i

Method Development in

Ro-Vibrational Calculations of
Polyatomic Molecules

TaHOoMAS M. MELLOR
UnN1versiTy COLLEGE LONDON

PHaysics AND ASTRONOMY

Submitted to University College London (UCL) in partial fulfilment
of the requirements for the award of the degree of Doctor of

Philosophy.

Primary supervisor: Prof. Sergey Yurchenko
Secondary supervisor: Prof. Jonathan Tennyson

Examining committee: Dr. David Benoit and Prof. Graham Worth

Thesis submission date: January 20, 2023



Declaration

Declaration

I, Thomas M. Mellor, confirm that the work presented in this thesis is my own. Where
information has been derived from other sources, I confirm that this has been indicated

in the thesis.

Thomas M. Mellor
January 20, 2023

2 of 166



Declaration

Publications

Publications relevant to this thesis:

Chapter 4: T. M. Mellor, A. Owens, J. Tennyson, and S. N. Yurchenko. “MARVEL
analysis of high-resolution spectra of thioformaldehyde (H,CS)”. In: ]. Mol.
Spectrosc. 391 (2023), p. 111732. por: 10.1016/j. jms.2022.111732

Chapter 4: T. Mellor, A. Owens, J. Tennyson, and S. N. Yurchenko. “ExoMol line
lists — XLVIIL. High-temperature line list of thioformaldehyde (H,CS)”. In: Mon.
Not. R. Astron. Soc. (2023). por: 10.1093/mnras/stad111

Chapter 5: T. M. Mellor, S. N. Yurchenko, and P. Jensen. “Artificial Symmetries for
Calculating Vibrational Energies of Linear Molecules”. In: Symmetry 13.4 (2021).
por: 10.3390/sym13040548

Chapter 6: T. M. Mellor. “Molecular frames for a symmetry-adapted rotational
basis set”. In: Mol. Phys. 120.18 (2022), €2118638. por: 10.1080/00268976.2022.
2118638

Chapter7: T.M. Mellor, S. N. Yurchenko, B. P. Mant, and P. Jensen. “Transformation
Properties under the Operations of the Molecular Symmetry Groups Gz and
G36(EM) of Ethane H3CCH3z”. In: Symmetry 11.862 (2019). por: 10.3390/
sym11070862

Other publications:

S. N. Yurchenko, T. M. Mellor, R. S. Freedman, and J. Tennyson. “ExoMol line lists
— XXXIX. Ro-vibrational molecular line list for CO,”. In: Mon. Not. R. Astron. Soc.
496.4 (2020), pp. 5282-5291. por: 10.1093/mnras/staal874

S. N. Yurchenko and T. M. Mellor. “Treating linear molecules in calculations
of rotation-vibration spectra”. In: J. Chem. Phys. 153.15 (2020), p. 154106. por:
10.1063/5.0019546

J. Tennyson, S. N. Yurchenko, A. F. Al-Refaie, V. H. J. Clark, K. L. Chubb, E. K.
Conway, A. Dewan, M. N. Gorman, C. Hill, A. E. Lynas-Gray, T. Mellor, L. K.
McKemmish, A. Owens, O. L. Polyansky, M. Semenov, W. Somogyi, G. Tinetti,
A. Upadhyay, I. Waldmann, Y. Wang, S. Wright, and O. P. Yurchenko. “The 2020
release of the ExoMol database: Molecular line lists for exoplanet and other hot
atmospheres”. In: J. Quant. Spectrosc. Radiat. Transf. 255 (2020), p. 107228. por:
10.1016/3 . jqsrt.2020.107228

3 of 166


https://doi.org/10.1016/j.jms.2022.111732
https://doi.org/10.1093/mnras/stad111
https://doi.org/10.3390/sym13040548
https://doi.org/10.1080/00268976.2022.2118638
https://doi.org/10.1080/00268976.2022.2118638
https://doi.org/10.3390/sym11070862
https://doi.org/10.3390/sym11070862
https://doi.org/10.1093/mnras/staa1874
https://doi.org/10.1063/5.0019546
https://doi.org/10.1016/j.jqsrt.2020.107228

Impact Statement

Abstract

Successfully computing the ro-vibrational spectrum of a polyatomic molecule requires
consideration of several factors. Among them is the representation of the kinetic energy
operator (KEO), the choice of body-fixed (BF) frame, and the use of the molecular
symmetry group. The work detailed in this thesis develops all three and forms a part of
the ExoMol project which is concerned with the calculation of molecular line lists of
astronomical significance.

For the first factor, I enhanced one of the main programs of the ExoMol project,
Trovg, by enabling the use of externally programmed and analytic KEOs in variational
calculations. I utilised this approach in the MarveLised line list calculation of H,CS
which covers the 0 cm™ to 8000 cm™ range for states up to | = 120. I also collated all
experimentally available transitions and, with the MarveL program, converted them to
highly accurate experimental energy levels. The energies of the calculated line list were
then replaced by MARVEL energies when available.

The states of all such line lists in Trove have an assigned symmmetry label according
to their appropriate molecular symmetry group. A robust symmetrisation procedure is
one of the main features in Trove. I further exploited group theory by contructing and
implementing an artificial group for use in Trove’s 3N — 6 approach for the variational
calculations of linear molecules. This allowed much of the pre-existing infrastructure to
be used with minimal changes.

An analytic KEO complicates matters by necessitating a BF-frame alternative to
the usual Eckart frame. I elucidate the choice of BF-frames which permit rotational
symmetrisation and suggest example alternative frames.

Finally, one of the suggested frames is used for the analytic KEO of CoHg. The
preliminary work on this molecule is described, with a focus of my implementation of
its molecular symmetry group in TrRoVE.
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1. Introduction

Chapter 1

Introduction

Since the launch of the Kepler space telescope in 2009 [9], there has been an explosion in
the number of verified planets beyond our solar system (“exoplanets”) [10]. Characteris-
ing the atmosphere of an exoplanet — the molecular composition, the temperature, and
the pressure, ideally as a function of the altitude — is of enormous interest to astronomers.
This information can be inferred only from the spectrum produced when the light from
the star interacts with the planet’s atmosphere: roughly speaking, the proportion of
light absorbed by the atmosphere as a function of the light’s frequency. Astronomers
use statistical methods to find the most likely atmospheric properties from the observed
data [11].

The confidence in the predicted properties largely depends on the quality of the
underlying molecular spectra. While laboratory measurements are immensely valuable,
experiments could never provide all the necessary data due to the sheer quantity needed.
They must be heavily supplemented by theoretical calculations. Although less accurate
than experiment, theoretical calculations are easier and safer to perform.

Molecular spectroscopy — the study of the interaction of matter with electromagnetic
(EM) radiation — is what allows us to simulate the spectra. As a molecule is a quantum
mechanical system, its bound states have discrete energy levels. Transitions between
energy levels are achieved through the absorption or the emission of a photon. The
energy of this photon is given by hv where h is Planck’s constant and v the photon’s
frequency.

The complexity of the quantum systems, consisting of several interacting bodies,
precludes any sort of analytic solution to the associated Schrédinger equation; numerical
approaches are necessary. Still, performing the necessary calculations is a daunting
task as one must solve a set of coupled second order differential equations. Thankfully,
well-chosen assumptions can simplify things considerably. Of chief importance is to
approximate a molecular state as a product of an electronic state, a rotational state of
the nuclei, and a vibrational state of the nuclei. Transitions between molecular states are
then combinations of transitions between the sub-states. The energy of the sub-state
transition follows the inequality

Ero’cational < EVibrational < Eelectronic (1-0-1)

which, for polyatomic molecules, are in the microwave, infrared (IR), and ultraviolet
regions of the EM spectrum, respectively. The work in this thesis is limited to IR energies
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1. Introduction

or below, so only ro-vibrational (rotational vibrational) transitions will be discussed.
Thus, only the lowest lying electronic state is required. The rotational and vibrational
states are further sub-classified by various labels (quantum numbers), both rigorous
and approximate.

This thesis forms part of the ExoMol project, which is concerned with the production
of calculated line lists of molecules of astronomical importance [12]. A line list contains
information about the ro-vibrational states of a molecule, as well as transition information.
Figure 1.1 shows the work flow for the generation of a generic line list in ExoMol. The
electronic problem is solved first and the electronic state is represented by the potential
energy surface (PES). Initially, this is purely theoretical, or ab initio, and, when added
to the kinetic energy operator (KEO), is the ro-vibrational Hamiltonian is used to
calculate the ro-vibrational states. For the ro-vibrational energies to be of the required
spectroscopic accuracy, the PES is then further “refined” from the available experimental
data which feeds back into the ro-vibrational state calculations. Calculating the
transitions requires both the ro-vibrational wavefunctions and a dipole moment surface
(DMS). An ab initio DMS is adequate in this case.

[Ab initio calculations}

r PES  |———— DMS

- Variational
g calculations
: l

)

5

k3!

~

Accurate ro-
vibrational
energies?

Intensities ‘

yes i

no

Figure 1.1: The generic work flow for the creation of a line list in ExoMol.

As any line list is a large project, there are many factors to consider. Among them
is the representation of the KEO — in terms of the choice of coordinates and the axis
used — and the use of symmetry to reduce the computational load and to more precisely
classify the ro-vibrational states. These will be the focal points of this thesis.

The first way I advanced the process of ro-vibrational calculations — and the first
broad aim of this thesis — was through the development of an analytic KEO approach.
An analytic KEO is more compact than the standard Taylor expanded KEO of (the
ExoMol program) TrRove. Moreover, as the Hamiltonian and the eigenfunctions are
expressed in valance coordinates, the eigenenergies should be expected to converge
with a smaller basis set compared to TrRovE’s usual linearised coordinates. The analytic
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1. Introduction

KEO implementation was tested in the calculation of an H,CS line list.

The second broad aim of this thesis is to further exploit molecular symmetry in
ro-vibrational calculations. Generally speaking, molecular symmetry is invaluable. This
assisted in the 3N — 6 implementation for calculating line lists of triatomic molecules.
It also allowed me to determine how molecular symmetry restricts the choice of a
body-fixed (BF) frame.

Finally, I completed much of the necessary preliminary work for the line list calcula-
tion of CoHp. It distinguishes itself from other ExoMol molecules in two ways: first, as it
contains eight atoms, it is much larger than a typical ExoMol molecule and therefore
prone to the effects of the “curse of dimensionality”. Second, and somewhat related to
the first, is that CoHg has many symmetries. For ro-vibrational calculations, this is a
two way sword: although the symmetries can be exploited, and thus a greater number
of them is advantageous, they also come with idiosyncrasies which must be properly
addressed.

With these difficulties in mind, I derived an analytic KEO for CoHg which should go
some way towards combatting the dimensionality issue. I also utilised the symmetries
of C,Hg substantially in TROVE’s symmetrisation procedure.

The structure of this thesis is as follows: Chapter 2 reviews the necessary background
knowledge required for the other Chapters. It contains a more thorough description of
the work flow of Figure 1.1 and, in particular, the unique steps in Trove. There is also a
focus on the calculation of a KEO in general, with the analytic KEO implementation in
TROVE detailed in Chapter 3. Finally, basic results from the theory of finite groups and
how they pertain to ro-vibrational calculations are provided. Following those chapters,
Chapter 4 discusses the marveLised H,CS line list recently computed. The HyCS MARVEL
project and the line list were covered in Refs. [1] and [2], respectively, and form the
basis of the chapter. An application of group theory for TrRovE’s triatomic molecule
implementation is described in Chapter 5. It is predominately based on the work in Ref.
[3]. Chapter 6, taken primarily from Ref. [4], examines the possible BF-frames needed
to utilise the symmetry of the rotational coordinates, with the example of CH3Cl. Next,
Chapter 7 centres on the C;Hg molecule and describes the application of molecular
symmetry onto it. It also builds on the work of the previous chapter by stating alternative
BF-frames for CoHg. The work is mainly derived from Ref. [5]. Finally, Chapter 8
concludes this thesis and outlines the next steps in the line list calculation of CoHe.
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2. Background

Chapter 2

Background

2.1 The Born-Oppenheimer approximation

The first step in any line list calculation is the determination of the eigenfunctions and
their eigenenergies. These are found by solving the ro-vibronic Schrédinger equation

I:Irve\yrve = Erve\yrve (2* 1 '1)

where lqrve is the ro-vibronic molecular Hamiltonian, that is, one that ignores the
interactions arising from the spins of the particles. In the nuclear centre of mass,
the ro-vibronic molecular Hamiltonian for I electrons of mass m. and charge e with
coordinates (R;x, Riy, Riz) and N nuclei of charge C,e and total mass M with coordinates
(Rax, Ray, Ryz) is given by

T,
P v: PR &
Sy ey Vo Vo

2 aZ:z o« 2M a,aZ’=2 (2.1.2)

Tnu
L CiCje? ¢ NCCe CaCure®
0(>0{
Ve,nu v
where V; is
Vi=(d/dRix, 8/8Riy ,d/dR;;) (2.1.3)

and Rij is the distance between electrons i and j and similarly for V, and R, . The
underbraced terms Te, Tnu, Ve, nu, and Vy, are the electronic kinetic energy, nuclear
kinetic energy, electron-electron and electron-nuclear Coulomb interactions, and the
nuclear-nuclear Coulomb interactions, respectively.
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2.1. The Born-Oppenheimer approximation 2. Background

As expected from the translational invariance of free space, the Hamiltonian compo-
nents due to the nuclear centre of mass coordinates are completely decoupled from the
other coordinates and thus are omitted. The current Schrodinger equation, however,
is intractable being a coupled set of differential equations for 3N + 3/ — 3 coordinates
and therefore further transformations and approximations are necessary. First note that
the T, and T, are decoupled and there are no terms which contain derivatives for both
types of coordinates. The only electronic and nuclear coupling is through Ve, ny.

Since the electron masses are of the order of 1073 to 10~* times the nuclear masses, the
electronic times scales of motion should be 1072 to 10~ that of nuclei with comparable
momentum to the electrons. This means that on the electronic time scales of motion,
the nuclei can be considered stationary. This is the essence of the Born-Oppenheimer
(BO) approximation [13]. Quantitatively, ro-vibronic Hamiltonian’s eigenfunction W,y is
expressed as a product of two terms Wrye = We(Re; Rnu)Wnu(Rnu) where the electronic
component W, is a function of the electronic coordinates R, explicitly and a function of
the nuclear coordinates Ry, only parametrically.

Applying the ro-vibronic Hamiltonian to this function, we obtain

‘Ilnu(Te +Ve+ Ve, nu)\ye + \I]e(Tnu + Vnu)\pnu = ErveWrve- (2.1.4)

The action of Ty, on W, is omitted as this is the term arising due to the nuclear motion on
the electronic solution of the Schrodinger equation and by the above discussion should
be zero. Moreover, the second term in T, = T + T contains a factor 1/M compared to
the first whose is 1/me. There ratio is the same as the ratio of electronic and nuclear
time scales of motion, so the second term can be neglected under the BO approximation
ordinarily.

From the nuclei’s perspective, a change in their position results in a virtually
instantaneous adjustment of the electronic position. Because the only coupling they
have with the electrons is through the Coulomb interaction, this effectively results
in a potential experienced by the nuclei. The first term in brackets in Eq. (2.1.4) is a
Hamiltonian which can be solved for different nuclear positions to find the electronic
eigenenergy Ve(Rny) as the function of nuclear positions.

Many methods exist for solving these equations, such as coupled-cluster [14],
configuration interaction [15], multi-reference configuration interaction [16], and Meller-
Plesset perturbation theory [17]. All expand on the Hatree-Fock method [18, 19], and
are iterative solutions, known as self-consistent field approaches, which take an initial
guess for the eigenfunctions and use a derived equation to create a new solution. This
solution is then the new starting function and the process is repeated until it converges
to a stable solution. Further details for these methods can be found in the provided
references.

Once a sufficiently large set of energies arising from the nuclear-nuclear interaction
plus the electronic potential is found on the grid of nuclear positions, the energies must
be fitted to an analytic function. This fit is known as the ab initio potential energy surface
(PES) which is denoted here by Ve(Rnu) + Vnu. After substituting this into Eq. (2.1.4), it
becomes the nuclear Schrodinger equation:

\Pe [’fnu‘ynu + (VE(RI'IU) + Vnu)\ynu] = Erve\yrve- (2'1'5)

20 of 166



2.2. Intensity calculations 2. Background

TROVE uses the variational approach to solve this equation. Briefly, a Hamiltonian
matrix is built from a suitable (symmetry-adapted) basis set and then diagonalised. The
matrix” eigenvectors are the ro-vibrational states and the eigenvalues are their energies.
Section 2.6 discusses this in more detail. For the molecules in question in this thesis, the
ground state potential energy surfaces and also the dipole moment surfaces, defined in
Eq. (2.2.8), were calculated with the coupled cluster method.

2.2 Intensity calculations

2.2.1 Line intensity

In the presence of a weak external electromagnetic (EM) field, there is a probability
that a molecule in state W; with energy E; will absorb a photon of frequency v;s and
transition to state W with energy E. This section will derive the equations for various
quantities related to the interaction of a weak EM field with matter, most crucially the
well defined Einstein A coefficients which give the probability of spontaneous decay per
unit time from Wy to W;.

To begin [20], in thermodynamic equilibrium, the upper state occupancy is static,
i.e. dNy / dt = 0, where Ny is the number of molecules in state W¢. For the transition
between W; and W/ there are three possibilities: the EM field stimulates a transition
from W; to Wy, or vice versa, and the molecule in state Wy spontaneously decays to
W;. We assume that the rate of stimulated emission/absorption is proportional to the
field’s energy density at the frequency v;s of the emitted /absorbed photon. The above
is expressed by the equation

dN

d—tf = pv(Vfi)NiBif = py(vfi)N¢Bfi — NfAgi = 0 (2.2.1)
where p, (v¢;) is the radiation’s spectral energy density (energy density per frequency),
and Ay; is the aforementioned Einstein A coefficient while B;f and By; are the Einstein
B coefficients for stimulated absorption and emission, respectively. The spectral energy
density is assumed to be due to a black body. Solving for p,(vf;) and noting that N
and N; follow the Boltzmann distribution, we obtain

Afi

Bifthf,-/kT _ Bfl

pv(vyi) = (2.2.2)

which, when compared to Planck’s radiation law, provides us with the relations B;f = By;

and
87thv}3(i

Next we will determine the Einstein B coefficients. In a weak electromagnetic field

[21], so that the vector potential A is small and so A? can be neglected, the perturbing
Hamiltonian on a particle of charge Ce is given by (assuming the Coulomb gauge)

. Cea
A =-=p.a (2.2.4)
m
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2.2. Intensity calculations 2. Background

where P is the momentum operator. We set the vector potential A to the form

Ap(wi) . .
A(r,t) = ZAo(a)]-)cos(k]- - wijt) = Z w(el(kﬂ‘w#) + e~ ikjr=witly) (2.2.5)

j j

In the so-called electric dipole approximation, the transition wavelength is assumed
to be much larger than the atom’s size so that k - r is approximately constant along
the atomic size and can be set to zero. Coupled with Fermi’s Golden Rule, the average
transition rate R;y is given by

2
% <\I’f|Ao(a)]') P |\I],> (6(1/if - 1/]') + 6(Vif + V])) . (2.2.6)

2
i
J

where, as the light is incoherent, the intensities are summed rather than the amplitudes.
The squared amplitudes are known as transition moments.

Consider the first half of term j of Eq. (2.2.6). With P = —i m[Hy, r]/h we can write it
as

7'(2 2
" (¢ ¢|wjAg - Cer [i)|" 0(vsi —v)). (2.2.7)

where, due to the delta function, we made the substitution 2nvs; = wf; = wj. Using
that E = — dA/dt we have wjAo(w;j) = Eo(w;j). The interaction Hamiltonian becomes
Eo(wj) - Cer. Generalised to a molecule, the interaction is

Eo(a)j) . Z Cier; = Eo(a)]') U (2.2.8)

where p has the structure of a classical dipole moment which justifies its name. The
sum is over all electrons and nuclei.

