to the dependence on both ni and nj. This
prompted the introduction of the so-called Psi-operator, which
instead acts only on the emission such that

I . 11l l l, , , , , ,[ ] ( )=

It can be seen that the two operators are related via

, 12l l l, , , , , ,

1( )[ ] ( )†=

where the l, ,
† term is evaluated from the previous iteration,

removing the nonlinear dependence on populations. Hence, the
terms in Equations (1) and (4) are interchangeably quoted in
terms of [ ] in the literature; the Lambda operator notation
is used here, as it is more widespread. The right-hand term in
Equation (4) provides a weighting based on the molecule’s
contribution to the total intensity, which is useful when
considering a medium with multiple background opacity
sources. The final summation term in Equation (1) is the
cross-coupling term that preconditions against the effects of
overlapping transitions.
All of the quantities in Equations (1)–(6) have a dependence

on the layer index l, because various properties such as the
molecular number density, absorption and emission profiles,
and background opacities change depending on the position in
the atmosphere. The subscript was omitted in these equations
for visual clarity.
The angular integration in Equation (1) accounts for the

emission of photons in and absorptions of photons from all
directions. Considering the paths, or “rays,” that these photons
travel through the atmosphere, the integration over possible
paths through the atmosphere is performed by considering the
angle θ that the ray makes with the radial line. This allows for
the integration to be transformed from dΩ to dμ, where

cos ( )µ = . The corresponding geometry is shown in
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Figure 1. In practice, both integrals in Equation (1) are
performed numerically, with the integral dμ performed using
Gauss–Legendre quadrature over the interval 0, 1[ ]+ . The
integral dν is performed using Simpson integration over the
range of the line profile; binned line profiles are utilized to
conserve the total intensity when computing all ν-dependent
quantities.

It should be noted that, while the normalized absorption and
emission profiles of a single transition are equivalent under
complete radiative redistribution and isotropic scattering
(A. Kutepov et al. 1998; I. Hubeny & D. Mihalas 2014), the
normalized band profile of an aggregated vibronic transition is
not. This is primarily due to how the emission coefficients are
linearly dependent on transition energy, while absorption
coefficients are inversely proportional to the square of the
transition energy (S. N. Yurchenko et al. 2018). While many
works are able to make simplifications to Equation (1)
assuming the equivalencies of the line profiles ij ( ) in
Equations (2) and (3) under permutation of the indices i, j, care
must be taken here, as no such factorization can be made. The
source function Sji is unchanged by permutation of i and j;
however, as these indices only correspond to a value of the
source function at the νij transition energy. The full
preconditioning strategy employed here allows for line profile
overlaps, both between transitions of the same molecule and
overlaps with background opacity sources. This accounts for
stimulated processes occurring in a molecule due to photons
emitted by other molecules, and the equivalent for absorption.
Some models that are designed for studying environments such
as the interstellar medium do not consider line overlaps
(F. F. S. van der Tak et al. 2007), and some that are primarily

developed for the Earth’s atmosphere only precondition within
a lone profile, rather than the full overlap preconditioning
discussed here (B. Funke et al. 2012). Others introduce
approximations, often only focusing on overlaps between
transitions arising from the same species (T.-H. Hsieh et al.
2015; A. V. Nesterenok 2020; T. C. Yoshida et al. 2024).
These approaches are appropriate for the environments they
consider, but full consideration of overlapping noncontinuum
opacities from different absorbers is necessary for hot
exoplanet atmospheres. Indeed, it can be seen that broad
continuum features arising from photodissociation can overlap
entirely with bound–bound bands. It is also often the case that
vibrational transitions within a given electronic state have
considerable overlap with other transitions that have the same
Δv. Accordingly for the treatment of vibronic non-LTE, a
formalism that accounts for this overlap was necessary.
Given a suitable form of Λμ,ν,l, it is possible to compute an

initial solution to Equation (1), though it can be recognized
that the set of populations obtained this way can then be used
to calculate new emission and absorption spectra. The change
in these quantities then also changes source function,
intensities, and preconditioned terms in Equation (4), which
in turn changes the populations obtained from Equation (1).
Therefore, a solution to this problem must be obtained
iteratively; here, a GS iteration scheme is used to find the
convergent set of populations. In this approach, radiation is
propagated into the atmosphere from the upper boundary and
then back out again from the bottom boundary, and a form of
the Lambda operator is chosen that couples adjacent layers of
the atmosphere. During each step through the atmosphere, the
value of the source function and Lambda operator are updated
for that layer. As the value of the Lambda operator at a given
layer depends on properties of its adjacent layers, layers must
be evaluated sequentially (T. Yamada et al. 2018). Other
iterative schemes such as MALI can be implemented such that
they are able to simultaneously evaluate intensities and obtain
new populations for every layer, though these methods often
require a greater number of iterations to achieve convergence.

2.2. Construction of Lambda Operator

While many different forms of the Lambda operator have
been utilized in the literature, some implementations achieve
faster and more accurate convergence (G. Janett 2019).
Adopting a short characteristics solution to the radiative
transfer problem (G. L. Olson & P. Kunasz 1987), a matrix
form of the approximate lambda operator l, ,µ that consists of
the tridiagonal elements of the full Lambda operator is used
here. Accordingly, l, ,µ couples a given layer on the diagonal
to layers physically above and below it in the atmosphere via
the above- and below-diagonal elements (P. Kunasz &
L. H. Auer 1988).
The elements of Λμ,ν,l are determined from the interpolation

coefficients used to obtain the intensity at each layer under the
short characteristics scheme. G. L. Olson & P. Kunasz (1987)
detailed the construction of a tridiagonal approximate Lambda
operator with a short characteristics scheme using parabolic
interpolation. More recently, an alternative Bézier interpola-
tion scheme has been detailed (J. de la Cruz Rodríguez &
N. Piskunov 2013; J. Štěpán & J. T. Bueno 2013; H. Socas-
Navarro et al. 2015; D. Krüger et al. 2019; N. M. Kostogryz
et al. 2021) which yields more accurate results (G. Janett
2019); these schemes have been adapted here for use in both

Figure 1. Geometry of a model atmosphere subdivided into N layers. A set of
rays (solid pink) is considered that intersect each layer and have an angle, θ,
between the ray paths and the corresponding radial lines (dashed yellow). The
points of intersection are chosen such that cos ( )µ = corresponds to the
Gauss–Legendre quadrature points. Only four rays are shown here for visual
clarity; 50 angular quadrature points are used in this work. Here, l1 is the lower
boundary of the atmosphere, below which the atmosphere is assumed to be
opaque, and lN is the upper boundary of the atmosphere.
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inward and outward propagation of radiation. While the
parabolic interpolation scheme is more widely used, it only
guarantees positive intensities and thereafter positive popula-
tions when only the diagonal approximate lambda operator is
used (G. B. Rybicki & D. G. Hummer 1991) and can then still
provide unphysical results if the grid is chosen poorly,
resulting in large gradients (P. Kunasz & L. H. Auer 1988).
The Bézier interpolation scheme, however, ensures mono-
tonicity thanks to the use of control points. Indeed, initial
testing on non-LTE OH opacities computed with parabolic
interpolants often resulted in regions of negative intensity and
associated negative populations, while the Bézier scheme was
strictly positive. Hence, a useful identity is defined such that

, 13l
l l 1 ( )

µ
±

where l
+ is the optical depth step at all frequency and angle

points between the layer l and the above layer l − 1 when
propagating radiation inward, and l is the optical depth step
between the current layer and the layer below when
propagating radiation outward. It should be noted that
τl+1�τl, as τl is summed cumulatively in from the upper
boundary of the atmosphere, implying all 0l

± . Here and in
the rest of this paper, terms with superscript “+” relate to the
inward propagation of radiation and those with superscript “−”
relate to the outward flow. Using this, the inward and outward
directed intensities are obtained for each layer as

I I S S C
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where α, β, and γ are the Bézier interpolants and are given by
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In cases where 0.14l <± , the coefficients in Equation (15) are
evaluated using Horner’s method, as in the PORTA code of
J. Štěpán & J. T. Bueno (2013). It can be noted for all
nonnegative values of l

± the coefficients of Equation (15) are
strictly positive. Cl

± represents a control point used to ensure
monotonicity in the interpolated curve and is calculated as

C C C
1

2
, 16l l l

0
1
1( ) ( )= +± ± ±

such that it is the mean of the control points associated with
adjacent layers. These further control points are calculated as
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The derivative term is computed using the expression
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with the caveat that the derivative is taken to be zero when the
numerator is negative. ΔSk±1/2 represents the source function
gradient as a function of optical depth between the current and
adjacent layer in either direction, obtained as
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While the control point Cl
0± has a dependence on the source

function at layers l − 1, l, l + 1, Cl 1
1± depends on layers l,

l ± 1, l ± 2. Accordingly, this second control point cannot be
calculated in the first two layers of the inward or outward
passes, and instead, C Cl l

0=± ± is used. The total intensity at
each layer is simply given by the mean of the inward and
outward directed intensities

I I I
1

2
. 21l l l( ) ( )= ++

As G. L. Olson & P. Kunasz (1987) did for the Parabolic
interpolation coefficients, the Lambda operator for the layer l
can be constructed by considering the terms in Equation (14)
that act on Sl. As a tridiagonal approximate Lambda operator is
used here, only the terms that act on Sl in the expressions for
the inward and outward intensities in layers l − 1 to l + 1 are
considered. This yields

1 exp ,

1 exp . 22

l l l l l

l l l l l

1 1

1 1

( )
( )

( ) ( )
( )( ) ( )

= + + +

= + + +

+ + +
+
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+

+

The lambda operator is then constructed as the mean of the
inward and outward components given in Equation (22)

1

2
, 23l l l, , ( ) ( )= +µ

+

which can then be substituted into Equation (4) to compute
precondition the intensity.
All of the terms calculated in Equations (13) and (22) are

matrices that are evaluated at each point on the wavenumber
grid, for each value of μ in all layers of the atmosphere; for
readability, the indices μ, ν have been dropped, however.
While previous implementations have calculated such coeffi-
cients exclusively at the line-center frequencies of each
transition, the code presented here computes values for these
coefficients at all points on the frequency grid. This is to
facilitate the inclusion of emission and absorption by other
atmospheric constituents that factor into the balance of the
statistical equilibrium equations. Accordingly, the memory
required for a computation can become quite large for a large
frequency range, but the consideration of additional atmo-
spheric constituents should have negligible impact.
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2.3. Opacity Sampling

As the Bézier interpolation coefficients, intensities, and
Lambda operator are computed for all layers of the atmosphere
and at all angle and frequency points, it is pertinent to optimize
the choice of grid points in order to avoid the allocation of
extremely large arrays in memory. To this end, the frequency
grid points are chosen using an opacity sampling method
(C. Helling & U. G. Jorgensen 1998) optimized for the
temperatures structure of the model atmosphere. Assuming
initial LTE conditions, a cumulative distribution function (CDF)
is constructed as the sum of the mean intensity distributions at
each layer, given by the Planck function. The desired number of
grid points are then picked corresponding to points linearly
distributed through the CDF, such that the energy density
between each grid point is equivalent. The grid points are
chosen on a wavenumber scale, as this is linear in terms of
energy, unlike wavelength. Modifications are made to the grid

points chosen through this scheme to ensure that the
wavenumber interval between successive points does not exceed
a maximal value. This is done to ensure that features arising
from non-LTE effects that are not well described by the Planck
distribution are not undersampled. An example of this method
applied for a small number of grid points is shown in Figure 2.
In the model presented here, the spectral grid was defined
between 100 and 30,000 cm−1 for the atmospheric temperature
structure described in Section 4 consisting of 10,000 points. A
maximal spacing of 50 cm−1 was applied, which inserted an
additional 99 points to ensure appropriate sampling.