As the light is incoherent, Eq(w;) has a random polarisation vector P. The transition
moment will contain factors such as Px Py whose average over a uniform distribution is
zero and PxPx whose average is 1/3. The average transition rate for this term therefore
becomes

2 Eo(

A2
3;;)]) Z | (Wl pa Wiy Po(vif —v)) (2.2.9)
A

where the sum A is over the three Cartesian coordinate components of the dipole
moment. We desire to substitute the squared electric field amplitude for the spectral
energy density p,,(w;). The energy density of the full field, given by (¢oE?) [22], where

22 of 166



2.2. Intensity calculations 2. Background

the average is over time, is

Z gow (cos(

(e0E?) = s(wjt — wit) + cos(wjt + wgt))

Z EO(C‘)])EO((Uk)( 5ip+ 16 k)
- 5 I 2%]=
jk

)2
= Z gOEo(g)J) using Eo(w;) = Eo(~wj) (2.2.10)

j
Z eoEo(wj)?

w;>0

0Eo(wj)?
= Z BV Aw

(Uj>0

The spectral energy density is thus ¢Eo(w;)?/Aw. Substituting this into Eq. (2.2.9) and
restricting the sum to w; > 0 by doubling the value, we obtain

212 ey (wj)A
Rif= Y, — S D s ua W) P6(vig = v) +5(vig +v)
A

ﬂ)j>0 3h2€0
27 py(vj)A (2.2.11)
T( pPvVj)AV
- Z 3h2 — Z | <‘I]f| UA |\I]1> |26(Vif - 1/]) + 6(Vif + V]))
vi>0

Taking the limit lima,—0 2; Av = f dv and performing the integral, the rate R; is

21 py(vif)

Rif 3h2€0

D (Wi pa 1wy 1. (2212)
A

This is the rate of absorption. The rate of emission is the same except w; is replaced by
wfi, and we therefore must take the second term of Eq. (2.2.6). We deduce the Einstein
A coefficient [23]

167'(3v1-f )
Aif = e ;|<\I]f|lv‘A W) 7. (2.2.13)

The term ) 4 | (‘I’f| ua |W;) |? is known as the line strength.

Now we can determine the line intensity. According to the theory of radiative transfer
[24], for the isotropic field the reduction in the spectral intensity I, (v) (the energy per
unit area per unit time per unit frequency) when the radiation crosses a distance dz
through a molecular gas is given by

dl,(v) = —o(v)I,(v)dz (2.2.14)

where 0(v) is the cross section with units m? and has the interpretation as the “area” of
molecules which impede the radiation transfer. Solving this equation for I, (v) gives

I,(v) = Ipe W7 = [pe=c"av)z (2.2.15)
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2.2. Intensity calculations 2. Background

where c¢* is the molecular concentration and a(v) is the absorption coefficient.

All that remains is to find the function a(v). dI,(v) has units energy per area and
is the amount of energy lost when the radiation crosses a distance dz. The amount
lost from the i to f transition will be the energy per transition hv;f multiplied by the
number of molecules in the initial state and the probability of a transition. The latter
will be p,(v)Birg(v — vif) where g(v — vif) is a lineshape function peaked at v;f and is
unity under integration. It specifies the “spread” of the line width. The origin of this
probability is explained in Section 2.2.2. The spectral energy density can be replaced by
the spectral intensity with p,(v) = I,(v)/c [25] so that

hvif
c

dl,(v) = % I,(v)(Nf = Nj)Birg(v = vif) (2.2.16)

where A is the area under consideration. Ny can be written as c*Ae Ef¥T 1O(T)dz where
Q(T) is the partition function; likewise for N;. The line intensity for the transition is
defined as

2n2vife‘Ef/kBT

| —hvif
16 1= [ oty = s 2ttt [1_6’(19( ksT )]

2.2.2 Line broadening

As mentioned above, absorption lines include the lineshape profile. Lines are never
sharp as there are various mechanisms which broaden them in reality. Intrinsic to the
system is the lifetime or natural broadening from the spontaneous decay. The lines take
on the characteristic Lorentz profile. The origin of this can be glimpsed by modifying
the derivation of Fermi’s golden rule by using the equation

. i & i(wfi—w I
er(t) = —ﬁ<\yf|H |W;) ell@rima)t _ er(®) (2.2.18)

where c¢(t) is the (time dependant) coefficient of W for the eigenfunction W(t). A term
—Tc £(t) is added to represent spontaneous decay of rate I'/2 proportional to the upper

state’s “occupancy” c(t). This can be solved for the probability Py for t — co where we
obtain
Pr=+ (We|Hi(t) W) |2 ! (2.2.19)
AN /22 + (Awp -

where Aw = (wf; — w) and the probability distribution has the expected Lorentz profile.
In fact, I' = A¢; and the division by two in Eq. (2.2.19) was because we anticipated the
necessity to square an exponential to obtain the probability from the coefficient.

In practice, lifetime broadening’s effect on the profile can be neglected as it is
dwarfed by two other effects, the first of which is collisional broadening. The perturbing
interactions between neighbouring molecules can reduce the upper state lifetime
(increasing A¢;) and thus further broaden the line profile. Moreover, the interactions
may also shift the line peak by A. Both effects can be expressed by the (normalised
profile)

1 I'c/2

7 (Tc/2)? + ()2

L(w) = (2.2.20)
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2.2. Intensity calculations 2. Background

where @’ = w — ws; — A and I'c is the collisionally broadened decay rate.

The other major type, Doppler broadening, is of a different origin and has a different
concomitant profile. This arises as the frequency of the incident light onto the molecule
is modulated by the molecule’s motion relative to the radiation source. If we consider
only the effect in one dimension, the frequency and velocity distributions are related by

P,(v)dv = Pv(v)%dv (2.2.21)

where v is the molecule’s velocity. As the molecular velocities are non-relativistic, the
incident and observed frequencies are related to the velocity via

v=v(1+2) (2.2.22)

which, when solved for v and substituted into Eq. (2.2.21), and noting that the velocity
distribution P,(v) is given by the Maxwell distribution, results in

2 2
c m me=(v — sz‘)
P,(v—vg) =D —vf) = 5T &XP (——ZkT frz ) (2.2.23)
which is a Gaussian of full width at half maximum
rp = 2L 1;12V fi (2.2.24)
mc

To combine the two effects, they are approximated as independent processes. In
this way, once the perturbing interactions which cause the collisional broadening are
accounted for, further broadening due to the Doppler shift is applied. Mathematically,
this is a convolution of the two profiles, defined by

Vv) = [‘X’ D' )L(v —v")dv’ (2.2.25)

called a Voigt profile. To derive this, consider transitions at frequencies v/ to v + Av’/
from the band centre without Doppler broadening. These have the probability L(v’ YAV’
The effect of Doppler broadening is to spread out the these transitions so that the
probability V;(v) of a transition at v becomes

Vi(v) = D(v = v))L(v))Av'. (2.2.26)

Summing over all i and taking the limit lima,’ 0 >,; AV’ = f dv’ we obtain

Vv) = [00 D(v —v )L )dv'. (2.2.27)

Changing the integration variable to v — v" and using that L is symmetric about 0, one
obtains Eq. (2.2.25).
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2.3 The kinetic energy operator in curvilinear coordinates

2.3.1 General form

As explained in Section 2.1, within the BO approximation, deriving the Hamiltonian
involves building both the PES and the kinetic energy operator (KEO). For the molecules
considered in this work, the construction of the PESs was performed by others, and they
will not be discussed in any significant detail. As part of my PhD project, TROVE was
significantly updated to enable ro-vibrational calculations in other coordinates types. In
particular, valence coordinates were utilised. Thus, it is instructive to review the steps
involved in transforming the KEO for N atoms expressed in Cartesian coordinates to
the desired form.

To begin, some notation. The position vector of nucleus «a from the nuclear centre of
mass will be denoted R,. We use a space-fixed (SF) frame whose origin is at the nuclear
centre of mass (COM) and whose axes have a fixed direction in space and a body-fixed
(BF) frame whose axes rotate with the molecule in some predetermined fashion. The SF
and BF unit vectors will be denoted by ér and &g, that is, uppercase subscripts are SF
unit vectors and lowercase are BF unit vectors. Then, the coordinates of the position
vector in each frame are

RaF = Ra * éF, rag = Ra ¢ ég. (2.3.1)

and R, is the set of Cartesian coordinates (Rax, Ray, Rqz) for atom a. Alist of components
will be denoted as (R1,...,Ry) = R.

Typically, the position vectors are expressed in terms of the vibrational and angular
coordinates, e.g. Ro(q1,...,91, ¢, 0, X) = Ra(q, ¢, 0, x) where the latter 3 coordinates
are the Euler angles which specify the orientation of the BF-frame with respect to the
SE-frame [26]. We use the standard definition of the Euler angles which involves first
rotating the BF-frame by ¢ about the BF z-axis (which is also the SF z-axis initially),
then rotating the BF-frame by 0 about the BF y-axis, and finally by x about the BF z-axis.
All rotations are counter-clockwise (right handed). See Figure 2.1. With this definition
the coordinates R, in the SF-frame are given by

Ra(‘]l/ ceesfn, (P/ 0,x) = Mz((P)My(Q)MZ(X)ra(qlr ceey I]n) = Mr, (2.3.2)
where

cos¢p —sin¢g 0
M;(¢p) =|sin¢ cos¢ 0},

0 0 1
cos@ 0 sinf
My(Q) = 0 1 0 |, (2.3.3)

—sin@ 0 cosBO
cosy —siny 0
M,(x)=|siny cosy O},
0 0 1

and r, are the coordinates of R, in the BF-frame.
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x
(a) The first two Euler angles ¢ and 0 (b) The final Euler angle x is due to
which are essentially angles defining a rotation about the BF z-axis or the
the spherical coordinates. The first z’-axis of the figure.

rotation of ¢ is about the z-axis of both
the SF- and BF-frame which initially
coincide. The BF-frame is then rotated
by 0 about the BF y-axis or the y’-axis
of the figure.

Figure 2.1: A visual representation of the Euler angles.

With this parametrisation [27], the KEO has the general structure

~ 1. .
T= Enj, QuvTp (2.3.4)

where a repeated index implies summation over all the coordinates and 7, is the
conjugate momentum for &,, given by

g = —lhaéa (2.3.5)
and the matrix g, is
aga 35!}
b = = BBy 2.3.
b= Sy ox. b (2.3.6)

where we define the matrix B. These can be further reformulated in terms of new
operators 11, defined by

I, = (A )ty (2.3.7)
for some matrix A. The KEO then becomes

~ 1A N
T = EHZGabe (2.3.8)

where G, = AacAbdgcd = AacAdeCgBdf = (AB)HE(AB)bf = Cuerf, with the definition
C = AB. We retain the conjugate momenta for the COM and vibrational coordinates,
while the conjugate momenta of the Euler angles are transformed to quasi-momentum
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operators (s, fy, J.) defined by

0
R ) _cos x —
lx | sin x e cot 0 cos x 886
Iy|= =il cos X A _ ot Osin X % (2.3.9)
Ji sin 6 J
z 0 0 1 i
Ix

where the left hand side operators are in fact the BF components of the SF angular
momentum. Finally, when using the integration volume element

dt =sin0d0d¢dyxdg;...dgn,
the KEO can be expressed as
T= %(ﬁa + %Au)Gab(ﬂb - %Ab)

where A, = (Cpal1,Cy4,) and the brackets signify that this is purely a multiplicative
operator, that is, the Ils only act on C. Expanding the brackets, we obtain

%ﬁaGabﬁb - %(ﬁaGabAb) - %AaGabAb (2-3-10)

while Appendix 2 of Ref. [27] shows that the purely multiplicative terms (known as the
pseudo potential U) can be written as

U = 1Cup[T1,, [I14, Capll + 1ITs, Cap[T1a, Cap] (2.3.11)

which is how Ref. [28] expresses U. The formulas for G,;, Eq. 5.15 of Ref. [27], as
well those for U in 2.85 to 2.87 of Ref. [28], reveals that they are functions only of
the vibrational coordinates. Henceforth the vibrational momentum operators will be
written with lowercase 7.

2.3.2 Serensen’s approach to derive KEOs

From the expression of the KEQ, it is apparent that the main difficulty is calculating the
C matrix. To derive this, TrRovE follows the method of Ref. [28], which we will briefly
outline. Adopting his notation, the G matrix and pseudo potential U are given by

1
Gap = Z —Sa,0 " Sh,a
a Ma

1 1 R R 1 . ~
u-= Z Z m_a(sa,ai[nur [nb/ Sb,ai]] + E[T(a/ Sa,ai][nb/ Sb,ai])

abai

(2.3.12)

where a € {1,...,N} ranges over the atoms, m, is the mass of the ath atom, and
i € {x,y,z} ranges over the three components of s, ,. Here, s, ,; relates to C,; with
Sa,ai = \MaCpap, where b is matched to ai. The s-vectors are extracted from the s-matrix,
the inverse of the t-matrix: the ath row of s, say, is given by s,. This is then further
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separated into groups of three (by atom) so that s, is the ath row of s and s, , the ath
group of s,. A similar convention applies for the t-vectors, with the difference that ¢, is
the ath column of t. A note on notation: rotational, vibrational, and translation s and ¢
vectors are labelled with {g, i}, k, and F, respectively. General components of these
vectors are labelled with other letters, and atoms are labelled by {«, 8}.

The t-matrix itself is constructed from three types of vectors,

tro =ér (translations), (2.3.13)
ton = €¢ X R, (rotations), (2.3.14)
tio = dg Ry (vibrations). (2.3.15)

Since we use the conjugate momenta for the translational and vibrational coordinates,
one can directly calculate their s-vectors without the ¢-vectors,

SFa = %é]s (translations), (2.3.16)
Sk,a = darqkér (vibrations). (2.3.17)

Obtaining the rotational s-vectors requires further work. One first creates three
constraints defined by the orientation of the axes. These are functions of the BF
coordinates r, and are always zero:

C®(r1x, 11y, ..., 7nz) =0 (2.3.18)

where ¢ € {x,y, z}, although the ordering of the conditions is irrelevant. We shall see
simple examples later. One then creates a new set of vectors given by

()
Coa = Z éf ki (2.3.19)
f

Using these and the rotational t-vectors, one can construct the matrix:
Jog = Z Coa by a (2.3.20)
o

The rotational s-vectors can then finally be determined and are given by
S0 = JewCea (2.3.21)
g/

One further point to note is that the c-vectors must satisfy the requirement that

Z cgn = 0. (2.3.22)

a

This arises because of the conditions on the rotational s-vectors that the translational
t-vectors impose:

Z tra - Sga = Z ér - Sga =0. (2.3.23)
a a
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An analogous condition exists for the vibrational s-vectors. This implies

> sga=0 (2.3.24)

[°4

which, because | is invertible, imposes it on the ¢, o vectors also. If they do not satisty
this condition, they can be readily adjusted to ¢’ via

, m
Coa = Cga — MO‘ Co (2.3.25)
a/

where M is the sum of the nuclear masses. This does not affect the other necessary
conditions.

24 Group theory and Molecular Symmetry groups

A running theme throughout this thesis is exploiting a molecule’s symmetry to assist in
the calculation of its spectrum. Indeed, the so-called irreducible representation (irrep) of
an eigenfunction is essential in determining its spin-statistical weight ¢ns which affects
the intensity of a transition it is involved in. In particular, gns of zero means the one can
skip the calculation of the line strength. And, while not being essential for ro-vibrational
energy calculations, a symmetry-adapted basis set {W'} (that is, one where each basis
function belong to an irrep of the group) greatly assists in the diagonalisation of the
ro-vibrational Hamiltonian matrix; it is block diagonal with the form

1—'S/
(i

A

HI'V

\yf;;{q) = Hyy 01,60, 0], 2.4.1)
where the indices u and y’ label the basis functions, | and |’ are the rotational quan-
tum numbers, I's and I'; denote irreps of the symmetry group, and n,(n;) labels the
components of the irrep I's(I';).

In this section, we shall review the basic aspects of finite groups and the representation
of such groups to properly understand the meaning of Eq. (2.4.1) and how molecular
symmetry emerges as the Molecular Symmetry group.

2.4.1 The definition of a group

In mathematics, a group [29] is defined as a set of elements G equipped with a binary
operation * such that the set is closed under * and that * satisfies the following

* Associativity: foralla, b,and cin G, (a*b)*c =a =+ (b*c).

¢ Identity element: there exists an element ¢ € G such that, for every a € G, one has
exa=ax*e=a.

¢ Inverse element: for each a € G, there exists a unique element a™! € G such that
-1 _ ,-1
axa=a " xa=e.

30 of 166



2.4. Group theory and Molecular Symmetry groups 2. Background

Collectively, these are the group axioms.

For brevity, the notation = for the operation will be dropped as it is implicit when
two elements in G are written as a pair. Groups naturally arise when considering
the symmetries of an object. Colloquially, the elements of a group are operations on
an object which leave the object unchanged or invariant. For example, the rotation
of an equililateral triangle by 27/3 with an axis of rotation through its centre and
perpendicular to the triangular plane leaves it indistinguishable from before the rotation.
Combining this rotation (and its inverse which is a rotation by —27/3 or 47t/3) with the
rotations and reflections through an axes parallel to the triangular plane and running
from a vertex of the triangle to the midpoint of the opposite side, one forms the so-called
point group of the triangle, D3. Although the idea of a point group can be extended to
three dimensions and applied to molecules in equilibrium, with a particularly useful
application for linear molecules, these are not true symmetry groups of a molecule.

2.4.2 Molecular Symmetry group

Lougett-Higgins [30] elucidated the concept of molecular symmetry in his construction
of the Molecular Symmetry (MS) groups. There are two types of MS operations. The
tirst type permutes the labels of identical nuclei. Consider the atoms 1, 2, and 3 which
have position vectors (R1, Rz, R3). The MS operations that permute the atomic labels in
turn permute the position vectors. The operation (123), for example, which is shown by
Figure 2.2, and which relabels atom 1 as atom 2, atom 2 as atom 3, and so on, changes
the position vectors by

(Rl, Rz, Rg) — (Rg, R1, Rz) (2.4.2)

as now atom 2 has position vector Ry, and so on. The other type of operation is the

3 1

2 3

Figure 2.2: The transformation (123) on a hypothetical molecule.

inversion which changes the position vector R, to —R,.

Any operation in the MS group is formed by a feasible (in the language of Longuet-
Higgins) combination of these operations. To construct the irreps of Eq. (2.4.1), we
must understand the more general theory of representations of finite groups, the topic
of Section 2.4.4. We must also understand how the MS group is manifested through
the transformation of the Hamiltonian and its eigenfunctions, which means, in effect,
the transformation of functions (and derivatives) of the coordinates. This question is
addressed in the next two sections and will prove important later to correctly transform
functions of the CoHg vibrational coordinates under MS operations. It will also be used
to rigorously define how the Hamiltonian is transformed under MS operations as well,
and therefore demonstrate its invariance.
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MS operations on functions

We'll only need to consider functions of the Cartesian coordinates, for the moment in
the SF-frame. The behaviour of the functions under MS operations is then essentially
the same as that of the position vectors. The operation (123) on f(R1, R2, R3) transforms
it to

f(R1,R2,R3) = f(R3,R1,Rz) = f(P(R1,R2,R3))

= o P(Ry, Ro, R3) (2.4.3)

where P represents the permutation operation. The meaning of Eq. (2.4.3) is that the
function f is evaluated at the transformed Cartesian coordinates.