2.4. Vibrational Aggregation and Line Profiles

A problem arises when trying to solve for a set of
populations for molecules in non-LTE: even small diatomics
have tens of thousands of energy levels, while larger
polyatomics will have millions. These in turn can give rise
to billions of transitions even over a small energy range; the
ExoMol line list for CH3Cl has over 166 billion transitions in
the range 0–6400 cm−1 (A. Owens et al. 2018). Storing line
profiles for billions of transitions in memory is computation-
ally infeasible. As such, the scale of the problem is reduced by
allowing for energy levels to be aggregated on arbitrary
characteristics and assigned aggregate IDs, such that transi-
tions can be grouped together based on common upper and
lower aggregate IDs, reducing the total number of effective
transitions and, hence, profiles. For diatomics, a straightfor-
ward aggregation is to group states together based on their
vibronic assignment so that profiles are only computed for
each vibronic band. Doing so is analogous to treating the
molecule as being in vibrational non-LTE, while leaving
the rotations as LTE. Hence, the vibronic band profiles are
computed in the first iteration and stored to calculate the
integrated mean intensity of the entire vibronic band at each
iteration. While this requires more memory to store potentially
tens of thousands of vibronic band profiles for even simple
diatomics, such as the OH radical for which the ExoMol line
list contains 17,822 distinct vibronic bands, the amount of time
saved is considerable. As only the normalized band profile is
required in Equations (2) and (3), rotational LTE is assumed
when calculating the relative intensities of each rotational
component of the vibronic band.
To ensure that the total relative intensity is conserved when

computing the radiative transfer over an arbitrarily spaced
grid, line profiles are computed as binned Voigt profiles
treating the grid points as bin centers. This makes use of the
analytical solution to the integral of a Voigt profile obtained
through solution to the integral using NGH Gauss–Hermite
quadrature points and weights, tm and wm (S. N. Yurchenko
et al. 2018), such that

I
w b z

z

arctan

arctan , 24

k
fi fi

m

N

m m k fi m

k fi m

3 2
1

, ,

, ,

GH

¯
˜

( )

( ) ( )

/
=

=

+

where k
fi¯ is the integrated cross section at the kth bin, ˜ is

the width of the bin, zk fi,
± is given by

z
t

, 25k fi m

k fi m G

L
, ,

2
˜ ˜

( )
˜

=
±

±

±

Figure 2. Example opacity sampling for the model KELT-20 b atmosphere.
The top panel shows the normalized sum of the Planckian energy distribution
functions across all layers of the atmosphere. The middle panel shows the
cumulative distribution function (CDF) and the wavenumber positions
corresponding to 20 samples evenly distributed in the CDF. The bottom
panel shows the position of the final 27 grid points obtained, where the final
eight grid points marked with solid lines have been modified to ensure no grid
spacing exceeds a maximal value, here 2000 cm−1. The grid shown here is for
illustrative purposes; models in this work utilize grids of 10,000 points with a
maximal spacing of 50 cm−1.
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where σG is the standard deviation of the Gaussian (Doppler)
profile, k˜ is the wavenumber of the bin center, fi˜ is the
transition wavenumber, γL is the Lorentzian profile width. The
coefficient Ifi is either the absorption or emission coefficient,
which are given by S. N. Yurchenko et al. (2018) and J. Zhang
et al. (2024). It is possible at this stage to apply a Doppler shift
to the line center to account for the effects of turbulent motion
in each layer of the atmosphere. ˜ + is the wavenumber
spacing between the next, higher-energy bin, and ˜ is the
spacing between the previous, lower-energy bin; ˜ is the
sum of these values. By considering these upper and lower
widths separately, the integrated line profile can be computed
over a grid with variable spacing. The quantity bm is a
correction factor given by

b z zarctan arctan , 26m fi m fi mend, , start, ,
1[ ( ) ( )] ( )=

where

z
tend
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L
start end, ,

start˜ ˜ ( )
/

/ =

and start end˜ / refers to the starting and ending wavenumber
points of the grid. Computation of these profiles is highly
parallelized and makes use of numerical optimizations made
available through the NUMBA Python package (S. K. Lam
et al. 2015).

2.5. Radiative Transfer Solution

The radiative transfer problem is solved first with an inward
pass from the upper boundary of the atmosphere that
propagates radiation toward the lower boundary of the
atmosphere, updating the inward directed intensity and inward
components of the Lambda operator following Equations (21)
and (23). The source function and optical depths are then also
updated for each layer. The radiation field incident on the top
of the atmosphere can be configured to an arbitrary value; see
Section 4 for details on the configuration used in the models
presented here. Once the bottom boundary is reached, the
radiation is propagated back up to the upper boundary of the
atmosphere. At this bottom boundary, the initial outward
directed radiation is taken to be that of a blackbody. In the
outward pass, both the inward and outward directed intensity
and lambda operator are updated at each step. For each layer
that is not fixed to LTE, non-LTE level populations are
obtained through solution to the statistical equilibrium
equations given by Equation (1). Given a matrix Y containing
this set of linear equations, a vector containing the populations
n is obtained via inversion of the expression

Yn R, 28( )=

where R is a column vector matching the first dimension of Y.
It can be noted that the elements of the diagonal of Y contain
the sum of the rates that ith level corresponding to the row
number is depopulated, while the off-diagonal elements are the
rates at which that level is populated by the levels corresp-
onding to the column indices. In many implementations,
Equation (28) is solved by replacing one of the rows in Y with
a conservation equation, setting all elements in the row to 1
and the corresponding entry in R to 1. Typically, this
conservation equation is inserted as the last row and leaves

Y as an invertible square matrix. This method ensures that the
populations obtained from the solution sum to 1, and ensures Y
is nonsingular. It can be seen that without the addition of the
conservation equation, Y is singular, as any linear multiple of n
would also solve Equation (28). As each radiative and
collisional rate term in Equation (1) appears in multiple rows,
i.e., the rows corresponding to the levels that the rate
coefficient is describing the population or depopulation of,
insertion of the conservation equation is valid, as the system
of equations is overdetermined. However, when chemical or
collisional creation or destruction rates that act only on a single
level are included, this is not true. Even without such rates, it
was found that the population of the level corresponding to the
index of the row where the conservation equation was inserted
was biased toward larger values. While these effects could be
on the order of <10−10, this is impactful for highly excited
states where this is on the same order as the population. To
avoid this, Equation (28) is solved using an overdetermined
rectangular form of Y where the conservation equation is
added as an additional row, instead of overwriting another. By
computing a Moore–Penrose pseudo-inverse using singular-
value decomposition, populations are obtained that give an rms
error consistently 3 orders of magnitude smaller than those
obtained through direct inversion of a square Y-matrix.

2.6. Populations

The statistical equilibrium is solved for the aggregated
vibronic level populations, meaning the relative excitation of
the rotational, parity, fine structure, etc., sublevels of the
vibronic states are assumed to be in LTE. Hence, populations
are obtained for all sublevels in non-LTE, ni, from the non-
LTE vibronic population obtained through solution to
Equation (28), nk˜ , with the relationship

n n
n

n
, 29i k

i

k

˜
˜

( )=

where ni is the Boltzmann population of the sublevel, nk˜ is the
aggregated Boltzmann population of the vibronic level, and
the ith sublevel is a member of the kth vibronic level. The
Boltzmann populations are calculated from the equation

n
g hcE k T
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, 30i
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( )
( )

/
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where Q T( ) is the partition function given by

Q T g hcE k Texp . 31
i

i i B( )( ) ˜ ( )/=

Under this formulation, different vibronic bands are effectively
represented by different temperatures, while the rotational
motion within the band is thermally equilibrated.

2.7. Successive Over-relaxation and Damping

A successive over-relaxation (SOR) scheme is employed to
increase the rate of convergence, based on the implementation
outlined by J. Trujillo Bueno & P. Fabiani Bendicho (1995).
The vector of populations obtained at each iteration n from
Equation (28) is compared to the populations from the
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previous iteration, n† such that

n n n, 32( )†= +

where δn is a vector describing the change in each level
population. In a successive over-relaxation scheme, the change
in populations in each iteration is modified by the relaxation
parameter 0� ω � 2 such that

n n n. 33( )†= +

An optimum increase in the rate of convergence can be
achieved in a Gauss–Seidel iteration by taking the relaxation
parameter to be

2

1 1
, 34( )=

+

where ρ is the spectral radius of the iteration matrix
(D. M. Young 1971). J. Trujillo Bueno & P. Fabiani
Bendicho (1995) pointed out that a convenient approximation
of ρ can be obtained by considering the convergence rate over
the last two iterations,

n n n

n n n

max

max
, 35

( )
( )

( )
† †

† †† ††
/

/

where n†† is the vector of populations obtained two iterations
prior, and max( · ) denotes the largest absolute element in the
vector or l∞ norm. Given this formulation requires two
previous iterations to compare populations, the SOR step
cannot be enabled immediately. Indeed, the SOR correction is
only enabled when the largest relative change in populations
across all layers of the atmosphere satisfies the criterion

n nmax 0.1( )† at the end of an iteration. As the value
of ω is recalculated at each iteration, the iteration scheme is
nonstationary. Though setting the relaxation parameter this
way should ensure the values of n stay within physically
meaningful bounds, checks are made to ensure that no
elements of n are over-corrected to negative values.