A vibrational coordinate is just a specific type of function of the Cartesian coordinates,
again in the SF-frame for the time being. For example, q1(R1, R2, R3) is transformed
to g1 = q1(Rs, R1, R2) for coordinate g1. Typically, one can express 4] in terms of the
original coordinates, for example q1(Rs, R1, R2) = g2(R1, Rz, R3) for coordinate g5 [5].
For the inversion operation, the vibrational coordinate may have positive parity, as in the
case of bond lengths, or negative parity, in the case dihedral angles. Thus, many results
for Cartesian coordinates can be translated to curvilinear coordinates (and functions
thereof) which have an effective definition for their change under MS operations.

MS operations on derivatives

In either representation of the Hamiltonian, differential operators are present. In
our approach, they have no meaning in isolation — that is, without a function being
differentiated — and instead we consider the derivative of the function as itself a function
which is changed by MS operations in the same way as any other function defined above.
In other words, when applying MS operations to functions being differentiated, first the
derivative is performed, and then the permutation is applied. In mathematical language
this means that d,i f(R1, R2, R3) is transformed to d,; f (R3, R1, R2), where the derivative
is with respect to the aith parameter. In this approach, the derivative d,; is just a label
to partially differentiate f by its aith parameter. It is only the coordinates at which the
derivative is evaluated which are transformed by the MS operation.

If one desires to keep the operator form of the Hamiltonian where the derivative is
manifestly present, the order of the steps has to be reversed such that the expression is
of the form

daj(f o P)(Ry,...,Ry). (2.4.4)

In this form, one transforms the function f to f o P instead of evaluating the derivative
of f at the new coordinate. The term dy/j(f o P)(Ry, ..., R;) is given by

duwi(f o P)R1,...,Ry) = Z 0oiPP(R1, ..., Ry)Ipif(P(R1, ..., Ry)) (2.4.5)
E

due to the chain rule, where d,jPF" is the a’jth derivative of the fith component of P.
Summation over i is assumed. If R, — R, then,

dwi(f o P)(Ry,...,Ry) = Z 0uwiPPI(Ry, ..., Ry)si f(P(Ry, . .., Ry))
B (2.4.6)
= 90if(P(Ry, ..., Ry)).
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A more succinct form of this equation is
dwi(f o P) = (duif) o P. (2.4.7)

Thus, one can maintain the operator form by permuting the derivative parameter with
the same rule as the coordinate permutation. The second derivative works the same
way:

02,.(f o P) = (3%, f) o P. (2.4.8)

For the inversion operation E*, we apply the same reasoning

Qui(f O EYR, - Ra) = 3 Qi PRy, o, Ry f(E Ry, ., Ry))
p

= —9uif(E'Ry, ..., Ra) 249)

= _aalf(_Rll ey _Rn)
so that in this case also the operators transform the same way.
There may be an added complication in transforming derivatives of functions of
the vibrational coordinates when the transformation’s effect on the coordinates is not a

permutation but instead an affine transformation. As a typical example, consider the
transformation of (g1, 42) to be of the form

! b
(;71) - (_“b a) (Z;) (2.4.10)
2
where a2 + b? = 1. Then we have

d1(f o P)(q1,92) = ad1f(P(q1,q2)) — bd2f (P(q1, q2)),

2.4.11
(f 0 P)1,02) = b f(Pla 42)) + ada f(P(gs, 42) R
which can be rearranged to give
91f(P(q1,42)) = adi(f o P)(q1, 42) + boa(f © P)(q1, q2), (2.4.12)
d2f (P(q1, 92)) = =bd1(f o P)(q1, 42) + ada(f © P)(q1, q2). -
This can also be recovered using the chain rule where we find
J ? +b o (2.4.13)

=aqa
dqgy  dp I

and likewise for d/dq),. So, again, the derivatives transform as the coordinates.

2.4.3 Hamiltonian invariance

The MS operations are based on the indistinguishability of identical nuclei and arise
when looking at the structure of the BO Hamiltonian. In general, a symmetry of a
system is exhibited by the Hamiltonian’s invariance under the group operation. Using
the rules of Section 2.4.2, it is evident from the structure of the Hamiltonian of Eq. (2.1.2)
that it is invariant under MS operations. In the context of the ro-vibrational calculations,
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the invariance of the symmetry operation P on the nuclear Hamiltonian H’s action on
the wavefunction W can be expressed as

PAY = HPW. (2.4.14)

Since the Hamiltonian contains differential operators, the meaning of the left hand
side of Eq. (2.4.14) is that the derivatives are evaluated first, then the permutation is
applied. On the right hand side, the original Hamiltonian is applied to the transformed
wavefunction. When the order of the operations on the left hand side is swapped,
one obtains an expression of the form H’Piy where H’ is a transformed Hamiltonian.
Because H is invariant, A’ =H.

2.4.4 Representation of MS groups

Consider the action of Og on HW where W is an eigenfunction of H. The result is

O HY = O,E¥
A (2.4.15)
HO,W = EO,VW
where E is W’s eigenvalue. Therefore, O,V is also an eigenfunction of H with the
same eigenvalue. Since the eigenfunctions with eigenvalue E form an n-dimensional
subspace of the full eigenspace, O,W must be a linear combination of the degenerate
eigenfunctions (W1, ..., W,). Thus, when Oy is applied to the eigenfunctions, the result
is
O,V £ 41
=M(g)| : (2.4.16)
OV, W,

where M(g) is a matrix for the degenerate subspace. The set of all such matrices along
with the eigenfunctions form an n-dimensional representation I of G for the degenerate
subspace.

Equivalent, direct sum, and irreducible representations

If we transform M(g) by the unitary operator U to UM(g)U~! and also transform the
degenerate eigenfunctions ¥ = (¥y,...,¥,) to U¥Y we obtain a new representation.
Representations connected in this way are known as equivalent.

For any representation, which in general is reducible, we want to transform to an
equivalent representation where each operation matrix is block diagonal and each
block cannot be decomposed into smaller blocks. The representation formed by those
blocks are then known as irreducible representations (irreps) and a representation I is
decomposed into

'=ailh®...®a,0y (2.4.17)

where each irrep I'; occurs a; times in the representation I'. That is, each matrix for I';
is repeated a; times as blocks in each matrix of I. The decomposition of Eq. (2.4.17) is
known as a direct sum.
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Orthogonality relations and characters

Arguably the most important results for our purposes are Schur’s orthogonality relations.
If I'; and I'; are irreps of dimensions /; and [}, respectively, with matrix representations

M'i(g) and MYi(g) for operation ¢ € G, respectively, then the following identity holds
s , G

Z M" (g)mnMr] (g)m’n’ = |l__|6ij(5mm’6nn’ (2.4.18)
g€G !

where |G| is the size of G.
A special case of this relation is found by taking n = m and n’ = m” and summing
over m and m”:

Z Tr(M'(g)) Tr(MYi(g)) =

geG
Z x'(9)xM(g) = 1Gloy (24.19)
geG

where x'i( Q) is the trace of MFi( g) and is known as the irrep’s character. The property
Tr(AB) = Tr(BA) dictates that equivalent irreps have the same characters. Because of
this, and because of the decomposition of Eq. (2.4.17), we also have

X'(g) = arx"(g) + ...+ aux"(g). (2.4.20)
Moreover, the coefficients a; can be found with the orthogonality relation:
]' i *
ai=— > X" (2.4.21)
Gl £
g€
Using the decomposition of Eq. (2.4.20), we have
1 .

= Z xT(g)xT(g) =a+...+a (2.4.22)
Gl &

so that I' is irreducible if and only if the above sum equals 1.

Conjugacy classes and character tables

Group elements can be partitioned according to conjugacy classes. Two elements g and h
are in the same conjugacy class if there exists an element c such that ¢ = chc™!. This
is an equivalence relation and hence is a partition on the set of group elements. The
matrices M(g) have the same characters for all elements of an equivalence class. One
can prove the second orthogonality relations: if ¢ and / are elements in the conjugacy
classes C and C’, respectively, then we have

S ey iay < J1G1IC1 € =C
Zx (") = {0 s (24.23)
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where the sum is over all possible irreps s of the group which is also the number of the
group’s conjugacy classes. This also satisfies

Z+...+12=|G| (2.4.24)

where the [; is the dimension of irrep I';.

The above discussion can be summarised in a character table where the rows are the
irreps while the columns represent the conjugacy classes of the group. As the number
of the two is equal, it is a square table. A ijth entry is then the character for the jth
conjugacy class of the ith irrep. The rows and columns also are orthogonal as per
Eq. (2.4.19) and Eq. (2.4.23). Table 2.1 shows an example character table for the C3,(M)
group whose elements are {E, (123), (132), (23)*, (13)*, (12)*}.

Table 2.1: Character table of the C3,(M) group. The rows labels are the irreps while the
columns label representative members of the conjugacy classes. The characters of these
elements for the given irrep is shown in the table.

r [ (123) (23)

Projection operators

Once the irreps have be found, we can obtain, from a set of degenerate eigenfunctions,
the decomposition into the irreps by applying so-called projection operators onto a
degenerate eigenfunction [31]. The projection onto the mth component of the ith irrep
is given by

o
Iy _ i *
P, = ﬁ §G M ()5, Oy (2.4.25)
ge

. . T;
The function v, is related to a decomposed set of functions via ¢, = U, kP k] , Where
Uy jk is the n, jk component of the unitary U and jk correponds to the kth component

of the irrep I';. Applying the projection operator to ¢, in this form and using that qb?
transforms irreducibly, along with the orthogonality relation of Eq. (2.4.18), we can
obtain

Priwtn = U im by, (2.4.26)

which is the desired function up to the multiplicative factor Uy, i;;. The result can be
normalised, and the remaining functions can be obtained with the transfer operators

o d
P o= 2L N MUi(e)  O,. 2.4.27)
mt |G| (;; 8mtYg (

Through similar steps as in the case of the projection operator, we find that P;"t "= ¢,
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Product representations

It is commonplace in ro-vibrational calculations to multiply functions which have known
transformation properties into a new function. The problem then is in determining the

transformation property combined function’s transformation properties. If qi)£’ and ¢’
transform as the kth and /th components of the I'; and I'; irreps, respectively, then the

. i L
function qb£’1p ;| transforms as follows

A ) ) T
Ogd, ', = M ()kmM ()i (2.4.28)

so that the kI, mn component of the transformation matrix for group element g is given
by MY (¢)kmMVi(g)1n. This way of multiplying matrices is known as the outer product
and the generated representation is known as the product representation. The product
representation is denoted I'; ® I';. One can also straightforwardly see that the trace
of the combined representation (given by summing over the km, km components) is
equal to the product of the characters of the individual representation. In general, this
representation will be reducible and can be reduced through the projection operator
technique described in Section 2.4.4.

2.4.5 Vanishing matrix elements and selection rules

The orthogonality rules have further uses. One example is establishing when the Hamil-
tonian matrix elements between symmetrised product functions are zero. Eq. (2.4.1)
told us that the Hamiltonian matrix element is only non-zero if the irreps and the
components of those irreps are the same for each function. In the following we prove
this result.

First, let us note that the definite integral I(f) of a representation function f should be
invariant under MS operations as the result is a number. Also, as long as the integration
range is symmetric for coordinates which are transformed into each other, the integral
of the transformed function should be the same as the untransformed function. Thus,
I(f) = OgI(f) = I(O4 f). We may apply the sum over all symmetry operations to find

1
I(f) =1 & Z O f | = 1(Ps ) (2.4.29)

g€G

where I's is the fully symmetric representation. The integral is non-zero only if f
contains the symmetric representation.

. . . . X I
For the example of the Hamiltonian matrix integrand, given by \Pi’ H,,W,’, we have

! s Tj 1 Lico)* T; Ty T
8¢< g€
(2.4.30)
1 i * . A T
=lig D MU (@), MU (@) | W Hr W/

g€G
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where in the first line is due to H,,’s invariance under symmetry operations. The term
in brackets is only non-zero if i = j and if m = n. Thus, the irrep and the component of
the irrep must be the same for both functions, which is precisely the result stated at the
outset of Section 2.4.

The other example to consider is that of the dipole moment transition elements,
which contains the matrix elements

(W) e [ (2.4.31)
where uF is the dipole moment operator whose components are given by

ur = Z CieRi (2.4.32)
i

which is a sum over the particles and C;e is the charge of particle i. The dipole moment is
invariant under permutations but changes sign under permutation-inversion operations.
This is a one dimensional irrep I"*. The multiplication of I'" ® I'; is another irrep (due
to Eq. (2.4.22)). Using the same argument as for the Hamiltonian matrix element, the
dipole moment matrix element is non-zero only if I'; = I ® I'; and k = [. This means
that the irrep I'; must have the same behaviour as the irrep I'; except for a sign change
due to MS operations containing the inversion operation. This is known as the parity
selection rule which must change for dipole allowed transitions. If the character I'; for an
operation is zero the character of I'; for the same operation will also be zero.

Another selection rule can be found by considering the rotation group where it can
be shown that the principle rotational quantum number | (for non-hyperfine transitions)
satisfies A] = 0 (for | # 0) or A] = £1 [32].

2.5 Spin-statistical weights

The discussion so far has omitted the nuclear spins. Instead, the focus has been on
the nuclear and electronic coordinates as well electronic spins. An internal molecular
wavefunction must be a function of all degrees of freedom. This segues into the
spin-statistics theorem, which states that the internal wavefunction is symmetric under
the exchange of identical integer-spin particles (bosons) and antisymmetric under the
exchange of half-integer-spin particles (fermions) [33]. Thus, the internal wavefunction
is an irrep which is one-dimensional and whose behaviour under permutations is
tully specified by the nuclear spins. Under the behaviour of a permutation-inversion
operation, the inversion part of the operation can also change the wavefunction’s sign
(or not): wavefunction’s parity.

The above implies that there are two possible one-dimensional irreps the internal
molecular wavefunction can be, which we label as I';. and I'_ following the notation of
Ref. [31]. I'; has positive parity due to the inversion operation while I'_ has negative
parity. The internal wavefunction Wiy is a product of the ro-vibronic Wy, and nucleur
spin W, wavefunctions. The combined symmetry I'int is given by I'ing = I'rye ® I'ns D Ty,
that is, either of the symmetries I'y or I'_ must be contained in I'yye ® I'ys.
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To establish which irreps are contained in the spin functions, consider the product
basis for each nucleus a with spin S, and z-axis projection m,,, where —S, < m,, < S,
in steps of 1 (25, + 1 functions), given by

|Sl,m1>...|SN,mN). (2.5.1)

The nuclear-spin basis contains all such functions. The inversion operation has no effect
on the spin functions. The permutation operation swaps spins of identical nuclei. One
obtains an invariant function (which would be on the diagonal of the transformation
matrix, and thus contribute to the character) only if each m; for the nuclei permuted into
each other are all identical. Thus, for each set of a4 permuted nuclei, there are (2S, + 1)
possible functions. The set may be of size one. The character of the operation is thus

1_[(2511 +1) (2.5.2)

where the product is over all the sets of separately permuted nuclei. Performing this
for all operations, where the permutation-inversion characters are the same as the
counterpart permutation characters, results in the representation of the entire product
basis set. The irreps can be found with the same standard reduction techniques. The
result is therefore

Ttot ns = lllrl ®...0 llmrm (253)

as usual. Multiplying each nuclear-spin irrep I'ns with every ro-vibronic irrep I'tye and
determining how many contain the I'; representation (+ means + or — here) provides
the spin-statistical weights. For example, if I'ys = I'; and I'; ® I'rve D T's then the
spin-statistical weight of I'rye is a;. In general, for each I'ys there will be only one irrep
I'tve such that I'; ® I'ye D I's, as we shall now show. This will also provide a more
straightforward method to find the spin statistical weight. Assume the decomposition
of Eq. (2.5.3). Then, for each I'x we want to know the value of

1 | *
2= g ) )

G
8¢ (2.5.4)

= %' DM@ ()x"™(g)
geG

where in the second line we used the character of a product and that the characters of
I'; are real. The representation generated by I'; ® I'; is an irrep, and thus there is only
one irrep I'y which ensures that 4. =1 for each I'y. Moreover, I'y must have characters
xTi(g) x'=(g), sothat Ty =T;* ® T..

The spin-statistical weights a; can be written in terms of the ro-vibronic irreps
I'y =TI;" ® I's. That is, they can be written in the decomposition

(" elry)eaI" T )e ... @an(,, ®Ty) ®a(T,; " ®T-). (2.5.5)

The characters of this decomposition structure can be found as follows. For a permutation
g (with no inversion), we must have xTR( Q)= xTi( Q)" for even permutations of fermions
as in these cases x+(¢) = 1 and x'*(g) = —x'i(¢)* for odd permutations as in these
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cases x'=( g) = —1. Thus, there are two irreps for each I'; each contributing 2ti( g)" and
—x"i(g)" to the decomposition character for the even and odd permutations, respectively.
For operations with inversion ¢*, we have xTx(g*) = x'*(g) for the irrep Tx which is
combined with T; to make I'y and x'*(g*) = —x'*(g) for the irrep Ty which is combined
with I'; to make I'_.

The character of Eq. (2.5.5) must be zero for operations containing inversion as
the characters for the I';” ® I'. pairs cancel. The permutation operations will have the
character

2 1_[(25,1 +1)(=1)@5a)(ma=D) (2.5.6)

where 1, is the number of nuclei in the set [31]. A product of two numbers is only odd
if the two constituents are odd. So, n, must be even (an odd permutation) and 2S5, must
be odd. The latter occurs for fermions. There is therefore an overall negative factor for
an odd permutation of fermions. The factor 2 at the front is from the two contributions
of the I ® I';. pairs. Since I'iot ns is real as are the decomposition coefficients, the a;s are
the same for complex conjugated representations, and therefore complex conjugation
can be dropped from Eq. (2.5.5).
In the expression for the line strength, given by

st—i)= " |[(wh,
A

we see that the nuclear spin part Wy of the eigenfunction Wint = WnsWrve is not affected
by the dipole moment operator and can be factored out of the integral. Since the nuclear
spins functions are orthogonal, the line strength will only be zero if the nuclear spin
functions are the same for the initial and final states. Due to Eq. (2.5.5), and the parity
selection rule, for each pair of ro-vibrational eigenfunctions that produce a non-zero
line strength, there will be only gns nuclear spin functions of the correct symmetry. This
is the nuclear spin degeneracy.

2
7

wa i) (2.5.7)

2.6 Ro-vibrational calculations using TROVE

2.6.1 Introduction

The ExoMol program Trove (Theoretical RO-Vibrational Energies) [34, 35] was employed
for the work described in this thesis. It is a general variational program for computing
ro-vibrational spectra and properties for small- to medium-sized polyatomic molecules
of arbitrary structure and it has been applied to a large number of polyatomic species
[36-55], most of which have considerable symmetry (e.g., with molecular symmetry
groups [31] such as C3y(M), D,1,(M) and Tq(M)). In this section we shall detail TRovE’s
automatic approach for constructing a symmetry-adapted basis set which solves the
ro-vibrational Hamiltonian.

The philosophy for TrovE is that it be a black-box program capable of generating the
ro-vibronic states and Einstein A coefficients of any polyatomic molecule, and many
strides have been made in that regard. Currently, TROVE requires an externally inputted
PES, molecular structure, the nuclear masses, the parametrisation of the vibrational
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coordinates, the MS group of the molecule, and the coordinate transformation under
the MS group operations. The MS group itself, including the irreps, is programmed
separately. TROVE uses an automatic procedure with the provided input to generate an
expansion of the KEO in linearised coordinates to a chosen order. However, since the
KEOs for the molecules in this thesis were generated externally and were analytic, the
details of this procedure will not be discussed here. More information can be found in
Ref. [34].

TROVE's method to build a symmetry-adapted basis set happens in stages, with each
stage incorporating more coordinates. This procedure is summarised below.

2.6.2 One-dimensional primitives

The utility of a symmetry-adapted basis is clear from Eq. (2.4.1). In TrOVE, vibrational
eigenfunctions are built up from a sum-of-products of one-dimensional primitive
functions of the vibrational coordinates ¢, (qx). To construct these, one-dimensional
vibrational Hamiltonians, given by,

%ﬁkGiEﬁk + U(qk)lD + V(qk)lD (2.6.1)
where G}{]kj, U(qx)'P, and V(qx)'P are formed by setting the all coordinates except g in
Gk, the pseudo potential, and the PES to their equilibrium values. The eigenfunctions
of this Hamiltonian are then found either through the Numerov-Cooley method, or by
diagonalisation of the matrix constructed from a specific set of basis functions, such as
Hermite polynomials or a Fourier basis set.

Recently, TROVE was updated to be able to perform ro-vibrational calculations on
triatomic molecules whose KEO was analytic and expressed in terms of the valence coor-
dinates. To deal with the singularity which occurs at linearity, specially designed basis
sets were used based on the associated Laguerre or associated Legendre polynomials
which contained a prefactor of 4/sin p, where p is the angular deviation from linearity,
that killed the singularity. Details can be found in Ref. [7].

Regardless of the method used to generate the 1D eigenfunctions, the result is, for
each coordinate g, a set of Ny functions ¢, (qx), where N is an input parameter. It
may vary for different vibrational coordinates but should be the same for subsets of the
vibrational coordinates which transform into each other under MS operations. These
subsets are called coordinate “classes” in TROVE.

2.6.3 Reduced hamiltonians

The next step is to produce reduced Hamiltonians each of which are only functions
of a coordinate class. By averaging the Hamiltonian over the “ground state” (n; = 0;
¢oo(g:) = |0) qi) primitives associated with the coordinates in all subsets not under
consideration, i.e.

(Olgy -0, Ol - Arv .. 10),,. 100, .10, (2.6.2)

where {gi ... q;} are the coordinates in the class of interest, one obtains the reduced
Hamiltonian which depends only on these coordinates; it commutes with the operations
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in the MS group. The products ¢, (qk) ... Pn(q:) are the basis functions for the
diagonalisation of this reduced Hamiltonian.

2.6.4 Rigid-symmetric-rotor function representations

For the rotational coordinates, TRove uses the rigid-rotor functions |J, k, m) [31] as
primitive basis functions. For K # 0 (where K = |k|), the symmetrised functions are
defined as .

i(=1)°

V2

UKm’?) = (l]r k1m> + (_1)]+K+Tl |]1 _k/m>) (263)

where
=K =1
{o mod 3 7 (2.6.4)
o=0 n=0,

while for K = Qitis [J00n) = i"|],0,0) where n = ] mod 2.

2.6.5 Symmetrisation of the vibrational basis set

Once a set of eigenfunctions of the reduced Hamiltonian is constructed for a subset
mentioned above, the degenerate eigenfunctions (which in general transform reducibly)
are symmetrised by a sampling and projection procedure elaborated in Sections 4 and
5 of Ref. [56]. Briefly, a set of geometries is sampled (typically around 50) and each
MS operation is applied to the eigenfunctions to obtain an overdetermined set of linear
equations which are solved for the transformation matrix effecting the operation on the
degenerate eigenfunctions. Symbolically, if W;; is the /th geometry for eigenfunction 7,
then it transforms as W;;” = M;;(g)W;; for operation g. The matrix equation for A;; = W
is A’ = M(g)A and one can find the Moore-Penrose right inverse A* [57] such that
A’AY = M(g).

Using these matrices’ characters and the irrep matrices, one can obtain the irreducible
coefficients of the reducible matrix as well as projection operators onto the irreps. These
operators are then applied to the eigenfunctions to generate the symmetrised basis
functions.

One then produces the basis functions for the complete TrRovE calculation as all
products of the reduced Hamiltonian eigenfunctions, one eigenfunction from each class.
In general, these total basis functions do not transform irreducibly, and so a further
application of the symmetrisation procedure is required, although the sampling step
can be omitted as the transformation properties of the “factor” functions are already
known.

2.6.6 PES symmetrisation

The structure of the analytical PES must be ensured to be invariant under MS operations
before being fit to the ab initio energies. Each potential term has the structure

o 3N-6
vl = | ] &f, (2.6.5)
i=1
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where ¢&; is, in general, a function of g;, and the maximum expansion order Zi kl is an
input parameter. Each MS group operation O, is independently applied to Vimhal, ie.,

3N-6
]—[ 51."1‘) (2.6.6)
i=1

to create |G| new terms. Here, k denotes the 3N — 6-dimensional hyper-index
{k1,..., kan-6} and (&) denotes {&1, ..., &3n-6}. The results are summed up to produce
a final term

Vkog = 0, Vinitial(g) = O,

vinal = 31y %%, (2.6.7)
g€G

which is itself subjected to the |G| MS group symmetry operations O to check its
invariance. The total potential function is then given by the expression

Viotal(€) = Y fiViml(&) (268)
k

where f; are the expansion coefficients determined through a least-squares fitting to the
generated ab initio data

2.6.7 Ro-vibrational basis set

The symmetrised vibrational basis set is then used to calculate the ground rotational

(J = 0) eigenfunctions \I’{ f:’r“b with symmetry label I'yjp. The final ro-vibrational basis

set for | > 0 computatiorrs is then formed as a contracted product of these vibrational
functions and symmetrised rigid-rotor wavefunctions |J, K, I'rot) as given by

T =0,T'y; r
Wit = (PR T, T, m)), (2.6.9)
where I, I'yi, and Iy are the total, vibrational, and rotational symmetries, k and m is the
projection of the angular momentum on the BF z-axis and SF Z-axis, respectively, and iy,

is a TROVE vibrational index to count the \P{ %O’FVib functions regardless of their symmetry.

vib

For further details of the TRovE symmetry-adaptation and contraction procedure, see
Ref. [56].

2.7 PES refinement

Purely ab initio calculations are insufficient to calculate spectra with line positions of the
required accuracy for high resolution applications. In particular, the ab initio PES needs
to be updated or “refined” to experimental data in practice [58]. The TrovE approach
to accomplish this is to use the ab initio PES as the starting point and assume a refined
structure given by

Vi=Vo+ ) Bifila) (2.7.1)
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where the f; are the refinement parameters and f; are various (totally symmetric)
functions of the vibrational coordinates. To compute the newer refined energies one
must diagonalise this Hamiltonian. The ab initio Hamiltonian eigenfunctions {W°} are
an obvious choice for the basis set. Then, the refined Hamiltonian’s eigenfunctions can
be found by solving the matrix equation

(WA [WR) = (WOl o [W0) + > i (WL (@) [W3) = omnED,+ 3 i (Wil fi(a) [95)

(2.7.2)
It is only necessary to calculate the integrals (‘I’Om | fi(q) |\I’2> once. Eigenfunctions for
updated parameters values can be found by diagonalising the updated matrix.
The aim in refinement is to construct a PES which produces eigenenergies as close
to experiment as possible: a minimisation problem. One straightforward way to
accomplish this is to minimise the quadratic residuals given by

S(p") = ) wilEf (")~ EJ'Y: (273)

where w; are the weights, typically based on the uncertainty of the measured energy
E", and E}(B") are the nth calculated energies for the parameter set 8. The updated
set p"*! is found from B" using the Newton-Guess algorithm as follows. First, the
eigenenergies around the parameter values are approximated by the linear expansion

JE"
EJ(B" + AB) = E[(B") + ) 500, (2.7.4)
j

Inserting this approximation into Eq. (2.7.3), differentiating with respect to Afy, and
equating to zero, we obtain

—Zw(E”

which has the structure of the matrix equation A;jx; = by and can be solved for Af to
obtain g1 = g™ + AB.

The remaining problem is to find the derivatives JE! /df;. Ordinarily, one would
need to calculate the energies at at least the neighbouring values of §; to estimate the
derivatives. Fortunately there is a useful result, known as the Hellmann-Feynman
theorem [59], which states that

JE" ot
9Bj lgn 951

where W7 are the eigenfunctions with eigenenergies E'. The right hand side is simply

aE” 8E”
8ﬁk Zwl 5 7, —LAB; (2.7.5)

= (w! W) (2.7.6)

ﬁ n

(| fi(q) |wr) 2.7.7)

and can be found from the (‘If0| fi(q) |‘I/0> integrals and the eigenfunction coefficients.
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Although we could use Eq. (2.7.3) as the objective function, it is potentially not ideal.
First, we can only invert Eq. (2.7.5) if the number of measured energies is greater than
the number of parameters. Second, we may want to maintain the overall structure of the
ab initio PES which should be relatively close to the actual potential; there is a danger of
overfitting with Eq. (2.7.3). To address both these problems, we use an objective function

of the form
§ wi(E" —EM? + § z(E;? - E;?)2 (2.7.8)
i ]

where the second term is the sum of squares of the difference between the ab initio
energies and the nth refined energies, weighted by z, which essentially controls the bias
of the refinement toward the ab initio or experimental energies. The ratios z/w; can be
varied, starting from a large value, and decreased until an optimal result is found. It
prevents the refined PES to deviate too severely from the ab initio PES.

Appendix 2.A Derivation of the transformation of the
valence coordinates

In this section the transformation properties of the valence coordinates under MS
operations will be derived. The example used will be based on the ethane (H3'2C!2CHj3)
molecule (shown in Figure 7.2) and the generators of its MS group Gzs. However, the
precise structure of this molecule is not relevant to the results obtained, which are merely
illustrative examples as to the procedure in obtaining these transformation properties.

2.A.1 Bond lengths

The bond length between nuclei 1 and 2, R, (with position vectors Ry and R», respec-
tively), is defined by |R1 — R2| = Rq2. We see that this value is unaffected by E* and the
other operations simply result in the relabelling of the bond lengths. For example, the
H; -C, bond length is given by Ry, = |R1 — R,| and the operation (123) transforms R1,
to IR’M = |R3 — R;| = R3,, and we obtain, once again, an obvious result. The operation
(14)(26)(35)(ab)* yields R, = | — R4 + Ry| = |Ry — Ry| = Ryy

2.A.2 Bond angles

To obtain the angle between nuclei 1 and b via nucleus a we define Ry, = R; — R, and
likewise for Rj,. Then, the sought angle is

Ri; - Ry, )

a1 = arccos | ————— | . (2.A.1)
( |R1a | |Rba |

Despite the expression for a; being more complex than the expression for Ri,,

the effect of MS group operations is analogous. E* produces no effect and the other

operations relabel. For (123), we have

M) = as, 2.A.2)

@] = arccos (
|R34||Rpal
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while for (14)(26)(35)(ab)*

’ (_R4b) : (_Rab)) ( Ryp - Rgp )
Q; = arccos = arccos | —————— | = aa. (2.A.3)
! (|_R4b||_Rab| |Rap||Rap|

2.A.3 Dihedral angles

The expressions involving the dihedral angles are the most complicated. Consider the
four nuclei labelled 1, a, b, and 4 in Figure 2.3. The dihedral angle between the plane
spanned by 1, a, and b and that spanned by a, b, and 4 is shown in Figures 2.3 and
2.4. We define (v) as the unit vector obtained by normalisation of v, (v) = v/|v|. The
orientation of the z-axis is defined by e, = (R,;;). We need two further axes x and
y (whose orientations are defined by the unit vectors &, and é,, respectively) which,
together with z, form a right-handed axis system.

To simplify the discussion, we take the xy plane to be horizontal and the z-axis to
be vertical. We aim at obtaining the x and y components of Ry, in order to find the
“horizontal” angle 0 it makes with Ry, as shown in Figure 2.4. We require the x-axis to
be directed along the horizontal component (i.e., the component perpendicular to é,) of
Ryp. Thus, the y-axis is perpendicular to the plane defined by €, and Ry, so that we
have &, = (&; X Ryy) and therefore &, = &, X &, = &, X (é; X Ryp), as shown in Figure 2.5.
The unit vector e, = &, X (é; X Ry,) defines an x’-axis in the 1-a—-b plane; this axis is
analogous to the x-axis in the 4-a-b plane. The dihedral angle between the two planes
is the angle between the x and x” axes.

The x and y components of é,- are &, - €,» and &, - &/, respectively. To obtain the dihe-
dral angle in the range [—m, 7] with the correct sign, we use the standard trigonometric
function arctan2 (For (x, y) = (v cos ¢, r sin @), the function arctan2(y, x) = ¢ € [-7, )
to obtain

0 =14 = arctan2(é,-éy,ey-éy)
= arctan2(é, - &; X (&; X Ri4), &x - &; X (&; X R1g)) (2.A.4)
which, written more explicitly, is
0 = 141 = arctan2[(é; X Ryp) - (é; X (é; X Ryy4)),
(éz X <éz X R4b>) : (éz X <éz X R1a>)]
= arctan2[é; - ((é; X Ry,) X (€; X Ryp)),
(éz X <éz X Rla)) : (éz X <éz X R4b>)]

where the last expression emphasises the equivalence of nuclei 1 and 4.

(2.A.5)

1
a

b
4

Figure 2.3: Four nuclei 1, 4, a, and b. The dihedral angle 0 is the angle between the
1-a-b and 4-a-b planes. We define the positive direction of the angle by the right hand
rule with the thumb pointing in the R, direction.
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1
O/ﬁe
4

Figure 2.4: Top down view of Figure 2.3 with the dihedral angle (with the defined

direction) marked as 6.
Rla
Ryp '/<,

éy = (&; X Ryp)

Figure 2.5: The y-axis.

We define the dihedral angles 0i; and 7;; in terms of Equation (2.A.5) and, by
means of this equation, we can determine their transformation properties under the
generating operations of Gzs. We note that generally E*arctan2(y, x) = arctan2(-y, x) =
2m — arctan2(y, x). The dihedral angle 0,3, for example, is defined by

O3 = arctan2[éz : ((éz X R3a> X <éz X RZa))/
. . . . (2.A.6)
(é; X (€, X R3g)) - (é; X (&, X Rog))]

Under (123), we obtain

0, = arctan2[é, - ({(é; X Rog) X (&; X R1,)),

(éz X <éz X R2a>) . (éz X <éz % R1a>)] — 612. (2A7)

To obtain the effect of (14)(26)(35)(ab)*, we initially apply (14)(26)(35)(ab) with the
result

arctan2[ — &; - ((—€; X Rsp) X (—€; X Rgp)),
(=82 X (=8; X Rsp)) - (—&z X (=€z X Rep))].

Applying E* reverses é,, and by swapping Rs, and Re, we obtain the final result:

(2.A.8)

653 = arctan2[ — &, - ((—€; X Rgp) X (—€; X Rsp)),

(=8, X (—8; X Rgp)) - (=85 X (—&; X Rsp))] = Oss. (2.A.9)

where the positive direction of the dihedral angle is in the sense of the proton numbering.
Finally, applying (14)(25)(36)(ab) to 023 gives
055 = arctan2[ — &; - ((—&; X Rep) X (—€z X Rsp)),

(_éz X (éz X R6b>) . (—éz X <—éz X R5b>)] = Os. (2.A.10)

For 741, which is defined by going counterclockwise from 4 to 1, the equation is

arctan2[é; - ((&; X Ryg) X (&; X Ryp)),

(éz X <éz X Rlu)) . (éz X <éz % R4b>)] = T41. (2A11)
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Under operation (123)(456), this becomes

7y, = arctan2[@; - ((&; X Raz) X (&2 X Rep)),

(éz X <éz X R3a>) . (éz X <éz % R6b>)] = T¢3 (2A12)

To determine the effect of (14)(26)(35)(ab)*, we first apply (14)(26)(35)(ab) to 41 and
obtain

arctan2[ — &, - ((—€; X Ryp) X (—=€; X Ryy)),

(=&, X (=&, X Rap)) - (=85 X (&, X R1a))]. (2.A.13)

Applying E” reverses é,. After swapping the order of Ry, and Ry, we have

Ty, = arctan2[ — &, - ((&; X R1a) X (&; X Ryp)),

2.A.14
(62 % (& X Rig)) - (& x (&2 x Rap))] = 27 = . AL

Finally, applying (14)(25)(36)(ab) to 741 gives
T:H = arctan2[ - é\z ' (<_éz X R4b> X <_éz X R1a>)/ (2.A.15)

(—é; X (—€; X Ryp)) - (=&, X (—&; X R1,))] = 141.
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Chapter 3

Analytic KEOs in TROVE

3.1 Introduction

The construction of compact and, often, exact representations of KEOs is well established.
Prior to the widespread application of variational methods in diagonalisation, Watson
derived the exact kinetic energy operator in normal coordinates [60]. To enable
practical calculations of high energy states, molecules with large amplitude motion, and
complexes, exploration of curvilinear coordinate types also proved necessary [61]. Ref.
[62] determined a general form of the KEO for triatomic molecules. Handy provided
an exact kinetic energy operator for valence coordinates [63]. The valence, as well as
Jacobi [64] and Radau, coordinates can be considered to be a subset of the more general
polyspherical coordinates, pursued in Ref. [65] and emulated in Section 3.7.

This chapter describes a new TrROVE implementation which generalises the Taylor
expansion of the KEO to a sum-of-product “expansion” in terms of arbitrary functions
of the valence coordinates, as opposed to being simply powers of the coordinates. A
special case for linear molecules has already been applied to CO, [6] with the theoretical
aspects of the approach elaborated in Ref. [7].

3.2 The form of the KEO

We wish to express the components of G and U as a sum-of-product of 1D functions of
the coordinates, i.e. in the form

>y fin(@1)fin(02) - - - Finyo(38-6) (3.2.1)

p

where the fs are functions and a, is the coefficient with p € {i1,...,i3ny-6}. In this
expression, each i; denotes the ith function for the jth coordinate. The sum is over all
such possibilities.

This form generalises the current TRove approach where the components have the
structure

Z ap(f1(31))" (f2(2))" - . . (fan—6(q3n-6)) N (3.2.2)

p
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where the sum is over all p and p € {i1,...,i3n-6li1 + ... + i38N—6 < Pmax} fOr some
integer pmax, i.e. Taylor expanding the G components and U in functions of each of
the coordinates with a maximum overall power governed by pmax. Typically, the gs are
linearised coordinates constructed from geometrically defined coordinates. Using the
notation of the more general expression, one can see that fi,(9:) = ( fi(g).

In the new TrROVE implementation, no restrictions are made on the form of the fs
and the same machinery is applicable in diagonalising the Hamiltonian when using the
Taylor expansion or the arbitrary functions. For the practical implementation, however,
we have considered valence coordinates in particular, and we are able with relative
simplicity to generate exact and separable KEOs.

There are two advantages with this particular implementation. Evidently, the analytic
kinetic energy operator is exact and therefore should be expected to give more accurate
results. For larger molecules this becomes increasingly pronounced as the number of
components in the KEO grows exponentially with the molecular size at a given pmax —
therefore limiting the value of a practical expansion order.

Related to this, and mentioned briefly above, is that valence coordinates, in compari-
son to linearised coordinates, are in a sense the more “natural” choice of coordinates
as their meaning is more directly physically relevant. They are more suitable for
calculating high energy states and for non rigid systems. Eigenfunctions in terms of
these coordinates should converge faster, i.e. for a smaller basis set, than those defined
using linearised coordinates [35].

To diagonalise the Hamiltonian [34], we must evaluate matrix elements <¢i|G|1/J j>

and <¢1|U|1,b ]~>, where |1);) is the ith basis function. These have the general form

(ﬂ 1)

a

X|J, K, m,£) (3.2.3)

where |n,) is the nth excitation of the ath vibrational coordinate. The former TROVE
approach stores certain elementary integrals, namely

(ni|(fi(gi)V|n7)
(ni|(fi(g)) 7|y,

‘ | 3.2.4
(nilfti(fiqi)) |nf) = = (mil (fiqi)) ilnf) .
(nilfi fi(qi)Y fuilnf) .

This allows the matrix elements to be calculated through only algebraic manipulations
of the elementary integrals. Thus, we see that it is crucial for the terms in the newer
method to be separable so that all integrals reduce to a sum-of-products of 1D integrals.