In some situations, the iterations can get stuck between two
solutions and oscillate between them. In these cases, the
population changes between iterations are too large, and the
model is likely overshooting the stable minima. This can
be detected by identifying when the product of the differences
between sequential maximum relative population changes has
a negative sign, i.e., the maximum relative change repeatedly
gets larger and then smaller. When this is detected, successive
over-relaxation is disabled, and instead, damping is turned on.
Damping is performed by setting the updated populations to
the summation of the new and previous populations, weighted
by a damping factor ε such that

n n n1 . 36damp. ( ) ( )†= +

Here, the damping parameter was set to ε = 0.1, though this
value is configurable. In cases where damping is enabled, the
convergence criteria is relaxed from a maximum relative
change of 10−3 to 5 × 10−3. Improvements to the stability of
cases where damping is required will be addressed in future
releases, and methods may be implemented to set ε
dynamically, as is done for the successive over-relaxation
parameter.

3. Collisional Data

Collisions are the process that ensures the populations of an
atom or molecule are coupled to the thermal motion of the gas.
This in turn means that they are the key process for driving a
gas into LTE, and as such LTE populations should be obtained
when solving the statistical equilibrium equations in the denser
layers of an atmosphere. Unfortunately, the provision of
accurate collisional rate data covering a comprehensive range
of temperatures is extremely limited. For OH, much of the
collisional rate data available in the literature focuses on
reactive and nonreactive collisions with O, O2, and N2, as
these species are important for modeling observed OH
emission in Earth’s upper atmosphere (K. J. Rensberger
et al. 1989; A. D. Sappey & R. A. Copeland 1990; J. A. Dodd
et al. 1991; B. R. Chalamala & R. A. Copeland 1993;
K. Knutsen et al. 1996; S. Adler-Golden 1997; M. J. Dyer
et al. 1997; J. Lacoursière et al. 2003; A. J. C. Varandas 2004;
T. von Clarmann et al. 2010; J. Xu et al. 2012; P. J. S. B. Cari-
dade et al. 2013). Chemical formation rates for the O3 + H
reaction are also important there, as the reaction preferentially
forms OH in the v = 9 state (S. Adler-Golden 1997). Most of
these data are limited to temperatures applicable to Earth’s
atmosphere, considerably below the temperatures of hot and
ultra-hot Jupiters. However, these species are not considered in
the model atmosphere discussed in Section 4, where the
dominant atmospheric constituents are H2, H, and He. As the
collisional rates scale linearly with number density, collisional
transitions with these species will dominate compared to those
with any other. The rate data employed in the models
presented here are summarized in Table 1 and discussed
below.
N. Kohno et al. (2013) measured the vibrational quenching

rates of OH v 1 4( )= by helium and used values for higher
vibrational states measured by A. D. Sappey & R. A. Copeland
(1990) and M. J. Dyer et al. (1997) to fit an analytical
expression for the quenching rate up to v = 12. These rates are
single-quantum, meaning the vibrational state of the OH
molecule undergoes v v v 1= = ; collisional rates with
Δv > 1 are assumed to be negligible.
S. Atahan & M. H. Alexander (2006) calculated vibrational

quenching rates for OH v 1 2( )= by atomic hydrogen,
observing that they exhibited multiquantum behavior. Indeed,
the v = 2 → 0 rate was measured to be roughly twice as fast as
the v = 2 → 1 rate. OH collisions with O and O2 are also known
to exhibit multiquantum behavior (S. Adler-Golden 1997;
A. J. C. Varandas 2004). The collisional rates with atomic
hydrogen are between 3 and 7 orders of magnitude greater than
those for helium, with the largest discrepancy occurring at low
v. This means the layer of the atmosphere at which LTE
behavior is recovered will be primarily determined by the
collision rates with hydrogen. Accordingly, vibrational quench-
ing rates arising from collisions with the other atmospheric
constituents are neglected, either due to low rates or low
abundance. Indeed, vibrational quenching rates arising from
collisions with H2O are known to be small (D. C. McCabe et al.
2006). For collisions with CO, the vibrational quenching rate is
comparable to that of H (G. D. Billing et al. 2002), but the
absolute rate will be significantly smaller due to the lesser CO
abundance.
The choice of the molecular hydrogen dissociation pressure

has a considerable impact on pressure at which OH transitions
from LTE to non-LTE. This is because, similar to helium, the
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vibrational quenching rates of OH by molecular hydrogen are
3–4 orders of magnitude smaller than those of atomic
hydrogen (G. E. Streit & H. S. Johnston 1976; G. P. Glass
et al. 1982; B. R. Chalamala & R. A. Copeland 1993;
S. Bhattacharya et al. 2011). The H2 collisional rates for
v 4 9= are taken from G. E. Streit & H. S. Johnston
(1976) as they provide data for the largest set of OH
vibrational states; the majority of other publications only
provides upper bounds on the OH + H2 quenching rate.
Collisional rates are extrapolated down to v 1= and up to
v 10= assuming a conservative exponential relationship,
consistent with the reported values. The collisions are also
assumed to be single-quantum.

It is possible that in regions where H2 is the dominant
atmospheric species, the resultant collisions will be insufficient
to drive OH into LTE. Once the H2 begins to dissociate,
however, the OH level populations may revert back to LTE. It
can be seen from the available rate data that even if 0.01% of
the H2 has dissociated, the overall vibrational quenching rate
of the OH v = 1 level will be greater due to expedient
quenching by atomic hydrogen.

Vibrational quenching rates for OH + H collisions were
extrapolated up to v 10= , assuming single-quantum behavior
due to a lack of measurements to quantify the multiquantum
behavior. Extrapolation was done using an exponential energy
difference relation, similar to that used by N. Kohno et al.
(2013),

k a b Eexp , 37v v 1 ( ) ( )=

where ΔE is the energy difference between the v and v − 1
vibrational levels, and a and b are constants that were fit to
−21.6 and 0.000266, respectively. Collisional rates approxi-
mated this way were rounded to 2 significant figures and are
highly uncertain. This fit represents a conservative extrapola-
tion, where the OH 10 9( ) quenching rate is only 50%
larger than the OH 10 9( ) rate. To assess the impact of
these rate data on the obtained non-LTE populations,
collisional rates were fit in conjunction with the radiative
rates to obtained rates sufficient to recover LTE populations.
These rates, which were intended to enable a “smooth”
transition between LTE and non-LTE, are given in Table 1.

The extrapolated rates are highly uncertain, though models
using the larger OH + H quenching rates recover LTE
behavior well at higher pressures, suggesting they are of
appropriate relative magnitudes.
Once downward collisional rates are obtained, the upward

rates are obtained through the detailed balance relationship,
such that

C C
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B
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in the case that Ei > Ej. The effect of the detailed balance of
upward and downward collisional rates then recovers the
Boltzmann distribution of the level populations and ensures
that a result closely matching LTE conditions is obtained.
Data for all of the collisions considered here are extremely

limited in the temperature ranges they cover. While some
collisional rates for OH show an increase over some
temperature ranges, this varies depending on the collisional
partner. M. Zannese et al. (2024) extrapolated the OH + H
collisional rates of S. Atahan & M. H. Alexander (2006) to
higher temperatures, assuming rates at 1000 K that were 3
orders of magnitude smaller than those at calculated for 300 K.
As the effects of temperature are not well understood, values
are taken from the literature as is, and no attempt is made to
extrapolate the rates to higher temperatures. It should be noted
that if the collision rates are smaller at these higher
temperatures, then the number density and, hence, pressure
threshold required for collisions to drive OH into LTE will be
higher. In turn, this will mean that OH will be driven into non-
LTE at lower altitudes in the atmosphere, likely further
increasing the impact of non-LTE effects on observed spectra.
Limited rates for vibrational, electronic, or vibronic

collisional quenching of OH are available for the first two
vibrational levels of the excited A 2Σ+ state (P. H. Paul 1995;
L. M. Martini et al. 2017). These rates are generally provided
as total quenching rates, however, with no specified lower
state. To avoid further assumptions, the model was limited to
the levels up to v = 10 in the OH X 2Π ground state. Model
spectra were also limited to transition energies below
30,000 cm−1, below the first A 2Σ+–X 2Π fundamental band.

Table 1
Collision Rates in cm3 s−1 for Vibrational Quenching of OH (v v ) by Atomic Hydrogen, H2, and Atomic Helium

OH + H OH + H2 OH + He
Collision (v v ) Conservative Fit Smooth Fit

1 → 0 1.600 × 10−10a 1.0 × 10−14 3.2 × 10−17 c

2 → 0 1.043 × 10−10 a ... ...
2 → 1 0.654 × 10−10a 4.0 × 10−14 1.4 × 10−16 c

3 → 2 1.8 × 10−10 5.8 × 10−10 9.0 × 10−14 4.4 × 10−16 c

4 → 3 1.8 × 10−10 1.5 × 10−9 1.8 × 10−13 b 1.2 × 10−15 c

5 → 4 1.9 × 10−10 4.0 × 10−9 3.9 × 10−13 b 3.2 × 10−15 e

6 → 5 2.0 × 10−10 9.8 × 10−9 6.8 × 10−13 b 8.2 × 10−15 e

7 → 6 2.1 × 10−10 2.4 × 10−8 8.0 × 10−13 b 2.1 × 10−14 e

8 → 7 2.2 × 10−10 7.6 × 10−8 7.6 × 10−13 b 5.1 × 10−14 e

9 → 8 2.3 × 10−10 1.8 × 10−7 5.8 × 10−13 b 1.3 × 10−13 e

10 → 9 2.4 × 10−10 5.1 × 10−7 4.4 × 10−13 3.4 × 10−13 d

Notes. Values marked with a are calculated by S. Atahan & M. H. Alexander (2006); b values were determined from experiment by G. E. Streit & H. S. Johnston
(1976). For the OH + He rates, those marked with c were determined from experiment by N. Kohno et al. (2013), and the value marked with d was measured by
M. J. Dyer et al. (1997); those marked with e were determined from a fit to the available experimental data by N. Kohno et al. (2013).
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4. Model Atmosphere

The ultra-hot Jupiter KELT-20 b (also MASCARA-2 b) is
used as a case study to illustrate the functionality of the
TIRAMISU code and also to test the wavelengths at which
non-LTE effects may be detectable. L. Finnerty et al. (2025)
recently performed an analysis of the ultra-hot Jupiter KELT-
20 b, looking at the dissociation of atmospheric H2O leading to
the production of OH. OH produced in this manner is believed
to be important in the atmospheres of several exoplanets
(S. Gandhi et al. 2024; L. Finnerty et al. 2025; J. D. Lothringer
et al. 2025) and may be produced with a highly non-LTE
population distribution. Their analysis retrieved a median
equilibrium temperature of 1660 K and a maximal temperature
at the top of the atmosphere of 3375 K. The retrieved median
temperature/pressure profiles are taken to construct a model
atmosphere for assessing the impacts of non-LTE effects in the
spectra of OH. Mass mixing ratios for H2O, CO, OH, and Fe
are taken from their retrieved model, as well as a fixed
hydrogen abundance. Opacities are obtained from the ExoMol
database for H2O (O. L. Polyansky et al. 2018), CO (G. Li
et al. 2015), and OH (G. B. Mitev et al. 2025a), including OH
photoabsorption data (G. B. Mitev et al. 2025b). The Fe
opacities were calculated from the Kurucz database
(R. L. Kurucz 2011). The retrieved molecular hydrogen
dissociation pressure was poorly constrained, so is fixed here
to 1 bar for simplicity; the hydrogen mass fraction at lower
pressures is assumed to be composed of atomic hydrogen
exclusively. The OH mass mixing ratio is varied to test the
sensitivity of observable non-LTE features to the OH
abundance; in all cases, the remaining mass of the atmosphere
is assumed to be helium. Mass mixing ratios are converted to
vertical mixing ratios as described by the authors. These
profiles are shown in Figure 3 and divide the atmosphere into
80 layers with even logarithmic pressure spacing ranging from
102 to 10−6 bar.