In the next section we will see that, for a KEO in valence coordinates, there is a finite
list of possible functions that are present in G and U and that this list is independent of
the molecule, though it does depend on the BF-frame in a systematic way. The proof
uses the intermediate result detailing the relation between s-vector components under
a change of BF-frame (valid for any vibrational coordinate). This will prove useful in
Chapter 6. Finally, a description of the implementation of this method in Mathematica
will be given and the necessary modifications to the TrovE input files needed to utilise
this KEO structure.
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3.3 s-vector components under a change of BF-frame

To show that the G matrix and U have a sum-of-product form, one only needs to show
that the s-vectors have this structure. To demonstrate this result, we shall state how the
s-vector components relate when the BF-frame definition is changed, with the proof
given in Appendix 3.B. Note that this is not the same as a rotation of the original
BF-frame. Instead, only the BF coordinates in terms of the vibrational coordinates 7(q)
are changed, as well as the conditions C (8)(r) that define the frame. With those relations,
we will then calculate the s-vectors under the simplest frame conditions and use the
relations to re-express them when in the desired frame.

The translational s-vectors are invariant under a change of the BF-frame. The BF
coordinates r, become Sr, in a different BF-frame, where S is a rotation matrix. The
vibrational s-vectors are (Eq. (2.3.17))

Ska = €rdarqr(R1, ..., RN) = 8¢0agqi(r1, ..., 7N) (3.3.1)

where the latter is proved in Appendix 3.A and states that the vibrational s-vector
components in the BF-frame are found by evaluating da¢qx at the BF coordinates.
Appendix 3.B shows that in a different BF-frame the vibrational s-vectors components
are related to the original components sy , via the S rotation matrix as

Ska — SSka (3.3.2)

which means they are related as the BF coordinates. Finally, the rotational s-vectors,
whose BF components can also be found by evaluating their function at the BF coordinates,
relate as

Spa— S (sr,a - wksk,aT) sT (3.3.3)
k
where s, 4 is the matrix with gth row s ,. Here wy is defined as
Wi x
wg = | Wi,y (3.3.4)
Wk, z
and also
0 —Wg (00}
dS iz Y
sTa— =| wi, 0 —wiy|. (3.3.5)
qk _a)k,y a)k’x O

An arbitrary change in the BF-frame can be expressed as a combination of three rotations
about three axis — here labelled ¢, ¢, and h —i.e. S = M. MM, with the corresponding
angles 0, 0¢, and 0. The rotational s-matrix components are related by

Spa — S (sm - a)ksk,aT) sT (3.3.6)
k
where wy  is given by
20, (998 20y,
= —(M —O0n1. 3.7
Wy, ] 700 (MgMp)er + 8qk( gl + Erl (3.3.7)
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For example, if the rotation is S = M, MM, then wy for the new rotational s-matrix
components are

90 90 20
Wk, = a_q;:(MyMz)xl + a—qZ(Mz)yz + a_qliézl- (3.3.8)
The rotational s-matrix relation can be expressed as
20 d0 20
T _ oY% i) oY% T|gr
Sr,a — SSr.aS Zk: ((8% M;M,ye, + e Myey + P ex) Sk.a ) Sh. (3.3.9)
where
1 0 0
ex=10], e,=[1|, ande, =|0]. (3.3.10)
0 0 1

Ref. [66] provides the relationship between the original G matrix and the G matrix in
a new BF-frame. To compare those relations to our results, we must use our relations to
calculate the G matrix components in a new BF-frame. The translational and vibrational
components are invariant, as expected. For the Coriolis components, we apply 1/m,Ssy4
to the right of both sides of Eq. (3.3.9) and sum over «, to obtain

Gcor,k’ - SGcor,k’ - Z €y Gvib,kk’ (3.3.11)

(aez 90, 20,
k

— M, M,e, + M.e, + —
&qk Y 3(]]( Y 8qk

where G« are the Coriolis components (as a column vector) of the G matrix corre-
sponding to the kth vibrational mode and Gyip ki is the kk” component of the vibrational
part of the G vector. This can be written as the matrix equation

Geor = SGeor — RDGyip (3.3.12)
where R and D are given by,
000 000 100
R=M;M,[0 0 O[+M,(0 1 Of[+|0 0 O (3.3.13)
0 01 000 000
and
30, 0,
m o T
D = a—qi’ a%;’% : (3.3.14)
20 20,
dq1 "7 Igan-e

The transformation of Ref. [66] is

Geor = ST Geor — RTDGyity (3.3.15)
where
000y (000 100
R=[(0 0 0|+|0 1 O|M.+[0 0 O|M,M, (3.3.16)
001/ \00oO 000
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and § = MyM, M. Our transformation compares to Ref. [66] when it is taken to account
that their S on the operators corresponds to our ST on the coordinates. Therefore,
S = M;(=0,)M,(—=0,)M(-0,) = M. (0;)M,(O,)M,(0Oy) isapplied to Eq. (3.3.7) instead,
where © = —0. Following the same steps as before, Eq. (3.3.15) is obtained by bearing in
mind that M(—0) = MT(0) and that the matrix D contains derivatives of ®, not 6.
Finally, the transformation of the rotational G matrix is given by
G, = SGrotST = RDG! ST — SGeo: DTRT + RDG,i,DTRT . (3.3.17)

rot — cor

which again compares with Ref. [66] with the aforementioned difference in the rotation.
The pseudo potential is known to be invariant, although this is not immediately obvious
from the form of the pseudo potential given in Eq. (3.4.12). It is shown explicitly in
Appendix 3.C.

3.4 Complete set of functions of the coordinates

As explained in Ref. Section 3.2, we wish to express the KEO as a sum-of-products of
1D functions of the coordinates. We first must calculate the expansion functions f;,
for the s-vectors for the simplest choice of BF-frame. The functions that appear in the
KEO in an arbitrary frame can be obtained from those s-vectors by the s-vector relations
between different choices of BF-frame. In this section the bond vector frame of Figure 3.1
will be used in obtaining the simplest form of example s-vectors. These are the a-b bond
length, the c-a-b angle, and the dihedral angle between the planes formed by c-a-b and
a-b-d. The d atom could have also been connected to a, but this does not change the
conclusion of the results.

For any set of four (or fewer, if it is a triatomic or diatomic) atoms, one can make this
choice of frame. In this frame, the s-vector components will look identical aside from a
substitution in the coordinate names.

Once a vibrational s-vector components are calculated, one can apply a string of
rotations S1...S, as

Ska — S1...SuSka (3.4.1)

and rotate the axes by ST ... S;F from the initial frame to the desired frame. The desired
frame is the frame in which the rotational s-vector components are calculated. In valence
coordinates, these rotations only contain sine and cosine functions of the angles and
dihedral angles. Therefore, as long as, in the simplest frame, the s-vector components
have the product form, the s-vector components in the desired frame will also have the
product form. In the following, the bond length, angle, and dihedral angle s-vector
components are explicitly shown in the simplest frame.

3.4.1 Bond length

The two atoms a and b, with a at the origin and b lying along the z-axis, have BF
coordinates r, = (0,0,0) and r, = (0,0, R,;) where Ry = |Ry| = |Ry — Ry|. The
equation for the bond length is given by

Rap = \/(be - Rax)z + (Rby - Ray)z + (Rpz — Raz)z- (3.4.2)
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Figure 3.1: The initial bond vector frame from which the simplest form of the s-vectors
of the atoms a to d are obtained. The origin is at the 2 atom and the axes are offset for
clarity.

The required derivatives are given by, once we substitute the BF coordinates expressed
in terms of the vibrational coordinates,

Va:Rab = (0/ O/ _1)/

343
vb:Rab = (0/ OI 1) ( )

with the rest being zero, so in this case there is no function of the vibrational coordinates
in the vibrational part of s.

3.4.2 Planar angles

The formula for the angle between atoms a, b, and c is

Rba : Rca)

344
:Rba:Rac ( )

6, = arccos (

where R, = |R.,;|. We shall assume the same coordinate values for these atoms as for
the bond length case. The substituted derivatives are

1 cos 9, sin 6,
v 6 = - ’ O/ ’
o Rpa Rea Rea )
1
Vb 611 = |- 7 O/ O) 7 (34:5)
:Rba
cos 9, sin 6,
V.0, = ,0,—
o Rea Rea )

with the rest being zero, so that 1/Rp, and 1/R., have to be added to the list of
possibilities.
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3.4.3 Dihedral angles

The coordinates are
r(l = (O/ 0/ 0)/
T’b = (O/ 0/ :Rab)z
te = (Reasin 0,4,0, Rey cos O,),
rqg = (Rdb CcoSs qi) sin Qb, fRdb sin qi) sin Qb, fRdb - iRdb COoSs @b)

(3.4.6)

where, Ry = |Rap|, Op is the planar angle between 4, b, and d, and ¢ is the dihedral
angle. The equation for the dihedral angle is given by

¢ = arctan2[(Rp; X Req) - (Rpa X Rap)Rap, (Rpa X (Rpa X Reg)) - (Rpa X Rgp)] =
arctan2[(Rps - Rpa)(Rap - Rea) = (Rpa - Rea)(Rpa - Rap), (3.4.7)
:Rba(Rba : (Rca X Rdb))]

and the substituted derivatives are given by

sin 1 CcoSs 1
Vaﬁb = ¢) 7 - qb + . ’ 0 ’
Raptan 6. RyptanO, RpptanO, R, sinb,
sin sin 1
Vpp = |- ¢ + .(P , + coso__ COS.¢ ,0],
Roptan B8, RypsinB. RypytanB, Ryptanb.  Rypsin 6,

, (3.4.8)
Vep =10, —m, 0) ,

Vad = sin ¢ cos ¢ 0) .

Rapsin O, Rgpsin 0.’

If d was attached to a rather than b, then 0. in this expression is replaced by  — 0..
It is apparent that the additional functions the dihedral angle generates are csc 6 and
cot O of the planar angles (but not dihedral angles). In the general case, to arrive at the
coordinate system this was calculated in, we have to transform the coordinates via a
matrix containing sin 8 and cos 0, for the analogous 0 in the general case, which could
in principle generate new functions. However, all multiplications can be expressed in
terms of pre-existing functions, the most complex of which is cos 0 cot 6 = csc 0 —sin 0.

3.4.4 Rotational s-vector components

Following Serensen’s method, we must define three conditions on the frame that are
always zero. Using our initial frame, as shown in Figure 3.1, the conditions are

C(x) =Tpx —Tax =0,
CW =1y, — 1y =0, (3.4.9)
CE® =71y =14y =0

where the first two conditions signify that the z-axis lies along a to b and the third that
x-axis lies along the plane of b, 4, and c. Using the method in Section 2.3.2, the rotational
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s-vector components are, as matrices, given by

0 1/Rap 0
Sr,a = —1/Rap 0 0],
0 cotO,/Rap —csc O, R, O
0 —1/Rup 0
Srb = 1/:Rab 0 0 ’
0 —cotO,/Rsp O
al Rap (3.4.10)
0 0 0
Src = 0 001,
0 - COt Qa/jzcu O
00O
sea=|0 0 0
00O

and thus we see that the rotational s-vectors do not introduce new functions of the
coordinates in this frame. For an arbitrary number of atoms, all other rotational s, ,
matrices are zero as beyond a = 3 the vectors cg 4 are zero.

3.4.5 All valence coordinates

In summary;, for the s-vectors, the functions for the bond lengths, planar angles, and
dihedral angles R, 8, and ¢ in the initial frame are:

* Bond Lengths: 1/R
¢ Planar Angles: cos 0, sin 0, cot 0, csc 0
¢ Dihedral Angles: sin ¢, cos ¢.

It is only possible to maintain the sum-of-product form with a linear combination of
coordinates for the dihedral angles, a result stated but not shown in Ref. [67]. This is
used in Chapter 7 for CoHs.

In constructing the G matrix and pseudo potential U, we must combine expressions
of these functions. The G matrix is given by

1
Gap = —Sg,0 " Sh,a (3.4.11)
2

so we see we must multiply each function in a set with every function of the set. For the
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pseudo potential U, it can be shown [34] to consist of four terms:

U = g Z, _a(eg X Sga) (eg X Sgra),
&,8,8
1 1 JSg a
=g 2y kel
& 5 (3.4.12)
U 1 Z 1 s J Sk
= - RN k,
3 4 ok mey & 8qk8qk,
1 1 ask,a ISk o
Ug = —< — .
8 4 my dqr  Iqp

where U is the sum of these terms. Thus, we must also multiply first and second
derivatives of each function in a set with every function of the set. We also must multiply
a derivative of each function with the derivative of every function of the set. However,
in practice, not all these combinations will actually be present in the Hamiltonian.

In the previous consideration the frame was oriented as in Figure 3.1. If a more
complex choice is required, the sum-of-product form is maintained as long as the
rotation angle 0 is in the form

0= fi(q1)+ ...+ fi(qr). (3.4.13)

With this choice, the s-vector components also remain in the some-of-product form,
albeit with potentially extra or alternative functions of the coordinates. We will now
show an example of an alternative frame and how this changes the s-vector components.

3.5 Example frame

The first case is the x-axis bisecting a dihedral angle ¢, shown in Figure 3.2. Using this
frame requires rotating the bond vector frame to the bisector frame with the following
matrix:
cosp/2 sing/2 0
S =M, (-¢/2)=[-sind/2 cosdp/2 0]. (3.5.1)
0 0 1

For the atoms whose positions do not depend on ¢, namely the first three, the vibrational
s-vectors also do not contain ¢, so that applying the rotation matrix S merely introduces
sin(¢/2) and cos(¢/2). For other atoms, the matrix Sy in the list S1... S, is S1 = Mz(¢),
and therefore, in the product SS1, ¢ is replaced by ¢ /2. Finally, when we apply the
matrix on the ¢ dihedral s-vectors, we find again that the expressions are combined in
such a way that the s-vectors only involve ¢ /2 instead of ¢.

In practice, it is simpler to generate the s-vectors in this frame by defining the BF
coordinates of this frame in terms of the vibrational coordinates and using conditions
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Figure 3.2: The bisecting frame where the x-axis bisects the ¢ dihedral angle illustrated
by the dashed arc in the figure. The origin of the axes is set to the a atom for clarity.

appropriate to this frame. In that case, the conditions are

C(X) = rby —_ ray = O,
CW = rpy —rax =0, (3.5.2)
c® = (rcy - 7’ay)(rdx — Tax) + (rex — rax)(rdy - ray)

where the (different) third condition stems from the observation that the tangent of the
angle between the x-axis to the bond R, — R, projected onto the xy plane (given by
(rey = Tay)/(rex — 7ax)) is negative the angle between the x-axis and the bond R, - R,
projected onto the xy plane. Thus

Ty Thy T Ty (3.5.3)
Fex =Tax  Tdx — Tdx

and we multiply by the denominators to simplify the condition. With this, the rotational
s-vectors we obtain depend on ¢ /2 but not ¢, in other words the KEO no longer depends
on ¢ at all. This reduces the number of 1D functions present and the KEO remains
compact, a desirable property.

A similar frame, that of the z-axis bisecting the first planar angle, can also be used.
The results for the s-vectors are analogous to the bisecting x-axis example.

3.6 Example of formaldehyde

The new implementation and underlying methodology was tested on the formaldehyde
(H>CO) molecule to compare to pre-existing TrRovE calculations which used an expanded
KEO, detailed in Ref. [41]. Only the vibrational energies for the | = 0 states are compared
as this was deemed sufficient to verify the program’s correctness. The structure is shown
in Figure 3.3. The six coordinates used are the C—O bond, the two C—H bonds, the two
H-C-0 angles, and the dihedral angle of the two H-C—-O planes. A bisecting frame
was chosen, with the x-axis pointing at the midpoint of the dihedral angle, and the z-axis
along the C-O bond towards O. Aside from the change in the KEO’s representation,
the TROVE parameters were identical to those of Ref. [41].
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In Ref. [41], the KEO has an expansion order of 6. Both calculations expanded the
potential energy to order 8, although the expansions in Ref. [41] and in the present work
were performed in linearised and valence coordinates, respectively. The basis functions
(see Eq. (3.2.3)) were contracted according to the polyad rule of the 1D vibrational basis
functions given by:

P =2(ny +n3) +ny +ng4 +ns + ng < Prax

where 1, is the nth excitation of the ith vibrational coordinate in the above order. The
trucation is set at Pmax = 16. Table 3.1 shows a comparison of the first 17 A; state energies,
using the parameter values of Ref. [41]. The close agreement provides confidence that
the method was program correctly .

Figure 3.3: The structure of formaldehyde (H,CO).

Table 3.1: Comparison of the first 17 A1 state energies of Ref. [41] and the new approach.

I  E(cm™) (this work) E(cm™1)[41]
1 0000.000000 0000.000000
2 1500.100565 1500.120955
3 1746.026899 1746.045388
4 2327.438439 2327.497142
5 2494.277373 2494.322937
6 2782.368637 2782.410921
7 2998.921856 2999.006647
8 3238.844004 3238.937891
9 3471.649488 3471.719306
10 3825.530391 3825.967015
11 3935.924687 3936.435541
12 4057.853105 4058.101422
13 4083.461950 4083.490190
14 4247 422778 4247.609826
15 4256.128549 4256.314862
16 4495.183906 4495.499848
17 4529.485437 4529.635737

3.7 s-vectors in polyspherical coordinates

As a further application, the KEO in polyspherical coordinates of Ref. [65] will be
re-derived, generating the s-vectors that produce the G matrix. Asusual for the Serensen
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method, the s-vectors are first derived, so this approach perhaps has the advantage of
being less demanding to program. It also demonstrates the flexibility of the Serensen
method for deriving KEOs expressed in terms of conjugate momenta.

The polyspherical approach involves parametrising the N position vectors of an N
atom system into N — 1 vectors (the polyspherical vectors) which are linear combinations
of the position vectors. The overall translation is factored out in the polyspherical
vectors. For simplicity of notation we also denote the polyspherical vectors as Rg and
the transformation matrix between the position and polyspherical vectors as A. Then
components R,gp, Be{l,...,N-1}and F € {X,Y, Z} are defined by

R‘SF = Z AﬁaRaF
a

where R, r are the Cartesian coordinates. The standard approach is to align the BF z-axis
along Ry—-1 and set the BF x-axis to be in the plane of Ry—-1 and Ry—_>. The components
of each Ry are then expressed as spherical coordinates relative to these axes, i.e.

Rp = (Rg sin 04 cos g, Rg sin O sin g, Ry cos Op) (3.7.1)

where Rg is the magnitude for Rﬁ, Op is the planar angle between Ry_1 and ﬁﬁ, and
¢ is the dihedral angle between the plane generated by Ry_1 and Ry_» and the plane
generated by Ry—1 and Rg.