KELT-20 b orbits an A2V host star, the radiation from
which impacts the radiative transfer within the planet’s
atmosphere. KELT-20 is configured to emit as a blackbody
with Teff = 8730 K, and this radiation is incident on KELT-
20 b orbiting at a distance of 0.057 au and having a planetary
radius of Rp = 1.83RJ. These physical parameters of KELT-
20 b are taken from the work of G. J. J. Talens et al. (2018),
and the stellar parameters are from M. B. Lund et al. (2017).
The lower atmosphere is likely to be in LTE, but the exact

boundary is hard to determine. To simplify the model, the first
20 layers of the atmosphere with pressures ranging from 102 to
1 bar are fixed to LTE, coinciding with the assumed H2

dissociation pressure boundary. The 60 layers above those are
floated, meaning populations are computed via the Gauss–
Seidel scheme outlined in Section 2.

5. Results

The non-LTE radiative transfer problem is solved for the
model KELT-20 b atmosphere, and the converged populations
are shown as a function of pressure in Figure 4. Models were
run for five OH vertical mixing ratio scenarios, where the OH
profile retrieved by L. Finnerty et al. (2025) was scaled by 10x,
with x taking integer values from −1 to 3. The OH profiles are
constrained by the H2O dissociation pressure in the lower
atmosphere, which drives the production of OH, beginning in
the layer at 3.6× 10−2 bar and above. It should be noted that
the point at which H2O dissociates and OH begins to form
coincides with the start of the temperature inversion. At
pressures lower than this, the OH abundance remains roughly
constant until the assumed dissociation pressure is reached in
the higher layers. Accordingly, the OH begins to dissociate in
the layer at 3.4× 10−4 bar, and the abundance decreases in the
lower-pressure layers above this. The decrease in abundance
due to dissociation exhibits a quartic decay as a function of
pressure. As the OH is formed from the dissociation of H2O,

Figure 3. The leftmost plot shows the temperature of the atmosphere as a function of the pressure; lower pressures correspond to altitudes higher in the atmosphere.
The center plot shows the vertical mixing ratios for the atmospheric constituents excluding OH. The rightmost plot shows the five test case vertical mixing ratio
scenarios for OH. Profiles are adapted from L. Finnerty et al. (2025) except for H and H2, which are based on their retrieved total hydrogen mass fraction. The dip in
the vertical mixing ratios of Fe, CO, H2O, and He around 1 bar is due to the significant change in mean molecular weight from the dissociation of H2.
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the formation of OH concurrently exhibits a quartic growth as
a function of pressure.

In the case of the conservative fit to the OH + H vibrational
quenching rates, the switch between LTE and non-LTE
populations in the five models is relatively smooth for
the v = 0–6 levels, though there are discontinuities for the
v = 7–10 levels. This is indicative of inaccuracies in the
vibrational quenching rates for these more highly excited
levels, which are not large enough to drive these populations
into LTE. It can be seen that as the OH abundance increases,
the magnitude of this discontinuity decreases, with the switch
between LTE and non-LTE being smooth for the v = 7 level in
the three models with the most OH. In the models run with the
“smooth” fit to the collisional rate data, the transitions from
LTE to non-LTE are much smoother.

As the OH abundance increases, the degree to which
the populations deviate from LTE also increases. In the
OH× 10−1 model, 53.4% of the population is found to be in

the ground vibronic state in non-LTE at the top of the model
atmosphere, compared to 76.7% in LTE. As the abundance
increases up to the OH× 103 model, this proportion decreases
down to only 23.1% of the population being in the vibronic
ground state. While the total OH vertical mixing ratio is small
at the top of the model atmosphere, in the conservative rates
scenarios, there is significantly enhanced vibrational excitation
compared to LTE from roughly 2× 10−3 bar and above. In the
smooth rates scenarios, this meaningful deviation from LTE
begins higher in the atmosphere at roughly 8× 10−4 bar. In
both cases, the quantities of OH in these regions are sufficient
to have an observable impact on the emission spectra; see
Section 5.3 for examples.
The population profiles shown in Figure 4 exhibit several

noteworthy features. In the lower atmosphere, the gradients of
the profiles change in the region where the temperature
inversion begins. As this coincides with the region where H2O
begins to dissociate and OH forms, the contribution of the OH

Figure 4. Variation in the populations of the v = 0–10 vibrational levels of the OH X 2Π ground state as a function of pressure in the model KELT-20 b atmosphere.
The left profile shows the population of v = 10, decreasing to v = 0 for the rightmost profile. Populations shown above 1 bar are obtained from solution to the
statistical equilibrium equations; populations below 1 bar are fixed to LTE and obtained from the Boltzmann distribution. The top-left panel shows the population
profiles for an atmosphere entirely in LTE, and the five other plots show the non-LTE scenario with varying OH abundances. For the non-LTE models, solid lines
represent populations obtained using the conservative fit to the OH + H collisional rate data, and dotted lines represent populations obtained using the fit to the rate
data intended to smooth the transition between LTE and non-LTE. The shaded gray region indicates the region of the atmosphere where the OH abundance is
roughly constant.
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opacity to the overall opacity increases. This is marked by the
lower boundary of the gray shaded regions in Figure 4. Inside
these gray regions, the OH abundance remains roughly
constant. The gradients of the profiles change again at the
top of these gray regions, as the OH begins to dissociate.
Above the OH dissociation, the rate at which the populations
deviate from LTE increases significantly; scenarios with a
greater OH abundance deviate more rapidly from LTE in this
region. Above this, the population profiles tend toward linear
as they are only coupled to the linear temperature profile.

The scenarios with the three lowest OH abundances in
Figure 4 all show deviation from LTE in the region between
1.0 and 3.6× 10−2 bar in the three vibrational levels with
v = 8–10. This is likely due to the OH abundances in these
scenarios being too small in this region for variations in the
populations of these levels to have a meaningful impact on
the overall opacity. Reinforcing this, the populations for these
levels in the scenarios with 102 and 103 times the initial OH
abundance do begin to recover the LTE behavior at these
pressures. In the two highest abundance scenarios, the level
populations deviate less from the LTE case until pressures
below the OH dissociation pressure, which can be seen as a
bump in the population profiles.

The number of iterations and hence time taken to converge
increases as a function of the OH abundance. This is an
expected behavior, as the fraction of the intensity that is
determined by non-LTE effects and, hence, changes each
iteration is also increasing with the OH abundance. The
convergence behavior is shown in Figure 5. As expected, the
models with the smallest OH abundance converge extremely
quickly, as the overall fraction of the atmosphere in non-LTE
is extremely small. The two models with the lowest OH
abundances converge in roughly 1 hr, increasing up to roughly
5 hr for the models with the highest abundances. With the
current implementation, the model takes approximately
10 minutes per iteration, primarily owing to the sequential
evaluation of each layer. This is necessary due to the
construction of the terms in Equations (14) and (23), which
require updated coefficients for the previous layers. While
these could be reformulated to use coefficients exclusively
from the previous iteration as in MALI, the overall number of
iterations required to converge should then increase.

5.1. Population Inversions and Masing

It can be seen from Equation (6) that the absorption
coefficient is not rigorously positive. Indeed, in the case of a
population inversion where the upper state of a transition has a
greater population, this term can be negative. Under LTE
conditions, this cannot occur, as the Boltzmann distribution
strictly decreases as a function of energy. In non-LTE,
however, this simply leads to the dominance of stimulated
emission over absorption and is commonly observed as the
cause of masers in a variety of astronomical media. A
complication arises, however, as a negative absorption cross
section produces negative opacities, which the interpolation
coefficients used in short characteristics methods are not
generally designed for. It can be seen from Equation (15) that
the coefficients are defined for negative values of l

±, but it
requires careful limiting of the control points given in
Equations (16) and (17) to maintain the desired numerical
behavior, namely positive intensities. Further development is
needed to ensure these calculations are resilient to negative
opacities and will be discussed in a later work. To circumvent
this challenge for now, an effective absorption coefficient is
considered as in J. A. Yates et al. (1997) such that

.
max exp if 0

otherwise.
39l

l l l

l
, ,

eff , , , , , ,

, ,

( ) ( )
( )=

<
µ

µ µ µ

µ

Here, a value of ξ = 0.1 is adopted, similar to the method
employed by A. V. Nesterenok (2015). This effective
absorption cross section is used in the calculation of an
effective source function and optical depths, which are then
used in the construction of the Bézier interpolants in
Equation (15). The real absorption cross section is used in
the formal solution, however.
Given the optical depth is dependent on the absorption cross

section, the number density of the species in question, and the path
length through the medium, it is very easy for the terms in the
formal solution that depend on exp ( ) to become very large.
This is particularly true in model atmospheres using sparse
pressure grids, such that each layer of the atmosphere corresponds
to a very large path length. Indeed, in the model considered here,
the upper layers of the atmosphere can have a thickness on the
order of 107 m. Accordingly, calculation of the emergent intensity
through thick or dense layers that are determined to have
population inversions can result in catastrophic numerical over-
flows, leading to the determination of infinite intensities at the top
of the atmosphere. To rectify this, the negative components of the
opacity and source function must also be capped in the calculation
of the formal solution to avoid unphysical behavior. The negative
components of χμ,ν,l are capped at max l, ,( )µ , where ψ is a
masing-damping parameter. While this maintains the negative
opacity and, hence, masing behavior, it was determined that for
the non-LTE model atmosphere presented here, a value of
ψ < 10−6 was necessary to avoid numerical overflows. If ψ was
set to 10−5, masing resulted in emergent intensities in excess of
1032 W m−2 sr−1 μm−1, whereas if ψ was set to 10−6 or smaller,
the intensity of transitions that should exhibit masing were
sufficiently dampened to give no meaningful contribution to
the total emergent emission, which was on the order of
107 W m−2 sr−1 μm−1. It should be noted that even with masing
being completely quashed in the ψ � 10−6 case, the emergent
intensity of the non-LTE case is still much larger than that of the
LTE case for the same physical setup, which had a maximum

Figure 5. Convergence behavior of OH in non-LTE with varying abundance
scaling. The maximum relative change of a population throughout the
atmosphere is shown for each iteration. The convergence threshold of a
maximum relative change of 10−3 is marked with a horizontal dotted
black line.
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emergent intensity on the order of 105 W m−2 sr−1 μm−1,
highlighting the importance of considering non-LTE effects.
These emission spectra are shown in Figure 6.

The masing test setup has an extreme population inversion just
below the H2 dissociation threshold and in the top half of the
atmosphere where the H number density is low. Though the
atmosphere is divided in to 80 layers, the path length in each
layer is sufficiently large that the exponential intensity amplifica-
tion from masing still results in catastrophic numerical overflows
even when considerably damped. Though this setup might be an
extreme case, it demonstrates the numerical sensitivity required to
adequately handle masing in such models. Given that population
inversions have been observed in the atmospheres of solar system
planets (C. B. Cosmovici et al. 1996; S. V. Pogrebenko et al.
2009), effective handling of their numerical complications may

be essential for accurately modeling radiative transfer in
exoplanets. While increasing the number of atmospheric layers
and reducing the path lengths over which masing acts may
provide some stability, convergence speeds also scale with the
number of layers. Capping the growth in intensity across a given
layer may be adequate as a first approximation, though the
manner in which this capping is performed would need more
physical motivation. Hence, further work is needed to improve
the numerical stability of population inversions and maser action
in non-LTE radiative transfer models.

5.2. Cross Sections

Cross sections are computed at each layer every iteration
using the latest set of populations. Figure 7 shows a

Figure 6. Sensitivity of intensity calculations on the masing-damping parameter ψ in the presence of population inversions. The emergent emission at the top of the
atmosphere under LTE is shown, in contrast to two non-LTE scenarios with different values of ψ. The masing transitions arising from the ψ = 10−5 model are 1025

times more intense than those from the ψ = 10−6 model. Models using ψ < 10−6 are indistinguishable from those with ψ = 10−6, indicating masing is effectively
quashed in this regime. When ψ is increased by a single order of magnitude up to 10−5, however, the masing intensities are unphysical and the result of numerical
overflows. The extreme sensitivity of this parameter is due to the exponential growth over large paths lengths.

Figure 7. Cross section of OH, computed at the top of a model KELT-20 b atmosphere at 3375 K and 10−6 bar at a resolution of R = 15,000. The lower (orange)
cross section is computed from bound–bound transitions in LTE; the middle (blue) cross section shows the LTE case with the inclusion of photodissociation. The
upper (pink) cross section is the non-LTE case, where the photodissociation cross section in the near-infrared and visible is increased by roughly 3 orders of
magnitude due to the significantly enhanced populations of vibrationally excited states. The upper, positive panel represents absorption, while the lower, negative
panel represents regions where stimulated emission dominates, leading to masing; see Equation (6). It should be noted that the negative component shown here is
prior to any damping of masing effects.
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comparison between the absorption cross sections for OH at
the top of the model atmosphere in LTE and non-LTE. There
are a considerable number of transitions in the near- and mid-
infrared for which stimulated emission is dominating over
absorption due to population inversions. Though there is not a
complete inversion between any of the vibronic levels, the
populations are sufficiently similar that inversions arise in
transitions involving an upper state with v v 1= + and
J J 1= , i.e., only P-branch transitions. Inversions do not
occur in Q- and R-branch transitions without population
inversions between vibrational levels due to the assumption of
rotational LTE used here.

Figure 7 shows that the continuum absorption in the visible
and near-infrared arising from photodissociation is signifi-
cantly enhanced under non-LTE. Conversely, the maximal
absorption in the mid-infrared is reduced due to the inversion
of some of the strongest transitions.

5.3. Observable Features

Figure 8 shows the modeled KELT-20 b emission spectra
computed in both LTE and non-LTE for the five different OH

abundance scenarios. The final emission spectra are computed
on a finer grid with a resolution of R = 15,000. Across all OH
abundance scenarios, there are minimal features in the
emission spectra longward of 4.0 μm, and the plots shown
focus on the strongest bands from the visible to the mid-
infrared. In this region, gaps between emission features
become filled in by excited non-LTE hot bands. In the models
with higher OH abundances, the intensity of the fundamental
and overtone bands increase significantly, in some cases to
more than double that of their LTE equivalent. These features
fall within the wavelength range of the JWST NIRCam
instrument. Alternatively, the features seen in the high-
resolution simulations shown in Figure 8 should be identifiable
with cross-correlation techniques. In the visible, emission
becomes increasingly suppressed with increasing OH abun-
dance, due to the strengthening of continuum absorption bands
leading to photodissociation. These trends are consistent with
the changes in the absorption spectra seen in Figure 7 and,
hence, the derived optical depths. Accordingly, identification
of non-LTE effects would be best enabled by observations
over broad wavelength ranges.

Figure 8. Emission spectra for the model KELT-20 b atmosphere for the five different OH abundance scenarios, each in LTE and Non-LTE.
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In the models with the lowest OH abundances, there is a
slight decrease in the radiance in the visible, between 0.33 and
1.0 μm, in the non-LTE emission spectrum compared to LTE.
As the abundance of OH increases, so too does the magnitude of
this suppression in the visible. This is due to the significantly
enhanced continuum absorption occurring under non-LTE at
these wavelengths, increasing the opacity and, hence, reducing
the observed emission. Observations of suppressed emission in
the visible would need to be accompanied by observations of
near-infrared features to constrain the relative magnitude of
these effects.

In the OH× 102 and ×103 models, the total radiance in the
region between 1.0 and 2.0 μm in non-LTE is more than
double that in LTE at some wavelengths. In models that only
consider molecules under LTE conditions, these enhanced
features may be misattributed to a greater abundance of the
emitting species. Alternatively, the shapes of the features in
this region change between the two scenarios, with the
maximal radiance decreasing approximately linearly across
this region in the LTE model. In non-LTE however, there is a
more pronounced dip in the radiance around 1.4 μm. This
change in the shape of the features may instead be attributed to
a different atmospheric species, or in fact result in the failure to
identify the source. This highlights a serious concern for
exclusively LTE retrieval frameworks, which may be failing to
fully utilize available molecular data or, more crucially,
misattributing observed features.

The discrepancy between the LTE and non-LTE emission is
smaller in models run using the collisional rates designed to
smooth the transitions between regimes. This is expected, as
the larger collisional rates result in a smaller deviation from
LTE populations.

5.4. Photodissociation Rates

The total photodissociation cross section was found to
change significantly throughout the atmospheres of the non-
LTE models, compared to LTE. Changes in these cross

sections directly alter the photodissociation rate of the
molecule. The photodissociation rate is obtained using the
photodissociation cross section through the expression

k I d. , 40photo
0

( )=

where Iν is the intensity in the medium, and σν is the
photodissociation cross section. Figure 9 shows how the non-
LTE photodissociation rate varies throughout the atmosphere
compared to LTE. At the top of the model atmosphere, OH
photodissociation rates in non-LTE are enhanced by up to a
factor of roughly 102 relative to LTE. These increases are due
to the significantly enhanced populations of the vibrationally
excited levels of OH under non-LTE, which are more readily
photodissociated.
The link in the ratio of the two photodissociation rates

between 10−1 and 10−2 bar is likely due to errors in the
specific collisional rates, where the v = 7–10 levels shown in
Figure 4 appear to deviate from LTE, while lower vibrational
levels remain approximately in LTE. Increases in the specific
collisional rates were found to delay the increase in non-LTE
photodissociation rate to lower pressures, but in all scenarios,
photodissociation cross sections increased in the upper layers
of the atmosphere dominated by radiative processes.

6. Conclusions

A new program for computing non-LTE opacities and
solving radiative transfer within exoplanet atmospheres has
been presented. This code has been used to demonstrate that
non-LTE effects should be observable in exoplanet emission
spectra and that targeted observations should be able to probe
the presence of these effects. Non-LTE effects have also been
shown to impact several areas of atmospheric modeling.
Changes in level populations under non-LTE conditions have
been shown to alter a molecule’s photodissociation cross section
and in turn their photodissociation rates. Properly accounting for
these non-LTE rates will be crucial for accurately modeling the
chemical profile of an exoplanet’s atmosphere, particularly
when accounting for the impact of upper-atmosphere photo-
chemistry. Packages such as FRECKLL (A. F. Al-Refaie et al.
2024) are able to dynamically calculate the photodissociation
rates throughout an atmosphere when computing chemical
equilibria; similar implementations will be necessary to handle
chemical equilibria under non-LTE. As tracers of disequilibrium
chemistry are starting to be identified in the atmospheres of
exoplanets like WASP-39 b (S.-M. Tsai et al. 2023), non-LTE
modeling may be key to building an accurate understanding of
these environments. Similarly, increases in the populations of
vibrationally excited states will have an impact on retrievals.
Features that would be present in LTE may be observed with a
greater strength in emission and lead to the mischaracterization
of molecular abundances. Significant increases in the strengths
of hot bands that would be too weak to be observed in LTE may
also be misattributed to features arising from other molecules, if
retrieval frameworks only consider LTE opacities. Retrieval
codes will need to account for the fact that under non-LTE
conditions the variation in opacity as a function of abundance is
nonlinear. These effects will also change the interplay between
varying abundance and varying temperature–pressure profiles,
which is a known computational challenge (L. Fossati et al.
2025). The current implementation of the TIRAMISU code

Figure 9. Ratio of non-LTE to LTE integrated photodissociation cross
sections as a function of altitude for OH in the model KELT-20 b atmospheres.
Ratios are shown for the 60 layers of the atmosphere ranging from 1 to
10−6 bar for which level populations were obtained through solution of the
statistical equilibrium equations. The difference between the non-LTE and
LTE rates additionally varies as a nonlinear function of the OH abundance.
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considers a single absorber in non-LTE at a time, though will be
extended to allow for the solution of multiple molecules in non-
LTE simultaneously. It has been shown that proper non-LTE
treatment of the atmospheric metals can increase the strength of
predicted thermal inversions (L. Fossati et al. 2023), and as
such, a full treatment of all atmospheric species in non-LTE will
be necessary to constrain both the physical and spectroscopic
characteristics of an exoplanet atmosphere. Future work will be
carried out to further investigate the ramifications of these
effects on exoplanet modeling.