We shall now derive the expressions for the s-vectors with these coordinates. First,

SfR,;,ai is
IR IVRs Ry oR,; Ry )

SRg,ai = m = = 9Ryj R, Rg pa

(3.7.2)

Or SRg,a = ApaRg/Rg. Next, S0p,ai 1S given by

895 0 Rﬁ . RN—l 8Rw
Sep,ai = —aRai = Z 81~§V]~ arccos Ryt | 9Res
—_A Ryaai  (Rp-Ry-1)Rpi) 1
B pa fRﬁfRN_l fszRN_l sin 95
A Rﬁi (R,B : RN—l)RN—li) 1
— AN-1a - 3 >
fRﬁfRN_l :RﬁiRN—l s 6‘3
Ry_1i cos Qﬁfiﬁi 1 Rﬁi cos QﬁﬁN_U 1
il G e e ey el Fr S——" sin 6
BAN-1 B B BIAN-1 N-1 p
(3.7.3)

SO Sg,,a 1s given by

1
Rn-1

(cos ¢g, sin g, 0).
(3.7.4)

1
Sopa = Aﬁ"‘fR_ﬁ(COS Op cos ¢, cos Op sin Pg, —sin ) — AN-1a
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The dihedral s-vectors Spai Are

99
"0 Ry
J L L
= ), sz—arctan2[(Ry-1 - Ry-1)(Rs - Ry—2) = (Rn-1 - Rg)(Rn-1 - Ry-2),
vj J Vi
R R R R Ry
N-1(Rn-1 - (Rn-2 X ﬁ))]é’Rm

(3.7.5)

which can be expressed as

1
R%\]_liRﬁfRN_z sin 6/3 sin GN_z

S(i)'g,ai =

— Apq sin ¢g(Ra,_Rn-2i — Rn-1iRn-1RN—2 cOs On—2)

+ AgaRN-1 cos q’Jﬁ(RN_l X Rn_2);

— 2AN_14 8IN ¢5RN_1iRﬁ92N_2(cos Op cos On -2 + sin O sin Oy—2 cos ¢p)

+ AN_14 SIN (pﬁ(f{ﬁiSRN_lfRN_z cos On_p + liN_zifRN_lfRﬁ cos 6p)

+ AN-1a €08 pg(Rn-1 + Rn-1:)(Rn-2 X Rp);)

+ AN—24(—sin gbﬁ(RZZV_lRﬁi — RN_UIRN_lfRﬁ cos 6g) + cos qbﬁ(iRN_lﬁﬁ X Rn-1)i].

(3.7.6)
Thus, s¢,,« can be written as
1 :
Sppa = Aﬁ,am(— sin ¢g, cos ¢g, 0),
+ AN-1a 9%1\11—1 (sin ¢g cot O, cot On—2 — cos g cot O, 0), (3.7.7)
— AN-24 1 éy.

:R.N_z Sim QN—Z

For the rotational s-vectors we have to define three conditions as before. The z-axis
is aligned with Ry -1 and the x-axis is in the plane generated by Ry-1 and Ry_p, which
is the same choice of axes as in Section 3.4.4, Ry_; takes the place of Ry, Ryn_» of R,,.
The appropriate Serensen conditions are thus

C™ = Ry-1x,
CY = Ry-1y, (3.7.8)
c@ = Ry-2y

and therefore the c-vectors are

Cx,0 = AN-1a€Xx,
Cy,a = AN-10€Y, (3.7.9)

Cza = AN-24€Y.
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The gondition Eq. (2.3.22) for cy,q, given by », An-1o = 0, is automatically satisfied as
the Rs are invariant under the translation of Rs, and likewise for the other cs. The |
matrix turns out to be

_ 0 RN—lz _ 0 0 Rn-1 0
J=|-RN-1z 0  Ry-1iz|= —RN-1 0 0 (3.7.10)
-Rn-2: 0 Rpy-2 —RN—2c0sOn-2 0  Ry-2sinOy-2

and the rotational s-vectors become

1
Sx,a = —AN-1a Rn 13X/
1 .
Sy’a = AN_la:RN 18X, (3.7.11)
cot On_1 1
Sy q=—-AN_1ga——€y + AN_ - éy.
zZ,a N-1la :RN—l Y N zaRN—Z sin QN—Z Y

In summary, we can write the s-vectors as

SRg,a = Aga(cos ¢g sin O, sin ¢g sin O, cos Og),
1
Rn-1

1
SOpa = Aﬁafﬁ(cos Op cos g, cos Og sin ¢g, —sin Og) — AN-14 (cos ¢g, sin g, 0),

1 .
S¢ﬁ,a = Aﬁ,am(— Sin (Pﬁ, COS (Pﬁ, 0),

1
+ AN-1a R (sin ¢g cot O, cot On—2 — cos g cot O, 0),
N-1
A 1 e
— _ e ,
N-2a Rn_osin On_» Y
1
Sx,a = —AN-1a Ry ex,
S A 1 é
a = AN-1 Y,
v, a :RN—l
cot On_1 1 ~
= —-AN_1g———@€y + AN_
Sz,a N-1la RN—l ey N-2«a RN—Z sin QN—Z
(3.7.12)
To generate the G matrix elements from these vectors, we must compute
G —Zis ‘s (3.7.13)
ab — é 1, a,o b,a .

where we see that the only factor that varies with a is the element of the A matrix.
Borrowing the notation of Ref. [65], we define Mg, = 3, AﬁamglAW = (AmA‘l)ﬁa,
where m is a diagonal matrix and m,, = 1/m,. With the caveat that S6p,a has to be
multiplied by —sin 6g before evaluating the G matrix in order to fit the coordinate
definitions of Ref. [65], we see that the results of Appendix B of Ref. [65] are matched.
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3.8 Practical implementation in TROVE

Fortran, which lacks the capability of symbolic manipulation, necessitated the usage
of an external program — using the Serensen method — to derive analytic KEOs in
the sum-of-products form of 1D elementary functions. Python was tested, but its
symbolic manipulation packages were deemed not as powerful as Mathematica, which
was ultimately used. The Mathematica script which generates the KEO was written to be
as general as possible, though each molecule has its own peculiarities. A version of the
script is available in the supplementary material of Ref. [2].

In the Serensen approach of Section 2.3.2, one must define (for a given molecule)
the masses of the nuclei, the vibrational coordinates q(R) = g(r) as functions of the
Cartesian coordinates, the three conditions C(§ )(r) in terms of the BF coordinates, and,
finally, the BF coordinates r(g) in terms of the vibrational coordinates. Here, the 7 in
g(r)and C ©)(r) represents the labels for the BF coordinates and likewise the g in r(g)
represents the labels for the vibrational coordinates.

At this point in the calculation it is worthwhile to check that the C(8)(r) conditions
are zero (Eq. (2.3.18)) by substituting the Cartesian coordinates r in C&)(r) with r(q)
to form C®)(r(q)). While C®)(r) is only a function of the r labels and therefore not
identically zero, we recall that the BF coordinates r(g) assume the rotational conditions
and therefore C8 )(r(q)) must be zero.

In a same vein, the coordinates g(r) should be checked to be correctly defined by also
substituting r with r(g). Since r(q) and q(r) are effectively inverse operations, r(q(r)),
after simplification, should be the identity operation. It may happen that the expression
is too complicated for the analytic software to fully simplify the expression such that the
result is evidently an identity operation. In that case, for the function representing 7;(g),
one may replace all other vibrational coordinates with random values and then plot
the resulting function (of g;) as a function of g;. The result again should be the identity
operation. However, as the g contain trigonometric functions, which are periodic and
hence do not have a well defined inverse across their entire domain, there may be
discontinuities in this plot.

Once these are obtained, the remainder of the script should in theory be practically
identical for all molecules. First the s-vector sk ,(r) components as functions of the BF
coordinates are determined. The Cartesian coordinates » must be substituted with r(q)
to form s (7(g)). The resulting expressions are typically not in their simplest form, or
even in the sum-of-product form. They must be simplified by the software.

In Mathematica there is an added complication of what constitutes “simplification.”
If it can combine trigonometric functions using product-to-sum identities, such as

sin ¢ cos B + sinf cos a = sin(a + f), (3.8.1)

it will, but these are not helpful in this application as the expressions must be separated
again to force the sum-of-product form on the s-vectors. Moreover, comprehensive
simplification in Mathematica is time consuming. The identities actually applied should
be manually — and wisely — chosen. The essential identity is the Pythagorean identity
sin® a + cos?> @ = 1. Other useful identities are the trigonometric identities

2sina cos a = sin(2a),

2 2

, (3.8.2)
COS™ @ — sIn

a = cos(a)
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and Mathematica can be set to limit its trigonometric simplification to just those. Some-
times one encounters the need for the identities

sec’ a,

1 - cot?> a = csc? a.

1-tan?a
(3.8.3)

Finally, to prevent unwanted simplification present when including the Automatic
keyword, Mathematica may be forced to simplify expressions such as +/f(x)?f(y)? to

\f(x)24/f(y)? and then +/f(x)? to f(x) (i.e. positive roots). There may be trial and error

involved in choosing the correct simplification rules to apply to maximise the speed but
also to guarantee a sum-of-product form while minimising the size of the s-vectors.

For some molecules, a trigonometric function may be a function of a linear combi-
nation of the dihedral angles rather than a single dihedral angle. Despite the above
recommendation, it is preferable to also not expand any trigonometric functions using
the sum-to-product rules until a later stage to maximise the trigonometric simplifications
first: these are trickier for the software to find after the sum-to-product identities are
applied.

If the initial BF-frame is not the desired frame, the s-vector components of the
latter can be calculated. After they are found, the above simplification procedure
can be applied. Then the s-vector components of the initial BF frame can be used to
find the vibrational G matrix components and the pseudo potential — these are frame
independent — and the new s-vector components should be used to find the Coriolis
and rotational G matrix components. Once again, they can be simplified with the above
procedure.

At this stage, the trigonometric sum-to-product identities should be applied so that
the KEO is in the sum-of-product form, but it can still be simplified. This step concludes
the calculation of the KEO in the software. The subsequent steps are specific to TROVE,
which must be able to read the KEO correctly. The result of these steps is a list of 1D
elementary functions and the expansion coefficients. Currently, they are numerical and
depend on the initial masses of the nuclei.

In TROVE, each term of Eq. (3.2.2) is numbered by

(i1, .., 13N=6) = Miy,...isns (3.8.4)

and this 3N — 6 dimensional index is converted to a single index n;,,. ;.. Actually,
TROVE iterates through each possible value of the index (for a given polyad number)
and converts it to the 3N — 6 dimensional index. How this number works in practice is,
to find the n + 1 term with the nth term (i}, ..., i3ny-6), one finds the first non-zero i;
starting from the right, adds 1 to i;-1, and then sets i3xy—¢ = ij —1and i; = 0if j # 3N —6.
An example of this is shown in Table 3.2. Once i1 = p < pmax and the rest zero, the next
term is i3n_¢ = p + 1 are the rest zero. In this way, a lookup table is created from the
single index to the 3N — 6 dimensional index.

In the analytic KEO approach presented here, term numbers (i, . . ., i3n—¢) are taken
from Eq. (3.2.1). Therefore, the reverse procedure of obtaining the single index from the
3N — 6 dimensional index is required. TROVE's previous implementation of this used an
inefficient recursive function which was rarely needed, so an alternative approach was
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Table 3.2: The TRovE number on the left column for each term on the right column

Number Term

1120 (2,1,2,3,0)
1121 (2,1,3,0,2)
1122 2,1,3,1,1)
1123 (2,1,3,2,0)
1124 (2,1,4,0,1)
1225 (2,1,4,1,0)
1226 (2,1,5,0,0)
1227 (2,2,0,0,4)

necessary. A direct mapping can be accomplished through the formula

ni

‘ 14 ]93N_6+3N—6—1) SEZJ(I%N6—F)]1+3N 6-j—-1-k
AN 3N -6 - BN-6-p-j-1
>0
(3.8.5)
where the left-most sum is over all i; greater than zero and

k

i = zglij. (3.8.6)

For TrOVE to correctly read the analytic 1D functions f; (i), each function of g; in the
KEO in Mathematica is converted to the form fi[j] and Trov is told which functions the
numbering corresponds to. For the first task, the Mathematica script determines every
1D function present in the KEO. These are sorted according to the “total-power” of each
“fundamental” function which is the sum of the exponents of the fundamental functions
in a 1D function. For example, the 1D function of the form sin? g; cos g; has total power
3 =2+ 1 from the fundamental functions sin q; and cos g;, respectively. The 1D function
mapping for all functions of g; could be

(sin? g; cos g; — fi[4], cos? q; — fi[3],cos q; — fi[2],sing; — fi[1]) (3.8.7)

where the mappings are ordered from the highest total-power to lowest. This is the
order with which the substitutions are made. This would prevent, for example, cos g;
being used in the substitution of sin® g; cos g; to sin® g; fi[3], which is not correct.

With the substituted KEO, each expansion term can be represented in the form
(ap,i1,...,13N-¢) Where ay, is the coefficient. For the problem of TrovE reading this input,
there are a few approaches. The terms can be numbered by Eq. (3.8.5) so TRovE only
needs to be told which function each number corresponds. One approach, which was
effectively taken for programming the KEO for the homo- and heteronuclear triatomics,
is hard coding the functions into TrovE. This is not an ideal solution and is untenable for
a large KEO. It also goes against the black-box philosophy of TrROVE.
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An alternative approach, one used for H,CS, uses an updated Trove which reads the
mapping (specified in the input) on-the-fly. Each fundamental function can effectively
be expressed in the form g(bq")™. The numbering n and m may not be unique, but the
mapping need only be correct. The function g is typically the identity or a trigonometric
function. A 1D function of the form

Q1(b1g™)™ .. g (byrg™r )™ (3.8.8)
is expressed, in a text format, as
r ml gl bl nl m2 g2 b2 n2 ... m2 gr br nr (3.8.9)

which is part of the BASIC-FUNCTION block in the input file read by Trove. Pointer
functions in Fortran are used to specify the fundamental function g; on-the-fly.

This concludes the steps necessary to construct a KEO for a molecule such as H,CS.
For larger molecules, such as C,Hg, numbering by Eq. (3.8.5) is no longer tenable.
Ordinarily, the expansion order (the polyad pmax) is specified and is typically around 6.
For a molecule with a small to medium number of modes, the number of possible terms
(11,...,i3N-6) Where i1 + ... + i3y-6 < Pmax is reasonable. In TROVE, an array of this size
is created before the KEO is read (or created) and then its values are assigned according
to the coefficients. In the case of the analytic KEO the polyad has no physical meaning
and is just a convenient way to inform TrRovE of the size of the necessary array. For CoHg
this array becomes impractically large as there are 18 modes and up to 13 functions for a
single mode. Another method is needed.

To combat this issue, a modification was made to TRove which now can read the
input that includes the numbers (i1, . . ., i3ny-¢). Since TROVE was not designed with this
in mind, the redundant polyad and number of terms are still required in the input,
although these numbers are not utilised. Modifying TrRovE in this way was a significant
challenge as much of the code rests upon the assumption that the numbering of the
terms is according to Eq. (3.8.5).

3.9 Chapter summary

This chapter delved into the procedure implemented in Mathematica and TROVE to use
analytic KEOs. The general Serensen methodology as well as how to implement it
practically was described. The relation between the s-vectors components for different
BF-frames was proven and used to deduce the functions of the valence coordinates
present in the s-vectors and by extension the KEO. This approach was taken to re-derive
the KEO for polyspherical coordinates stated by Ref. [65]. Finally, the implementation
was tested for HyCO with the results compared to previously published values.

Appendix 3.A BF-frame s- and t-vector components

This section will demonstrate that BF-frame components of the s- and ¢-vectors can be
found by evaluating their functions using the BF coordinates r(g).
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First, the vibrational s-vectors in any frame are found by evaluating d,;qx in the
Cartesian coordinates of that frame. To show this, we use the property that the value of
g does not depend on which frame it is evaluated in, i.e.

gi(MRy +d, ..., MR, +d) = gi(R1,...,Ry). (3.A.1)

where MR, + d are the coordinates of R, when the frame is rotated and translated.
Calling T(R) = MR + d, we want to determine dyi(qx)(T(R1), ..., T(R;)) in terms of
34i(gk)(R1, ..., Ry). Let us define the function T as

T(R1,...R,) = (T(R1),...,T(R,)). (3.A.2)

Then, the translational and rotational invariance can be expressed as

gr o T(Ry,...,Ry) = qx(Ry, ..., Ry). (3.A.3)
Differentiating both sides, and using the chain rule, we obtain
Iar(qK)(R1, ..., Ry) = dar(qr o T)(R1, ..., Ry) (3.A4)
= 2 9ar(MFC Ry, .., Ri)Ip(q)(T (R, ..., Ry)) (3.A5)
p

Here 9,r(T)PC is the BG component of the derivative of T, which is non-zero only when
p = a and is given by Mcr. We thus have

dar(g)(R1, ..., RN) = Mgrdac(qi)(T(R1), ..., T(Ry)). (3.A.6)
Thus

Ska = éFaaF(Qk)(Rl/ ey RN) = MGFéFgaG(qk)(T(RI)/ (R T(Rn))
= éG&aG(Qk)(T(Rl)I sy T(Rn))

where é; = Mcgrér. Since the Cartesian components in the new frame are given by
MgrRqur + d, ég are the unit vectors in the same frame, which tells us the component of
Sk« 1s the derivative of gx evaluated at the Cartesian coordinates of that frame. This
gives a computational way to determine the components of sy , in any frame that does
not involve first evaluating the components in the SF-frame and applying the rotation
matrix. In particular, it provides a way to find the BF components.

The remaining vectors are easier. The translation t-vector is

(3.A.7)

tro,=ér = Mpgég (3.A.8)

so that the BF-frame components are Mr = (Mpyx, My, Mr:). The translational s-vector
is similar.
For the rotational t-vector, we have
toon =8¢ X Ry
= ég X Tahéh (3.A.9)
= Tah€ghf é f
SO teaf = Eghflah- Finally, the rotational s-vector components are defined in the
BF-frame.
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Appendix 3.B Derivation of the s-vector relations

In this section we shall derive the relations of the s-vectors under a change in BF-frame,
as stated in the main text. All vector components are assumed to be in the BF-frame.
First, we note that the translational s- and t-vector components are invariant under a
change of BF-frame. The coordinates 7, of the original BF-frame become Sr, under a
change of frame, where S is the rotation matrix. Here we ignore translation since 7,
are assumed to be calculated with the origin at the centre of nuclear mass. Then, the
vibrational t-vector components t , relate as

ds
tka = Okrq — Ok(Sry) = Sty o + 8_11kra =S (tk,a + Zg: wk,gta,g) . (3.B.1)

where wy = (Wk,x, Wk,y, Wk,z) is defined by

S
ST—"s = (wg X 9). (3.B.2)
8!] k
Next, we consider the vibrational s-vectors sy ,. We may again use the argument of
Appendix 3.A that all vibrational coordinates g; are invariant under r, — Sr, +d,
where d are displacement coordinates. We find

Aai(q)(r1, - - ., 1N) = Sjidaj(q)(T(r1, ..., 7)) (3.B.3)
which can be inverted to give
Qam(qr)T(r1, ..., 7N)) = Smiai(qi)(r1, . .., TN). (3.B.4)

This is the required result. Thus
Sk,a —™ SSk,ac (3.B.5)

which means they are related as the Cartesian coordinates.
We must also check the vibrational ¢- and s- vectors behave properly as inverses:

T T T
Z Sk,a” tk,a = Z Sk,a” tkr,a + Z Wk, g Z Sk,a tg,a
a a g a

_— _— (3.B.6)
Skxr 0

= Ogk-

We also note that the invariance of the vibrational G elements is satisfied, as expected.
To determine the relation of the rotational s-vectors, we first calculate the relation of
the rotational t-vectors, which are

tg,ai = €igjtaj = EigjSjmTam- (3.B.7)
This can be expressed in terms of the original t-vectors components:

Sehth,ajSij = SghSij€jnm"am

(3.B.8)
= S¢nSijSpn€innSpmram = Aet(S)eigpSpmTam = €igpSpmTam-
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Viewing t, , as the matrix t, o, where g signifies the columns, this can be expressed as
tro — Sty oST. (3.B.9)

For the transformation of the rotational s-vectors, we assert that they become

, ds
Sg.ai = Sg 4 = SenSijSn,aj — Z ﬁskﬂjsh,ﬁpsmrﬁnsﬁsgk (3.B.10)
p

where k € {1,...,3N — 6} ranges over the vibrational coordinates and € {1,...,N}
ranges over the atoms. This can be simplified to and rewritten for the rotational s-matrix
as

Sra — S (sr,a - Z a)k/sk/,aT) sT. (3.B.11)
kl

To show that this is the correct transformation, we will show that this is the inverse of
the transformed t-matrix. First, with the translational ¢t-vectors, we have