While this work demonstrates the solution for vibronic non-
LTE, the rotational populations remain in LTE. OH has been
observed in rotational non-LTE in Earth’s atmosphere (S. Noll
et al. 2018) and as such, consideration of rotational non-LTE
will be required to comprehensively model exoplanet atmo-
spheres at high resolution. Nevertheless, the solution of
vibronic non-LTE is a considerable step in improving the
capabilities of spectral modeling and may provide the majority
of the contribution to observable non-LTE effects at resolu-
tions such as those available to the James Webb Space
Telescope.

While considerable numerical optimizations have been
made to make the calculations presented here feasible, the
current convergence times for models with a high atmospheric
non-LTE fraction are likely too slow for use in retrieval
frameworks. While the majority of the workflow is CPU
parallelized, performance increases might be found in a
number of calculations through GPU parallelization. Applica-
tion of machine learning techniques to reduce the required
number of iterations may also offer considerable performance
increases, such as in the implementations of physics-informed
neural networks (S. Mishra & R. Molinaro 2021), convolu-
tional neural networks (B. A. Chappell & T. M. D. Pere-
ira 2022), or extreme learning machines (T. P. A. Tahseen
et al. 2025) to radiative transfer frameworks. All such methods
obtain accurate and fast predictions of model behavior and
may be useful to expedite non-LTE retrievals.

Inaccuracies in collisional rates affect how rapidly the level
populations deviate from LTE in the low-density regions of the
atmosphere. A greater provision of collisional rate data for
species of spectroscopic interest, either measured or calculated, is
essential for supporting the modeling of non-LTE effects in many
astrophysical media. In hot Jupiter exoplanets, rate data for
collisions between the most common atmospheric constituents,
H2, atomic hydrogen, and helium, are essential, particularly at
high temperatures. This also applies to the hydrogen-dominated
atmospheres of smaller and cooler exoplanets. For modeling sub-
Neptunes or terrestrial exoplanets, where the bulk atmosphere
may comprise a wider variety of species, the collisional data
required is much broader and more complex. Unlike in the model
atmospheres considered here, consideration of interactions
between larger molecules will be more important in cooler
atmospheres, where these species have a greater mass fraction.
The computation of collisional interactions between such
polyatomic species is extremely challenging, particularly for
highly excited vibrational states. Calculations of collisional
interactions between two triatomic molecules that only consider
rotationally excited states are computationally intensive
(M. Żółtowski et al. 2025); calculations of vibrational quenching
rates for such system are not routinely performed but are
necessary to support studies of these cooler atmospheres. While
many databases exist that compile collisional rate data, such as

BASECOL (M. L. Dubernet et al. 2024), LAMDA (F. F. S. van
der Tak et al. 2020), and EMAA (A. Faure et al. 2025), much of
these data are also limited to rotational excitations. The treatment
of collisions between states of vibrational and electronic
excitation is needed to support non-LTE modeling in the
infrared, visible, and even shorter wavelengths.

Acknowledgments

This work was supported by the STFC Project No.
ST/Y001508/1. This work was also supported by the
European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation program
through Advance grant No. 883830. The authors acknowledge
the use of the DiRAC Data Intensive service DIaL2.5 at the
University of Leicester, managed on behalf of the STFC
DiRAC HPC Facility (www.dirac.ac.uk). These DiRAC
services were funded by BEIS, UKRI, and STFC capital
funding and STFC operations grants. DiRAC is part of the
UKRI Digital Research Infrastructure.

Data Availability

The ExoMol line lists and opacity data for H2O, CO, and
OH are available via exomol.com. The TIRAMISU code will
be made available soon as part of an open-source TauREx
plugin. A development version used to run the models
presented here can be found at github.com/ExoMol/
TIRAMISU with a copy of this version deposited to Zenodo:
doi:10.5281/zenodo.17805289 (C. Bowesman et al. 2025).

ORCID iDs

Charles A. Bowesmanaa https://orcid.org/0000-0002-5941-9936
Sergei N. Yurchenkoaa https://orcid.org/0000-0001-9286-9501
Ahmed F. Al-Refaieaa https://orcid.org/0000-0003-2241-5330
Jonathan Tennysonaa https://orcid.org/0000-0002-4994-5238

References

Adler-Golden, S. 1997, JGRA, 102, 19969
Al-Refaie, A. F., Changeat, Q., Venot, O., Waldmann, I. P., & Tinetti, G.

2022, ApJ, 932, 123
Al-Refaie, A. F., Changeat, Q., Waldmann, I. P., & Tinetti, G. 2021, ApJ,

917, 37
Al-Refaie, A. F., Venot, O., Changeat, Q., & Edwards, B. 2024, ApJ, 967, 132
Asensio Ramos, A., & Trujillo Bueno, J. 2006, in EAS Publications Series,

18, 25
Asplund, M. 2005, ARA&A, 43, 481
Atahan, S., & Alexander, M. H. 2006, JPCA, 110, 5436
Auer, L., Fabiani Bendicho, P., & Trujillo Bueno, J. 1994, A&A, 292, 599
Auer, L. H., & Mihalas, D. 1969, ApJ, 158, 641
Bhattacharya, S., Panda, A. N., & Meyer, H.-D. 2011, JChPh, 135, 194302
Billing, G. D., Muckerman, J. T., & Yu, H. G. 2002, JChPh, 117, 4755
Borsa, F., Fossati, L., Koskinen, T., Young, M. E., & Shulyak, D. 2021,

NatAs, 6, 226
Bowesman, C., Yurchenko, S., Al-Refaie, A., & Tennyson, J. 2025,

TIRAMISU: Non-LTE radiative transfer for molecules in exoplanet
atmospheres, v1, Zenodo, doi:10.5281/ZENODO.17805289

Cannon, C. J. 1973, ApJ, 185, 621
Caridade, P. J. S. B., Horta, J.-Z. J., & Varandas, A. J. C. 2013, ACP, 13, 1
Chalamala, B. R., & Copeland, R. A. 1993, JChPh, 99, 5807
Chappell, B. A., & Pereira, T. M. D. 2022, A&A, 658, A182
Chatzikos, M., Bianchi, S., Camilloni, F., et al. 2023, RMxAA, 59, 327
Chubb, K. L., Rocchetto, M., Yurchenko, S. N., et al. 2021, A&A, 646, A21
Cosmovici, C. B., Montebugnoli, S., Orfei, A., Pogrebenko, S., & Colom, P.

1996, P&SS, 44, 735
de la Cruz Rodríguez, J., & Piskunov, N. 2013, ApJ, 764, 33
Dodd, J. A., Lipson, S. J., & Blumberg, W. A. M. 1991, JChPh, 95, 5752
Dubernet, M. L., Boursier, C., Denis-Alpizar, O., et al. 2024, A&A, 683, A40

16

The Astrophysical Journal, 997:203 (17pp), 2026 February 1 Bowesman et al.

http://www.dirac.ac.uk
https://www.exomol.com
https://github.com/ExoMol/TIRAMISU
https://github.com/ExoMol/TIRAMISU
https://doi.org/10.5281/zenodo.17805289
https://orcid.org/0000-0002-5941-9936
https://orcid.org/0000-0001-9286-9501
https://orcid.org/0000-0003-2241-5330
https://orcid.org/0000-0002-4994-5238
https://doi.org/10.1029/97JA01622
https://ui.adsabs.harvard.edu/abs/1997JGR...10219969A/abstract
https://doi.org/10.3847/1538-4357/ac6dcd
https://ui.adsabs.harvard.edu/abs/2022ApJ...932..123A/abstract
https://doi.org/10.3847/1538-4357/ac0252
https://ui.adsabs.harvard.edu/abs/2021ApJ...917...37A/abstract
https://ui.adsabs.harvard.edu/abs/2021ApJ...917...37A/abstract
https://doi.org/10.3847/1538-4357/ad3dee
https://ui.adsabs.harvard.edu/abs/2024ApJ...967..132A/abstract
https://doi.org/10.1146/annurev.astro.42.053102.134001
https://ui.adsabs.harvard.edu/abs/2005ARA&A..43..481A/abstract
https://doi.org/10.1021/jp055860m
https://ui.adsabs.harvard.edu/abs/2006JPCA..110.5436A/abstract
https://ui.adsabs.harvard.edu/abs/1994A&A...292..599A/abstract
https://doi.org/10.1086/150226
https://ui.adsabs.harvard.edu/abs/1969ApJ...158..641A/abstract
https://doi.org/10.1063/1.3660222
https://ui.adsabs.harvard.edu/abs/2011JChPh.135s4302B/abstract
https://doi.org/10.1063/1.1496474
https://ui.adsabs.harvard.edu/abs/2002JChPh.117.4755B/abstract
https://doi.org/10.1038/s41550-021-01544-4
https://ui.adsabs.harvard.edu/abs/2022NatAs...6..226B/abstract
https://doi.org/10.5281/ZENODO.17805289
https://doi.org/10.1086/152442
https://ui.adsabs.harvard.edu/abs/1973ApJ...185..621C/abstract
https://doi.org/10.5194/acp-13-1-2013
https://ui.adsabs.harvard.edu/abs/2013ACP....13....1C/abstract
https://doi.org/10.1063/1.465932
https://ui.adsabs.harvard.edu/abs/1993JChPh..99.5807C/abstract
https://doi.org/10.1051/0004-6361/202142625
https://ui.adsabs.harvard.edu/abs/2022A&A...658A.182C/abstract
https://doi.org/10.22201/ia.01851101p.2023.59.02.12
https://ui.adsabs.harvard.edu/abs/2023RMxAA..59..327C/abstract
https://doi.org/10.1051/0004-6361/202038350
https://ui.adsabs.harvard.edu/abs/2021A&A...646A..21C/abstract
https://doi.org/10.1016/0032-0633(96)00072-4
https://ui.adsabs.harvard.edu/abs/1996P&SS...44..735C/abstract
https://doi.org/10.1088/0004-637X/764/1/33
https://ui.adsabs.harvard.edu/abs/2013ApJ...764...33D/abstract
https://doi.org/10.1063/1.461597
https://ui.adsabs.harvard.edu/abs/1991JChPh..95.5752D/abstract
https://doi.org/10.1051/0004-6361/202348233
https://ui.adsabs.harvard.edu/abs/2024A&A...683A..40D/abstract


Dyer, M. J., Knutsen, K., & Copeland, R. A. 1997, JChPh, 107, 7809
Encrenaz, T., Lellouch, E., Drossart, P., et al. 2004, A&A, 413, L5
Fabiani Bendicho, P., Trujillo Bueno, J., & Auer, L. 1997, A&A, 324, 161
Faure, A., Bacmann, A., & Jacquot, R. 2025, A&A, 700, 10
Feofilov, A. G., & Kutepov, A. A. 2012, SGeo, 33, 1231
Finnerty, L., Xin, Y., Xuan, J. W., et al. 2025, AJ, 169, 333
Fisher, C., & Heng, K. 2019, ApJ, 881, 25
Fletcher, L. N., Drossart, P., Burgdorf, M., Orton, G. S., & Encrenaz, T. 2010,

A&A, 514, A17
Fossati, L., Biassoni, F., Cappello, G. M., et al. 2023, A&A, 676, A99
Fossati, L., Sreejith, A. G., Koskinen, T., et al. 2025, A&A, 699, A186
Fossati, L., Young, M. E., Shulyak, D., et al. 2021, A&A, 653, A52
Funke, B., López-Puertas, M., García-Comas, M., et al. 2012, JQSRT,

113, 1771
Gandhi, S., Landman, R., Snellen, I., et al. 2024, MNRAS, 530, 2885
García-Comas, M., López-Puertas, M., Funke, B., et al. 2011, Icar, 214, 571
Gilli, G., López-Valverde, M. A., Drossart, P., et al. 2009, JGRE, 114,

E00B29
Glass, G. P., Endo, H., & Chaturvedi, B. K. 1982, JChPh, 77, 5450
Helling, C., & Jorgensen, U. G. 1998, A&A, 337, 477
Hilborn, R. C. 1982, AmJPh, 50, 982
Hsieh, T.-H., Lai, S.-P., Belloche, A., Wyrowski, F., & Hung, C.-L. 2015,

ApJ, 802, 126
Hubeny, I., & Mihalas, D. 2014, Theory of Stellar Atmospheres: An

Introduction to Astrophysical Non-equilibrium Quantitative Spectroscopic
Analysis (Princeton Univ. Press)

Janett, G. 2019, PhD thesis, ETH Zurich, doi:10.3929/ethz-b-000348946
Johnson, M. A., Betz, A. L., McLaren, R. A., Sutton, E. C., & Townes, C.

1976, ApJ, 208, L145
Knutsen, K., Dyer, M. J., & Copeland, R. A. 1996, JChPh, 104, 5798
Kohno, N., Yamashita, J., Kadochiku, C., Kohguchi, H., & Yamasaki, K.

2013, JPCA, 117, 3253
Kostogryz, N. M., Kupka, F., Piskunov, N., et al. 2021, SoPh, 296, 46
Krüger, D., Kostogryz, N., Fabbian, D., & Kupka, F. 2019, JPhCS, 1225,

012017
Kunasz, P., & Auer, L. H. 1988, JQSRT, 39, 67
Kurucz, R. L. 2011, CaJPh, 89, 417
Kutepov, A., Gusev, O., & Ogibalov, V. 1998, JQSRT, 60, 199
Lacoursière, J., Dyer, M. J., & Copeland, R. A. 2003, JChPh, 118, 1661
Lam, S. K., Pitrou, A., & Seibert, S. 2015, in Proc. the Second Workshop on

the LLVM Compiler Infrastructure in HPC (Association for Computing
Machinery)

Lambert, J., Paletou, F., Josselin, E., & Glorian, J.-M. 2015, EJPh, 37, 015603
Lellouch, E., Wong, I., Lavvas, P., et al. 2025, A&A, 696, A147
Li, G., Gordon, I. E., Rothman, L. S., et al. 2015, ApJS, 216, 15
Lique, F., van der Tak, F. F. S., Kłos, J., Bulthuis, J., & Alexander, M. H.

2009, A&A, 493, 557
López-Puertas, M., & Taylor, F. W. 2001, Non-LTE Radiative Transfer in the

Atmosphere (World Scientific)
López-Valverde, M., Drossart, P., Carlson, R., Mehlman, R., &

Roos-Serote, M. 2007, P&SS, 55, 1757
Lothringer, J. D., Bennett, K. A., Sing, D. K., et al. 2025, AJ, 169, 274
Lund, M. B., Rodriguez, J. E., Zhou, G., et al. 2017, AJ, 154, 194
Martini, L. M., Gatti, N., Dilecce, G., Scotoni, M., & Tosi, P. 2017, JPhD, 50,

114003
McCabe, D. C., Rajakumar, B., Marshall, P., Smith, I. W. M., &

Ravishankara, A. R. 2006, PCCP, 8, 4563
Mihalas, D. 1978, Stellar Atmospheres (Freeman)

Mishra, S., & Molinaro, R. 2021, JQSRT, 270, 107705
Mitev, G. B., Bowesman, C. A., Zhang, J., Yurchenko, S. N., & Tennyson, J.

2025a, MNRAS, 536, 3401
Mitev, G. B., Pezzella, M., Bowesman, C. A., et al. 2025b, MNRAS,

539, 3732
Nesterenok, A. V. 2015, MNRAS, 455, 3978
Nesterenok, A. V. 2020, JPhCS, 1697, 012001
Noll, S., Proxauf, B., Kausch, W., & Kimeswenger, S. 2018, JASTP, 175, 100
Olson, G. L., & Kunasz, P. 1987, JQSRT, 38, 325
Owens, A., Yachmenev, A., Tennyson, J., Thiel, W., & Yurchenko, S. N.

2018, MNRAS, 479, 3002
Paul, P. H. 1995, JPhCh, 99, 8472
Piccialli, A., López-Valverde, M. A., Määttänen, A., et al. 2016, JGRE,

121, 1066
Pogrebenko, S. V., Gurvits, L. I., Elitzur, M., et al. 2009, A&A, 494, L1
Polyansky, O. L., Kyuberis, A. A., Zobov, N. F., et al. 2018, MNRAS,

480, 2597
Rensberger, K. J., Jeffries, J. B., & Crosley, D. R. 1989, JChPh, 90, 2174
Rezac, L., Kutepov, A. A., Faure, A., Hartogh, P., & Feofilov, A. G. 2013,

A&A, 555, A122
Rybicki, G. B., & Hummer, D. G. 1991, A&A, 245, 171
Rybicki, G. B., & Hummer, D. G. 1992, A&A, 262, 209
Sánchez-López, A., López-Puertas, M., García-Comas, M., et al. 2022, A&A,

662, A91
Sappey, A. D., & Copeland, R. A. 1990, JChPh, 93, 5741
Scharmer, G. B., & Carlsson, M. 1985, JCoPh, 59, 56
Socas-Navarro, H., de la Cruz Rodríguez, J., Asensio Ramos, A.,

Trujillo Bueno, J., & Ruiz Cobo, B. 2015, A&A, 577, A7
Socas-Navarro, H., & Trujillo Bueno, J. 1997, ApJ, 490, 383
Štěpán, J., & Bueno, J. T. 2013, A&A, 557, A143
Streit, G. E., & Johnston, H. S. 1976, JChPh, 64, 95
Tahseen, T. P. A., oes, L. F. S., Yip, K. H., et al. 2025, RASTI, 4, rzaf050
Talens, G. J. J., Justesen, A. B., Albrecht, S., et al. 2018, A&A, 612,

A57
Tao, C., Badman, S. V., & Fujimoto, M. 2011, Icar, 213, 581
Tennyson, J., Yurchenko, S. N., Zhang, J., et al. 2024, JQSRT, 326, 109083
Treanor, C. E., Rich, J. W., & Rehm, R. G. 1968, JChPh, 48, 1798
Trujillo Bueno, J., & Fabiani Bendicho, P. 1995, ApJ, 455, 646
Tsai, S.-M., Lee, E. K. H., Powell, D., et al. 2023, Natur, 617, 483
van der Tak, F. F. S., Black, J. H., Schöier, F. L., Jansen, D. J., &

van Dishoeck, E. F. 2007, A&A, 468, 627
van der Tak, F. F. S., Lique, F., Faure, A., Black, J. H., & van Dishoeck, E. F.

2020, Atoms, 8, 15
Varandas, A. J. C. 2004, CPL, 396, 182
von Clarmann, T., Hase, F., Funke, B., et al. 2010, ACP, 10, 9953
Wright, S. O. M., Waldmann, I., & Yurchenko, S. N. 2022, MNRAS,

512, 2911
Xu, J., Gao, H., Smith, A. K., & Zhu, Y. 2012, JGRD, 117, D02301
Yamada, T., Rezac, L., Larsson, R., et al. 2018, A&A, 619, A181
Yates, J. A., Field, D., & Gray, M. D. 1997, MNRAS., 285, 303
Yoshida, T. C., Nomura, H., Furuya, K., et al. 2024, ApJ, 966, 63
Young, D. M. 1971, Iterative Solution of Large Linear Systems (Academic

Press)
Young, M. E., Fossati, L., Koskinen, T. T., et al. 2020, A&A, 641, A47
Yurchenko, S. N., Al-Refaie, A. F., & Tennyson, J. 2018, A&A., 614, A131
Zannese, M., Tabone, B., Habart, E., et al. 2024, NatAs, 8, 577
Zhang, J., Tennyson, J., & Yurchenko, S. N. 2024, RASTI, 3, 257
Żółtowski, M., Lique, F., Żuchowski, P., et al. 2025, MNRAS, 540, 626

17

The Astrophysical Journal, 997:203 (17pp), 2026 February 1 Bowesman et al.