T T
S sratra 5 s ( - s ) Sy
«a o k’

(3.B.12)

5| Y sra- Y| Yswa ||STM:
o k’

a
S~—— ——
0 0

where Mr = (Mfx, My, MF;) and M is Euler matrix of Eq. (2.3.2) and both terms are
zero due to condition Eq. (2.3.24) on the rotational and vibrational s-vectors. For the
rotational t-vectors, have have

T T
Z Sr,atr,a — Z S Sr,a — Z Wk'Sk!,a tr,as
a k’

o

(3.B.13)
=S Z Sr,atr,a — Z Wi Z Sk’,aTtr,a st
o k’ o
—_————— ——
I 0
=ssT =1.
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Finally, for the vibrational ¢-vectors, we have

T
Z Sr/atk’a b Z S (Srla - Z a)k/sk’,a ) (tk’a + Z a)k’gtg/a)
a a Kk 8

=S Zsr atka+zwk ¢Sr.ata,g Zwk’sk’ tk,a + Z Wk, g Wk'Sk tg,a

a,k’ a,g,k’
\._._\,_....../
0 Wk Wi 0
= S(a)k - a)k) =0
(3.B.14)
which concludes the proof.
Appendix 3.C Invariance of the pseudo potential
The pseudo potential U consists of the four terms:
=3 Z —(engga) (g X S¢7 a),
@88
dS¢,a
U, = 40(ka0[ egxska)' aqk/
&k , (3.C.1)
1 1 9°skr a
T TE 20 e Ggcage
a ik e koK
1 1 aSkct 8Sk’oc
Uy =—5 — .
* 80(;{, mey 8qk aqk,

where U is the sum of these terms. The first term can be rewritten as (in Einstein
summation notation)

8 Z (Sg aiSg,ai Sg,ahsh,ag) (3C2)
or, in matrix notation,

1 1
U, = g za: m—aTr(sr,asrT, L\~ StaSta)- (3.C.3)

The second term can be rewritten as (in Einstein summation notation)

8sg ai
5 Sk (3.C4)
=1 Z 1815k g0
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We will briefly outline the methods use to obtain the changes AU, of each U; — where
AU is the difference between the U; before and after changing the BF-frame — before
writing them all out. For U, we have

1 1 - . . o~
AU = g E — (Tr(Ssr,asrT,aST) - Tr(sr,asr,aT) - Tr(Ssr,asr,aST) + Tr(swsr,a))

1 1 (3.C.5)
= g Za: m_a (Tr(gr,agzja) - Tr(sr,asr,aT) - Tr(gr,agr,a) + Tr(sr,asr,a))
where
Sra = Sra— ) WkSka - (3.C.6)
k
An example term would be
Tr(wkska’ Sk,a@i) = (0K - ©K)(Ska - Ska)- (3.C.7)
For U,, we have
1 1 P) . JSg ai
AU, = 1 Za: e (é‘igjsjzsk,aza—qk(sghsimsh,am) - Eigjsk,aj% : 3.C.8)
A term such as
8Sgh .
Eigjsjlsk,alg—qksimsh,am 3.C9)
becomes
8Sgh _ _
3ig’jsim5g’nsjlsk,alsgn a—qksh,am = EmnlEnghSk,alWk,gSh,am (3 C 10)
= Tr(gr,oc)(sk,a : (Uk) - Sk,aTgr,oca)k-
For U3, we have
1 1 9255y 4 32510 4 )
AUz = —= —|Ssjy————— —Sp g ————1|.
3=-7 a;(, — ( b Grage ~ Ske” 5ogle (3.C.11)
A term such as 5 (g
S
S | =5 3.C.12
Sk,a P (5’qk15k ,a) ( )
becomes
Jd [ dS d dJs 0
SSka— |——sp ol = Sska - — [SST val = Sska - — (Swpr X s
Sk,a 8(]k (al]k’Sk ,a) Sk,a aqk ( an’Sk ,a) Sk,a aqk (Swir X s ,oz)

d
= (Sk,a - (WK X (Wp X Sk,0)) + (Sk,a - (_(a)k’ X Sk',a)) :

dqk
(3.C.13)

A similar procedure can be used for Usy.
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With these expressions the differences AU;s are given by

1
AUy =+ 3 Z (wk - Wi )(Sk,aSk,a) = (WK * Skr,a)(Sk,a * Wkr,a))
akk’

1 T T
+ Z Sk,asrr"‘wk — Wk Sr,aSk,a )
ak

1
AU =+ 1 Z (Wi * Sk,0)(Sk,a - Wrr) — (Wk * @k )(Sk,a - Skr,a))

akk’
1
+ Z Z (a)kTSr,aSk,a - Sk,aTSr,aa)k)
ak
1 d
+ > (Sk,a 0 (@ X Sk’,a)) : (3.C.14)
akk’
1 8 85 ’
AUz = - 1 (Sk,a ' a_(a)k’ X Skra) + Sk, - (a)k’ X5 £ ))
akk’ Tk Ix
1
~1 Z (@K - skr,a)(Sk,a - W) = (Wi - Wrr)(Sk,a * Sk7,a)) 5
akk’
1
AUy = - 3 Z (Wk * Skr,a)(Sk,0 * W) — (Wi * Wk )(Sk,a * Skr,a))
akk’
Lo o)
- = —28k,q * | WK X .
8 &% i

An inspection of these expressions show that AU = AU; + AUy + AUz + AUy = 0, as
expected.
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Chapter 4

MARVELISed H>,CS Line List

41 Introduction

Since its original interstellar detection [68], thioformaldehyde (main isotopologue
1H,12C325, henceforth referred to as H,CS) has been observed in a variety of astronomical
environments. For example, in massive star-forming regions such as Sagittarius B2 [69]
where it can be efficiently formed through bimolecular reactions [70], in nearby [71, 72]
and more distant galaxies [73], molecular clouds [74], and in the comet Hale-Bopp [75]
which was the first detection of thioformaldehyde in a comet. Given that it is a simple
organosulphur molecule, thioformaldehyde can be expected in the atmospheres of
exoplanets where sulphur chemistry is known to play a significant role in atmospheric
composition [76, 77]. The need for accurate and complete molecular opacity data of
H,CS is the motivation for the production of a hot line list for the ExoMol database [8]
and is the subject of this chapter.

It is broadly split into two sections, based on the publications Refs. [1, 2]. This former
was an extensive spectroscopic literature search of HyCS which extracted all meaningful
transitions into a consistent, labelled dataset with measurement uncertainties. This
dataset was processed using the MARVEL (Measured Active Rotational-Vibrational Energy
Levels) algorithm [78-81] which produced an extensive list of ro-vibrational energy
levels of H>CS in its ground electronic state.

The marvEL dataset was used in the computation of a new comprehensive line
list of HoCS, which is the subject of the second half of the chapter. This calculation
improved upon previous line lists by empirically-refining the PES with the MARVEL
values. Moreover, after the line list was computed, the calculated energy levels were
replaced with the empirically-derived marveL values. The variational ro-vibrational
calculations also employed an analytic KEO discussed in Chapter 3.

4.2 MARVEL procedure

4.2.1 The approach and input structure

Based on the theory of spectroscopic networks [80, 82-84], MARVEL takes a user-
constructed dataset of assigned spectroscopic transitions and converts them into a
consistent set of labelled energy levels with the measurement uncertainties propagated
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from the input transitions to the output energies. To convert the transitions, it essentially
minimises the weighted quadratic sum

2
1
> |t~ D XiE; 4.2.1)
i i j

where t; and o; are the ith transition and associated uncertainty, respectively, E; is the
jth energy level, and X;; is

1 jis the upper state for transition i
Xijj =4-1 jisthelower state for transition i (4.2.2)
0  otherwise.

Differentiating with respect to Ej, equating to zero, and rearranging , we obtain

1 1
T —xT T
X,i E Gzti— X, E sz”EJ (4.2.3)
i i Vi

i

which is a set of linear equations which can be solved for the energy levels.

From a user-perspective, the MaRVEL input dataset of transitions has the general
structure

v in.unc up.unc QN QN” source.i

where v is the transition wavenumber (cm™'), in. unc is the initial measurement
uncertainty (cm™!), up. unc is the updated uncertainty (cm~!) which may differ from
the initial uncertainty, QN’ and QN” are the quantum numbers of the upper and lower
states involved in the transition, respectively, and source.i is the literature source tag
concatenated with a counting number i of the datum from this source. source.i is a
unique ID of the transition in the dataset and is required by marveL. The source tag, for
example 72BeKIKiJo, is based on the notation employed by the IUPAC task group on
water [85, 86] and is generally speaking formed from the year published and the first
two letters of, up to, the initial four authors” surnames. An extract of the MARVEL input
file of HoCS containing the labelled transitions is shown in Table 4.1.

Table 4.1: Extract from the MARVEL transition file. The MARVEL frequency wavenumber v
and uncertainties are in cm~!. There are two uncertainty columns to allow the input
uncertainty to be updated while retaining the original uncertainty of the source.

v unc. (em™!) unc. (cm™) Quantum ‘numbers’ of upper states Quantum ‘numbers’ of lower states Source
, , / , , , , , ;o ” 7 ” ” ” 7 ” ”
I K, Koo ony o my ony omy ng o ong ] Ky KU oni o ni oni njf ng nf

8.01661895  0.00000167  0.00000167 7 4 4 0 O O 0 0 0 6 4 3 0 0 0 0 0 0 08MaMeWiDe.35
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4.2.2 H,CS quantum numbers

H>CS is a semi-rigid, asymmetric top molecule that can be classified according to the
C2y(M) molecular symmetry group with the irreducible representations A;, A, B, and
B; [31]. Transitions follow the parity selection rules A; <> A and By <> By; and the
standard rotational selection rules, ]” — J” =0,+1, J' + J” # 0, where " and ”” denote the
upper and lower state, respectively.

Nine quantum numbers were required to uniquely label a rotation-vibration energy
level of HpCS in the ground electronic state: the six vibrational normal mode quantum
numbers V1 to ve, detailed in Figure 4.1, and the three standard rigid-rotor quantum
numbers |, K;, and K. Here, | is the total angular momentum quantum number, K, and
K, are the oblate and prolate quantum numbers, respectively. These are restricted by
the convention | = K, + K. or | = K; + K, + 1 (the latter only when K, # 0 and K, # 0).
This gives 2] + 1 states for a given J.

The chosen set of quantum numbers has to be consistent across the whole dataset and
care must be taken when extracting data from literature sources as different labelling
conventions are occasionally encountered.

V1 ? V2 ? V3 ?
é || @
H & H @ H o

(a) symm. C— Hstretch (A1) (b) symm. S-C—-H bend (A;) (c) symm. C-S stretch (A1)
2971.03 cm™! [87]. 1455.50 cm™! [88] 1059.20 cm™! [89]

(d) out-of-plane bend (B1) (e) assym. C-H stretch (B2) (f) assym. S-C-H bend (B5)
990.18 cm~! [89] 3024.61 cm ™! [87] 991.02 cm™! [89]

Figure 4.1: Vibrational modes and measured band centers of H,CS.

Table 4.2 shows the relationship between the rotational quantum numbers and overall
rotational symmetry. This needs to combined with the symmetry of the vibrational
modes given above to give the total symmetry of a given state.

4.3 Experimental data sources

Spectroscopic data was extracted from 11 published sources and these are summarised
in Table 4.3. This contains the energy and | range of each source, the bands covered,
the number of available transitions (A), the number of validated transitions (V) by
the MARVEL procedure, and, from those validated transitions, the mean and maximum
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Table 4.2: Symmetry species of [k, k. levels of HyCS in the Cyp,(M) group [31].

K a K c I11‘ot

even even Aj
even odd A
odd even B,
odd odd B;

uncertainty obtained from the uncertainties quoted in each study. Four sources provided
their data in digital format, while the other literature sources were processed using
ABBYY FineReader. The number of available transitions for a given source does not
include transitions taken from prior sources.

There were two primary reasons for the exclusion of a transition. The first is when its
provenance was not clear so the line could not be verified to be purely experimental. The
second is when the difference between the energy of a state determined by the MARVEL
procedure compared to the energy as predicted by a transition was greater than the
uncertainty of the transition. Typically, these states were well supported by several other
transitions (from another source) with the outlier transition biasing the MARVEL energy
of the state towards the transition predicted energy even if the transition uncertainty
was increased. Thus, the removal of the transition improved the final MARVEL energy.
A negative sign is added to any transition wavenumber to remove it from the MARVEL
procedure.

A number of changes were made to the extracted transition data. The energies of
states with K, close to ] may depend only very weakly on K. and often give rise to two
very-closely-spaced transitions, a phenomenon known as K-doubling (see Section 4.3.2).
In sources where the prolate (K;) quantum numbers were missing, degenerate transitions
with both possible values were added into the input transitions file which respected the
symmetry rule. The number of available transitions in Table 4.3 reflects this change.

Due to the close band centres of v4 and v¢, many states had to be reassigned to
ensure consistency in the input transitions file. The basis and method of reassignment
is explained in Section 4.3.2, with the changes made to the individual sources detailed
below.

70JoPo [90]: A ground vibrational study whose data was included in 199MuMaTh.

71JoPoKi [98]: A ground vibrational study whose data was included in 72BeKIKi]o.

71Jo0O1[87]: Aninfrared study with the v, v5, and 2v, bands. The original assignment
for the latter was 2v¢ but this was incorrect and has since been updated. The transitions
from this source were challenging to scan due to the print quality and were not always
unambiguous. The transitions were also of relatively low resolution as illustrated in
Figure 4.2. This paper had the largest number of non-validated transitions. These
were the asterisk-marked transitions in their publication, which, in certain cases, were
unobserved but expected transitions, however the precise transitions where this applied
was not specified. Thus, all had to be removed from the validated set. These were
labelled with a “_a” after the source number but before the label number. In total, 368
transitions were removed for this reason or because the energy they predicted deviated
from that predicted by marvEL beyond their uncertainty.
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Table 4.3: Experimental literature sources of H,CS spectra and their coverage. For the
MARVEL analysis, V is the number of verified transitions and A is the number of available
transitions. The mean and maximum uncertainties of each dataset reflects only the
verified transitions. vo means ground vibrational.

Tag Energy range (cm™!) Band ] range V/A Unc. Mean/Max (cm™)

70JoPo [90] 0.209 to 0.349 Vo 3to4 2/2 3.34%x 1077 / 3.34x 1077

71J001 [87] 2843 to 3129 v1,2v2,v5 0t030,1t030,2t024 1110/1478 7.559 x 1073 / 2.000 x 1072
72BeKIKiJo [91] 0.105 to 8.141 vo 0to 27 56/56 1.167 x 10% / 2.715 x 10~*
77FaKrMu [92] 0.0349 v 0to1l 1/1 2.23%x107° /2.23x107°

80BeDu [93] 924.9 to 1059 v3, vy, 11t06,3t09,3t09 63/82 2.000 x 1073 / 2.000 x 1073
81TuHaMi [94] 818.8 to 1221 Vs, V6 0t022,21t023 102/386  3.839 x 1073 / 2.800 x 1072
93MCcBr [88] 31.46 to 1499 Vo, V2 21 to 54,1 to 37 922/935  3.256 x 1072 / 5.000 x 102
94CIHuAdMe [95] 2.222 t0 402.1 v 0to 36 302/355  4.000 x 107* / 4.000 x 10~*
08MaMeWiDe [96] 4.161 to 12.40 o 4 to 41 113/113  1.980 x 107 / 3.340 x 10~°
19MuMaTh [97] 4.161 to 46.23 v 4t042 317/317  1.020 x 107® / 3.336 x 10~°
08FILaPeKi [89] 690.7 to 1338 v3,vs, V6 0t050,0t050,1t051 8649/8655 4.748x 107/ 1.000 x 1073

72BeKIKiJo [91]: A ground vibrational study up to | = 27. No difficulties in
validating the transitions.

77FaKrMu [92]: One measured line from this study was included in the 1I9MuMaTh
data set.

80BeDu [93]: Infrared study involving the v3, v4, and v bands. 19 transitions were
removed as the energy they predicted deviated from that predicted by marveL beyond
their uncertainty.

08F1LaPeKi [89]: An infrared study of the v3, v4, and v¢ bands. The authors of this
study were contacted and provided a more complete set of data which was used in the
MARVEL analysis. Several quantum numbers were adjusted. 18 lines had the K|, quantum
number increased by 2 with the corresponding K| quantum number decreased by 2 to
maintain the symmetry and K}, + K/, requirement. 2919 lines had their K value adjusted
by 1 or —1 so that the symmetry selection rule was satisfied. Finally, 1625 lines had their
v4 and v assignment swapped (discussed in Sec. 4.3.2). Six transitions were removed as
their optimal uncertainty was too high.

81TuHaMi [94]: Infrared study involving the v3, v4, and v bands. Some listed
transitions were taken from 80BeDu so we ignored these and used the original data
source. These were labelled with a “_0” after the source name but before the label
number. Eight transitions had their v4 and vg assignment swapped. Ten transitions had
their K values changed by 1, three had their K/ values changed by 2, and one had its K,
value changed by 3. One transition had its K, value changed by 1 and four had their K,
value changed by 2. Eight transitions had their K values changed by 1. One transition
had its K/ value changed by 1 and one had its K/ value changed by 2. 284 transitions
were removed as the energy they predicted deviated from that predicted by MARVEL
beyond their uncertainty.

93McBr [88]: The authors of this study were contacted and they provided us with the
transitions from the v, band. It is the only source containing the v, band; the transitions
are relatively low resolution, as illustrated in Figure 4.2 where the highest circle for
93McBr corresponds to the v; transitions. No subsequent high resolution studies of
this band have been undertaken. Ground vibrational transitions from this source are
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contained in 19MuMaTh and 08MaMeWiDe.

94C1HuAdMe [95]: An electronic study of the A-X transition of thioformaldehyde.
The ground state combination differences reported in 1I9MuMaTh and taken from this
study were used in the MaARVEL dataset. 53 transitions were removed as the energy they
predicted deviated from that predicted by marvEL beyond their uncertainty.

08MaMeWiDe [96]: A ground vibrational study which included transition data
from multiple sources including 94CIHuAdMe, 71JoPoKi, 80BeDu, 72BeKIKiJo, 93McBr
as well as CDMS (Cologne Database for Molecular Spectroscopy) [99] data and the
FASSST [100] data. Transitions in the MaRrvVEL input file from 93McBr numbered 113 and
above are from this source.

19MuMaTh [97]: A ground vibrational study which incorporated data from multiple
sources including 77FaKrMu, 70PoJo, 71JoPoKi, 72BeKIKiJo, 94CIHuAdMe, and 93McBr.
It also contained Koln and FASSST data. Transitions from 93McBr numbered 1 to 112
are from this source.

There is an overlap in data coverage from the sources 08F1LaPeKi, 80BeDu, and
81TuHaMi as, collectively, they contained transitions involving the v3, v4, and ve bands.
Figure 4.2 illustrates the uncertainties of the data by source. The uncertainties of 08BeDu
and 81TuHaMi were consistently higher than the ones from 08FlLaPeKi. 08FILaPeKi'’s
dataset was also significantly larger and, consequently, each state was well represented
by several transitions. Due to the lower uncertainties, transitions to a given upper
state were much more internally consistent. Because of these factors, 08FlLaPeKi was
favoured over the other two sources. In total, 19 transitions from 80BeDu and 284
transitions from 81TuHaMi were removed because they were not in agreement with the
other data.