https://doi.org/10.1063/1.475094
https://ui.adsabs.harvard.edu/abs/1997JChPh.107.7809D/abstract
https://doi.org/10.1051/0004-6361:20034637
https://ui.adsabs.harvard.edu/abs/2004A&A...413L...5E/abstract
https://ui.adsabs.harvard.edu/abs/1997A&A...324..161F/abstract
https://doi.org/10.1051/0004-6361/202554403
https://doi.org/10.1007/s10712-012-9204-0
https://ui.adsabs.harvard.edu/abs/2012SGeo...33.1231F/abstract
https://doi.org/10.3847/1538-3881/adce02
https://ui.adsabs.harvard.edu/abs/2025AJ....169..333F/abstract
https://doi.org/10.3847/1538-4357/ab29e8
https://ui.adsabs.harvard.edu/abs/2019ApJ...881...25F/abstract
https://doi.org/10.1051/0004-6361/200913358
https://ui.adsabs.harvard.edu/abs/2010A&A...514A..17F/abstract
https://doi.org/10.1051/0004-6361/202346787
https://ui.adsabs.harvard.edu/abs/2023A&A...676A..99F/abstract
https://doi.org/10.1051/0004-6361/202554240
https://ui.adsabs.harvard.edu/abs/2025A&A...699A.186F/abstract
https://doi.org/10.1051/0004-6361/202140813
https://ui.adsabs.harvard.edu/abs/2021A&A...653A..52F/abstract
https://doi.org/10.1016/j.jqsrt.2012.05.001
https://doi.org/10.1093/mnras/stae1048
https://ui.adsabs.harvard.edu/abs/2024MNRAS.530.2885G/abstract
https://doi.org/10.1016/j.icarus.2011.03.020
https://ui.adsabs.harvard.edu/abs/2012JQSRT.113.1771F/abstract
https://doi.org/10.1029/2008JE003112
https://doi.org/10.1063/1.443804
https://ui.adsabs.harvard.edu/abs/1982JChPh..77.5450G/abstract
https://ui.adsabs.harvard.edu/abs/1998A&A...337..477H/abstract
https://doi.org/10.1119/1.12937
https://ui.adsabs.harvard.edu/abs/1982AmJPh..50..982H/abstract
https://doi.org/10.1088/0004-637X/802/2/126
https://ui.adsabs.harvard.edu/abs/2015ApJ...802..126H/abstract
https://doi.org/10.3929/ethz-b-000348946
https://doi.org/10.1086/182252
https://ui.adsabs.harvard.edu/abs/1976ApJ...208L.145J/abstract
https://doi.org/10.1063/1.471311
https://ui.adsabs.harvard.edu/abs/1996JChPh.104.5798K/abstract
https://doi.org/10.1021/jp3114072
https://ui.adsabs.harvard.edu/abs/2013JPCA..117.3253K/abstract
https://doi.org/10.1007/s11207-021-01777-6
https://ui.adsabs.harvard.edu/abs/2021SoPh..296...46K/abstract
https://doi.org/10.1088/1742-6596/1225/1/012017
https://doi.org/10.1016/0022-4073(88)90021-0
https://ui.adsabs.harvard.edu/abs/1988JQSRT..39...67K/abstract
https://doi.org/10.1139/p10-104
https://ui.adsabs.harvard.edu/abs/2011CaJPh..89..417K/abstract
https://doi.org/10.1016/S0022-4073(97)00167-2
https://ui.adsabs.harvard.edu/abs/1998JQSRT..60..199K/abstract
https://doi.org/10.1063/1.1530581
https://ui.adsabs.harvard.edu/abs/2003JChPh.118.1661L/abstract
https://doi.org/10.1088/0143-0807/37/1/015603
https://ui.adsabs.harvard.edu/abs/2016EJPh...37a5603L/abstract
https://doi.org/10.1051/0004-6361/202453619
https://ui.adsabs.harvard.edu/abs/2025A&A...696A.147L/abstract
https://doi.org/10.1088/0067-0049/216/1/15
https://ui.adsabs.harvard.edu/abs/2015ApJS..216...15L/abstract
https://doi.org/10.1051/0004-6361:200810453
https://ui.adsabs.harvard.edu/abs/2009A&A...493..557L/abstract
https://doi.org/10.1016/j.pss.2007.01.008
https://doi.org/10.3847/1538-3881/adc117
https://ui.adsabs.harvard.edu/abs/2025AJ....169..274L/abstract
https://doi.org/10.3847/1538-3881/aa8f95
https://ui.adsabs.harvard.edu/abs/2017AJ....154..194L/abstract
https://doi.org/10.1088/1361-6463/aa5b28
https://ui.adsabs.harvard.edu/abs/2017JPhD...50k4003M/abstract
https://ui.adsabs.harvard.edu/abs/2017JPhD...50k4003M/abstract
https://doi.org/10.1039/B609330B
https://ui.adsabs.harvard.edu/abs/2006PCCP....8.4563M/abstract
https://doi.org/10.1016/j.jqsrt.2021.107705
https://doi.org/10.1093/mnras/stae2803
https://ui.adsabs.harvard.edu/abs/2025MNRAS.536.3401M/abstract
https://doi.org/10.1093/mnras/staf729
https://ui.adsabs.harvard.edu/abs/2025MNRAS.539.3732M/abstract
https://ui.adsabs.harvard.edu/abs/2025MNRAS.539.3732M/abstract
https://doi.org/10.1093/mnras/stv2594
https://ui.adsabs.harvard.edu/abs/2016MNRAS.455.3978N/abstract
https://doi.org/10.1088/1742-6596/1697/1/012001
https://doi.org/10.1016/j.jastp.2018.05.005
https://ui.adsabs.harvard.edu/abs/2018JASTP.175..100N/abstract
https://doi.org/10.1016/0022-4073(87)90027-6
https://ui.adsabs.harvard.edu/abs/1987JQSRT..38..325O/abstract
https://doi.org/10.1093/mnras/sty1542
https://ui.adsabs.harvard.edu/abs/2018MNRAS.479.3002O/abstract
https://doi.org/10.1021/j100021a004
https://ui.adsabs.harvard.edu/abs/1995JPhCh..99.8472P/abstract
https://doi.org/10.1002/2015JE004981
https://ui.adsabs.harvard.edu/abs/2016JGRE..121.1066P/abstract
https://ui.adsabs.harvard.edu/abs/2016JGRE..121.1066P/abstract
https://doi.org/10.1051/0004-6361:200811186
https://ui.adsabs.harvard.edu/abs/2009A&A...494L...1P/abstract
https://doi.org/10.1093/mnras/sty1877
https://ui.adsabs.harvard.edu/abs/2018MNRAS.480.2597P/abstract
https://ui.adsabs.harvard.edu/abs/2018MNRAS.480.2597P/abstract
https://doi.org/10.1063/1.456671
https://ui.adsabs.harvard.edu/abs/1989JChPh..90.2174R/abstract
https://doi.org/10.1051/0004-6361/201321231
https://ui.adsabs.harvard.edu/abs/2013A&A...555A.122R/abstract
https://ui.adsabs.harvard.edu/abs/1991A&A...245..171R/abstract
https://ui.adsabs.harvard.edu/abs/1992A&A...262..209R/abstract
https://doi.org/10.1051/0004-6361/202141933
https://ui.adsabs.harvard.edu/abs/2021A&A...646A..21C/abstract
https://ui.adsabs.harvard.edu/abs/2021A&A...646A..21C/abstract
https://doi.org/10.1063/1.459567
https://ui.adsabs.harvard.edu/abs/1990JChPh..93.5741S/abstract
https://doi.org/10.1016/0021-9991(85)90107-X
https://ui.adsabs.harvard.edu/abs/1985JCoPh..59...56S/abstract
https://doi.org/10.1051/0004-6361/201424860
https://ui.adsabs.harvard.edu/abs/2015A&A...577A...7S/abstract
https://doi.org/10.1086/304873
https://ui.adsabs.harvard.edu/abs/1997ApJ...490..383S/abstract
https://doi.org/10.1051/0004-6361/201321742
https://ui.adsabs.harvard.edu/abs/2013A&A...557A.143S/abstract
https://doi.org/10.1063/1.431917
https://ui.adsabs.harvard.edu/abs/1976JChPh..64...95S/abstract
https://doi.org/10.1093/rasti/rzaf050
https://ui.adsabs.harvard.edu/abs/2025RASTI...4af050T/abstract
https://doi.org/10.1051/0004-6361/201731512
https://ui.adsabs.harvard.edu/abs/2018A&A...612A..57T/abstract
https://ui.adsabs.harvard.edu/abs/2018A&A...612A..57T/abstract
https://doi.org/10.1016/j.icarus.2011.04.001
https://ui.adsabs.harvard.edu/abs/2011Icar..213..581T/abstract
https://doi.org/10.1016/j.jqsrt.2024.109083
https://doi.org/10.1063/1.1668914
https://ui.adsabs.harvard.edu/abs/1968JChPh..48.1798T/abstract
https://doi.org/10.1086/176612
https://ui.adsabs.harvard.edu/abs/1995ApJ...455..646T/abstract
https://doi.org/10.1038/s41586-023-05902-2
https://ui.adsabs.harvard.edu/abs/2023Natur.617..483T/abstract
https://doi.org/10.1051/0004-6361:20066820
https://ui.adsabs.harvard.edu/abs/2007A&A...468..627V/abstract
https://doi.org/10.3390/atoms8020015
https://ui.adsabs.harvard.edu/abs/2020Atoms...8...15V/abstract
https://doi.org/10.1016/j.cplett.2004.08.023
https://ui.adsabs.harvard.edu/abs/2004CPL...396..182V/abstract
https://doi.org/10.5194/acp-10-9953-2010
https://ui.adsabs.harvard.edu/abs/2010ACP....10.9953V/abstract
https://doi.org/10.1093/mnras/stac654
https://ui.adsabs.harvard.edu/abs/2022MNRAS.512.2911W/abstract
https://ui.adsabs.harvard.edu/abs/2022MNRAS.512.2911W/abstract
https://doi.org/10.1029/2011JD016342
https://ui.adsabs.harvard.edu/abs/2012JGRD..117.2301X/abstract
https://doi.org/10.1051/0004-6361/201833566
https://ui.adsabs.harvard.edu/abs/2018A&A...619A.181Y/abstract
https://doi.org/10.1093/mnras/285.2.303
https://ui.adsabs.harvard.edu/abs/1997MNRAS.285..303Y/abstract
https://doi.org/10.3847/1538-4357/ad2fb4
https://ui.adsabs.harvard.edu/abs/2024ApJ...966...63Y/abstract
https://doi.org/10.1051/0004-6361/202037672
https://ui.adsabs.harvard.edu/abs/2020A&A...641A..47Y/abstract
https://doi.org/10.1051/0004-6361/201732531
https://ui.adsabs.harvard.edu/abs/2018A&A...614A.131Y/abstract
https://doi.org/10.1038/s41550-024-02203-0
https://ui.adsabs.harvard.edu/abs/2024NatAs...8..577Z/abstract
https://doi.org/10.1093/rasti/rzae016
https://ui.adsabs.harvard.edu/abs/2024RASTI...3..257Z/abstract
https://doi.org/10.1093/mnras/staf477
https://ui.adsabs.harvard.edu/abs/2025MNRAS.540..626Z/abstract

	1. Introduction
	2. Method
	2.1. Statistical Equilibrium
	2.2. Construction of Lambda Operator
	2.3. Opacity Sampling
	2.4. Vibrational Aggregation and Line Profiles
	2.5. Radiative Transfer Solution
	2.6. Populations
	2.7. Successive Over-relaxation and Damping

	3. Collisional Data
	4. Model Atmosphere
	5. Results
	5.1. Population Inversions and Masing
	5.2. Cross Sections
	5.3. Observable Features
	5.4. Photodissociation Rates

	6. Conclusions
	Data Availability
	References