4.3.1 Artificial transitions

The complete internal states of H,CS are either ortho (nuclear spin functions of symmetry
A1) or para (nuclear spin functions of symmetry B1). There are no transitions between
those states. As a result, the MaRVEL analysis produces two separate networks of
energy levels, an ortho-network and a para-network, which are disconnected. To
ensure the energies of the all para-states relative to the ro-vibrational ground state of
the molecule are correct, it is necessary to link the ortho-network and para-network
through an artificial transition. This was done using the pseudo-experimental transition
wavenumbers reconstructed with the pGopHER program [101] where the spectroscopic
constants were taken from 08FlLaPeKi. The ground vibrational transition 111 < Ogg
(states labelled as Jk, k.) with a value of 10.281826(100) cm™! was added to the input
MARVEL transition file to link the networks.

4.3.2 Reassignment of transition data

The out-of-plane bending mode v4 and the asymmetric S-C-H bending mode v¢ have
very close band centres and interact through a massive A-type Coriolis resonance [89].
To ensure consistency across all literature sources, a number of reassignments involving
these levels had to be performed using the assignment from the TrovE calculations. As
this assignment was based on the valence coordinates, it did not produce normal mode
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Figure 4.2: Uncertainties in the measured data (vertical axis, log scale) from each
literature source (horizontal axis). Each circle corresponds to a given uncertainty. The
vertical coordinate of the centre of the circle is the uncertainty, and the area of the circle
is proportional to the number of transitions with that uncertainty. The smallest and
largest circles correspond to 1 and 2729 transitions, respectively.

quantum numbers. Thus, the TrRovE assignment had to be translated to the normal mode
assignment.

The valence coordinates “classes” TrRoVE used (labelled g; to g6) are the C-S stretch,
the two C—H stretches, the two S-C-H bends, and the dihedral angle between the two
S-C-H planes, with the BF frame of Section 3.6. The ro-vibrational states have the form

= ay1],K,0), b (a1)... &b (4e). (43.1)
p

Quantum numbers are assigned based on the largest coefficient a4, and are given
by (J,K,0,v1,...,0s) as well as rotational, vibrational, and total symmetries of the
state. The resulting assignments are internally consistent and can be unambiguously
mapped to normal mode assignments. Because the available TrRovE ro-vibrational states
greatly outnumber those made available experimentally, reassigning the TROVE states
purely on the basis of the experimental assignments would not be possible. Further
assignments would be necessary to ensure internal consistency without the guidance
of the experimental assignments. Thus, for practical reasons in the refinement and
MARVELisation of the computed line list, it was more straightforward to reassign the
experimental data on the more complete TrovE data.

For the rotational quantum numbers, we must understand the meaning of K,. The
rigid-rotor Hamiltonian is given by

Hyot = 72(AeJ2 + BeJ? + CeJ?) (4.3.2)

79 of 166



4.3. Experimental data sources 4. marveiLised HoCS Line List

Table 4.4: Symmetry species of the |, K, o) functions of H>CS in the C»,(M) group [31].
o can take the values 0 and 1.

K o Trot
even 0 A
even 1 A
odd 1 Bz
odd 0 B1
where the rotational constants are defined by
hZ e
D, = 2’;2”, De,d= Ae,a, Be,b Cec (4.3.3)

and uf, = (I e);; where I¢ equilibrium moment of inertia matrix. H,CS is a near-prolate
top as Ae > Be ~ Ce (Ae = 9.727 cm ™}, B, = 0.5904cm™, C,, = 0.5555cm™). If one sets
the z-axis to be along the a-axis, then H,ot can be expressed as

Hyot = H72[(Be + Ce) /2] + (Ae — (Be + Ce)/2)]2 + (Be = Co) /AT + A (4.3.4)

where |* and |~ are raising and lowering operators, respectively. The close value of Be
and C. explains the near-degeneracy of states with the same value of K, the projection
of the angular momentum onto the z- or g-axis, as then B, — Ce is close to zero.

The a-axis in this case is along the C-S bond and this was the direction of the z-axis
in the Trove calculations. It is interesting to note that the equilibrium rotational kinetic
energy operator in the TROVE representation is given by Eq. (4.3.2) but with constants
2Ae = 19.0256 cm ™! and 2B, = h2C, = 2.6684 cm™!. The difference is presumably
due to the different choice of BF-frame and vibrational coordinates.

The above discussion implies K, should be set to K. K, is chosen so that the rotational
symmetry matches the |J, K, o) function (given by Table 4.4) according to Table 4.2.

Mapping the TrRovE vibrational quantum numbers to the normal mode ones is accom-
plished by first determining which normal modes the TrovE coordinates correspond to.
For example, varying the C—H stretches (excitations v, and v3) must be a combination of
the symmetric or asymmetric C-H stretches (excitations 71 and n5). Moreover, the total
degree of excitation must match. That is, we have

N1+ ns = 0y + 4. (435)

The precise values of the quantum numbers are found by matching the symmetries
of the states. The full mapping between the two for the states of interest is given in
Table 4.5.

For the MmaRVEL input file, the reassignment process involved swapping the upper
state v; and v; quantum numbers in transitions from the literature sources 08F1LaPeKi
and 81TuHaMi (see Table 4.3). Also, the upper state K| value was changed by 1 or
—1 to maintain the symmetry selection rule of the transition while also ensuring that
the convention |’ = K], + K or ]’ = K], + K[ + 1 was satisfied. To generate the lower
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Table 4.5: The mapping between the TRove quantum numbers and the standard normal
mode notation with the associated irrep of the states. In TrovE, the assignment within a
“class” is somewhat unpredictable as only the sum is of significance as illustrated in the
table.

Normal mode TrROVE quantum numbers Symmetry
U1 U2+ 03 0V4+05 Vg

1% 0 1 0 0 A1
1) 0 0 1 0 Aq
2vy 0 0 2 0 Aq
V3 1 0 0 0 Aq
V4 0 0 0 1 B1
Vs 0 1 0 0 B>
Ve 0 0 1 0 B>

state energies, the computer program pcopPHER [101] was used with the spectroscopic
constants given in 08FILaPeKi. Since the lower states were purely rotational, there was
no ambiguity in their assignment.

4.4 MARVEL analysis

The MARVEL analysis was performed using the compiled MARVEL version 3 with the
Cholesky (analytic) method. An extract from the output MARVEL energy level file is
shown in Table 4.6. In total, 11 638 non-unique transitions out of 12 380 transitions up to
] = 54 were processed, resulting in 4254 ro-vibrational energy levels up to 3729.07 cm™!.
Using the new ExoMol H,CS line list (Section 4.5) shows the number of transitions
between MARVEL states stronger than 1 X 107? cm/molecule (the niTraN threshold) is
74425.

Table 4.6: Extract from the MARVEL energy file. The quantum numbers/labels are
described in the text and are followed by the MARVEL energy term value (cm™), the
uncertainty of the state (cm™!), and the number of transitions supporting the state in
question.

Quantum ‘numbers’ E Unc. no. of
J] K, K. ny ny ny ngy ns ng cm™! cm™! trans.
5 2 3 0 0 0 0 0 0 53792652349 0.000316979 27
9 1 9 0 0 0 0 0 0 59916981444 0.000135763 28
6 2 5 0 0 0 0 0 0 60.662392583 0.000316979 28
6 2 4 0 0 0O 0 0 0 60.669363102 0.000316975 25
9 1 8 0 0 0 0 0 0 61486995429 0.000135763 28

In Figure 4.3, the energy level coverage of the MARVEL ro-vibrational states is plotted
as a function of the angular momentum quantum number, |, for the different vibrational
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bands. Each vibrational band is illustrated by colour but within each band the different
K, and K. states have the same colour. As can be seen, the energy separation between
the v4 and v states is very small. TROVE consistently assigned states of higher energy
as Ve states and this provided further justification for basing the experimental MARVEL
assignment on the TROVE assignment.

Table 4.7 shows the lowest energy state of each fundamental band as determined by
MARVEL, as well as the predicted band centre, which was obtained by subtracting the
energy of the pure rotational state from the ro-vibrational state. These values can be
compared to the experimentally measured band centres quoted in Figure 4.1, and we
see that for the v3, v4, and 14 modes the MARVEL band centres are the same to within
two decimal places. For the other fundamentals, the MmarvEL band centres deviate from
the measured band centres at two decimal places. We can see what the deviation is
by comparing the minimum (or maximum) possible value of the experimental band
centres (those quoted in Figure 4.1) and the predicted MarveL band centres. For example,
the minimum possible value for v is 2971.025cm™! and the marveL band centre is
2971.018 16 cm™!. Thus, the deviation is 0.006 84 cm™!. For the bands v, and vs, the
MARVEL energies are different by 0.0273 cm™! and 0.0006 cm™!, respectively. This is not
wholly unexpected, however, as the associated experiments were of lower accuracy.
Consequently, the MARVEL uncertainties on the lowest energy states for these bands are
0.007cm™, 0.05cm™!, and 0.007 cm™1, respectively.

Table 4.4 shows the difference between the available CDMS [102] and MARVEL v
energies. The CDMS data was generated by taking the union of the lower state energies
and the lower state energy plus the transition wavenumber. The sources were essentially
the same as the ground vibrational sources used for the MarVEL analysis. The majority
are clustered around 0 and those have a maximum difference of ~ 1 X 10~ cm™!. The
average uncertainty of the MARVEL ground vibrational energies is 7.42 X 107 cm™!. Thus,
the agreement is good, and the lack of any significant outlier implies that no state has
an incorrect energy or assignment.

Figure 4.5a shows examples of the original 08FILaPeKi assignment for the v4 and
ve for both K, = 1 and K, = 2 where the plots show the 08FlLaPeKi energy minus
BJ(J + 1), with B being the rotational constant — a measure of the approximate | energy
dependence. This reduces the energy range and thus increases the readability of the
plot. There is an apparent misassignment of the v4 and K, = 2 energies in the region
20 < J < 30. The TrOVE assignment, shown in Figure 4.5b, partially rectifies this issue.

However, there are still graphically-incorrect assignments for v4, K, = 2 and v,
K, = 2. Swapping the assignment for these states for | > 37 resulted in the assignment
shown in Figure 4.6. For the v and K, = 2 state, one notes that the peculiar behaviour
of the energy difference of the two K, states. This is due to a resonance interaction with
the nearby v3, K, = 1 states, also shown in Figure 4.6. The lower lying v3, K, = 1 states
have symmetries which alternate between By and B, in step with the upper lying vs,
K, = 2 states.

A further seemingly problematic set of assignments are for the K, = 0and K, =1
states of the v4 and v¢ bands, the v4 band being shown in Figure 4.7. In these cases,
rather than the two near-degenerate states being those with the same K,, one is assigned
as the K, = 0 state and the other the K, = 1 state. The other K, = 1 state is assigned to
the energy further away. This is because of the strong interaction, and hence mixing,
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Figure 4.3: The MARVEL energy of each state as a function of the angular momentum
quantum number, J. Each band has a different colour. Multiple states from the same
band with the same | have different K, and K. numbers (not labelled). The v states are
separated by ortho (K, odd) or para (K, even).
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Table 4.7: MARVEL energies of states from each band with the associated quantum
numbers and symmetry. The MARVEL uncertainty and the number of transitions which
supported a state (No. trans.) are also quoted. Above dividing line: The MARVEL energies
from the lowest lying state from each band as well as the band centre which is obtained
by subtracting the MARVEL energy of the purely rotational state from the ro-vibrational
energy. Below dividing line: The subsequent states from each band.

(Jk,x,minanzngnsng) Irrep  MARVEL energy (em™) Uncertainty (cm™!) No. trans. Band centre (cm™)

(000000000) Ay 0.000 00 0.000 00 8 0.000 00
(161100000) B, 2972.164 00 0.007 00 1 2971.018 16
(11,010000) A 1465.859 13 0.050 00 1 1455.577 31
(202020000) A 2880.555 12 0.007 00 2 2877.117 72
(000001000) A 1059.204 76 0.00046 1 1059.204 76
(000000100) B, 990.182 14 0.00047 2 990.182 14
(767000010) A 3056.673 37 0.007 00 1 3024.604 40
(161000001) A 992.164 06 0.00081 2 991.01822
(161000000) A 1.14584 0.000 04 10
(262000000) A 3.43739 0.000 09 15
(303000000) A 6.87440 0.000 14 16
(202100000) A 2974.459 84 0.005 00 1
(303100000) B 2977.88823 0.00500 2
(111100000) B, 2981.23412 0.005 00 2
(404010000) A 1466.957 07 0.050 00 1
(212010000) B 1468.11337 0.050 00 2
(211010000) B, 1468.227 40 0.050 00 2
(303020000) A 2884.022 50 0.007 00 2
(111020000) B, 2887.486 73 0.007 00 1
(110020000) B, 2887.524.03 0.007 00 2
(16,001000) A 1060.345 03 0.00091 2
(202001000) A 1062.625 43 0.00046 2
(303001000) A 1066.045 82 0.00047 2
(111000100) A 990.884 14 0.00200 1
(110000100) A 990.885 04 0.00080 3
(101000100) B, 991.32547 0.00034 3
(220000010) B, 3064.41353 0.00701 1
(221000010) B, 3064.41353 0.00701 1
(805000010) B, 3065.845 98 0.007 00 1
(202000001) B, 994.451 57 0.00081 3
(303000001) B 997.88237 0.00081 3
(404000001) B, 1002.455 90 0.00082 3
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Figure 4.4: Difference between vibrational ground state energies from mMarvEL and

CDMS as a function of angular momentum quantum number, J.
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Figure 4.5: A plot of the MARVEL Energy — BJ(J + 1) of the K, = 1 and K, = 2 states for
the v4 and v¢ bands as a function of the angular momentum quantum number, |, where

B is the rotational constant.
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Figure 4.6: A plot of the Energy — BJ(] + 1) of the K, = 1 and K, = 2 states for the v4
and v bands as a function of the angular momentum quantum number, |, where B is
the rotational constant. This is after the | > 37 states of v4 and K, = 2 and v¢ and K, =2
were swapped. The states v3 and K, = 1 are also shown.

between these two levels.

It is not possible to manually reassign these states as it would involve changing the
K, value from odd to even (or vice versa) which changes the symmetry from A type to
B type (or vice versa) (see Table 4.2). Changing the K, value by one or reassigning v,
states to v states (or vice versa) does not do this (see Table 4.1), so it is impossible to
return to the original irreducible representation with this reassignment.

The uncertainties for each state by band are shown in Figure 4.8. One notes the
expected behaviour for the vibrational ground state (1), v3, v4, and v¢ bands. The input
data for these bands was primarily from 08MaMeWiDe, 08F1LaPeKi, and 19MuMaTh,
which were of higher quality than the sources for the other bands. The energies for
the other bands are sourced exclusively from 93McBr and 71JoOl. Figure 4.8 shows
that their uncertainty is flat rather than growing with J. This is a result of both large
input uncertainties, as shown on Figure 4.2, with a mean of 7.559 X 107> cm™! and
2.000 X 1073 cm™! for 71JoOl and 93McBr, respectively, and for uniform uncertainties for
all transitions within a band.

Finally, Figure 4.9 shows the energy of each state minus its band centre split by band.
The size of each point is proportional to the number of transitions that support that
state. The v, v3, v4, and v states are measured up to a higher rotational excitation with
states up to | = 51. The maximum rotational excitation has a range of | =24 to | = 37
for the other bands.

The number of transitions supporting a state varies between bands. The strongest is
the ground vibrational whose maximum support is 35 transitions. v4 and v are also
well supported, though not as well as vy, with a maximum of 9. The remaining states
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Figure 4.7: A plot of the Energy — BJ(] + 1) of the K, = 1 and K, = 0 states for the
v4 band as a function of the angular momentum quantum number, |, where B is the
rotational constant. These were sourced from the energy levels file of the MaRVEL output
after the transitions were reassigned using TROVE.
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Figure 4.8: Uncertainty of the MARVEL energies levels (vertical axis, log scale) split
by band (horizontal axis). The uncertainties are plotted as a function of the angular
momentum quantum number, J. The left-most uncertainty corresponds to | = 0 states
while the crossover point to the next band corresponds to ] = 60. Multiple states from

the same band with the same | number have different K, and K, numbers.
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Figure 4.9: The energy of each state minus the band centre of each state (the vertical axis)
split by band (the horizontal axis). Each circle corresponds to a given state. The vertical
coordinate of the centre of the circle is the energy of the state minus the band centre,
and the area of the circle is proportional to the number of transitions that supports that
state. The maximum number of supporting transitions is 35.

are much less supported, with several higher rotationally excited states in vy, v, 2v2, Vs,
and, to a lesser extent, v3 being only supported by a single transition. v3’s maximum
is 6 while the rest have a maximum of 3. The MARVEL output energies for states only
supported by a single transition are much less trustworthy and depend largely on the
accuracy of the stated uncertainty of the experiment; transitions to these states cannot
be compared to ensure consistency and accuracy.

4.5 Variational nuclear motion calculations

This section summarises the steps in the ro-vibrational calculations of HyCS in TROVE,
with the general methodology already outlined in Section 2.6 and Chapter 3. The
Hamiltonian and basis functions used to construct the eigenfunctions were expressed in
terms of the previously specified valence coordinates: Rcs (the C-S bond), Rcy, and
RcH, (the C-H bonds), ascy, and asch, (the H-C-S angles), and 7 (the dihedral angle
between the H-C-S planes). The dipole moment surface (DMS) was also expressed in
terms of these coordinates, and along with the eigenfunctions, was used to compute
ro-vibrational line intensities using the GPU-code MPI-GAIN [103].

For the KEO and DMS, a (right-handed) body-fixed frame was chosen such that the
x-axis bisected the dihedral angle 7, the z-axis pointed along the C-S bond, and the
frame’s origin was at the centre-of-mass of the nuclei. For each class the finite set of
functions in the KEO is as follows. For the bond lengths, they are

1 1 1 1
i/ ﬁ/ ﬁ/ and ﬁ (451)
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For the bond angles, they are
cosa, cota, csca, sina, cot® @, cota csca, and csc? a. (4.5.2)
Finally, for the dihedral angle, they are
cos(t/2), sin(t/2), cos*(1/2), cos(t/2)sin(/2), and sin*(1/2). (4.5.3)

The full KEO is provided in Appendix A of Ref. [2].
The vibrational basis set cut-off applied, based on a polyad number truncation
scheme, was

P = ncs + 2(ncy, + ncH,) + 1H,Cs + MH,Cs + e < Prax, (4.5.4)

which used the polyad cutoff Pnhax = 14, chosen to ensure that full ro-vibrational
calculations were computationally tractable when generating a line list up to very high |
(discussed in Ref. [104]).

The PES used in this work is based on an ab initio surface originally generated by
Ref. [105], which utilised state-of-the-art electronic structure methods in the calculation
process. The PES was represented as an expansion in terms of six coordinates,

& = l—exp[-bi(Ri—RS)|, i=CS,CH;y, CH,, (4.5.5)
5]' = aj-— 0(?, j = SCHy,SCH, (4.5.6)
&6 = 1+ cosrt. (4.5.7)

Here b; is a Morse-oscillator parameter. The PES was expressed analytically as,

_ ol ek gl
V= Z aijklmnélCScSCHléCHz(SSCHléglCHZ Z[l; (458)

ijklmn

where a;jkmn are the expansion parameters with maximum expansion order i + j +
k + 1+ m + n = 6 with the linear expansion parameters fixed to zero. A total of 413
parameters were utilised including the three equilibrium (R¢g, Reyy, ag-y) and two
Morse parameters (bch, bcs). The expansion parameters assumed the values of the ab
initio PES from Ref. [105]. Sergey Yurchenko refined the PES by varying the quadratic
expansion parameters (14 in total) varied in the refinement to the empirically-derived
MARVEL energy levels. The refinement used H>CS MARVEL energies for ] =0, 1,2, 3,4,
and 5 (218 in total) covering the ground, v1, v2, v3, v4, v5, V6, and 2v;, vibrational bands.
For the equilibrium structural parameters the optimised geometry values from [104]:
R = 1.608952 A, RE,, = 1.086848 A, and ag,; = 121.750° were used. The PES was
constrained to the ab initio PES of Ref. [105] in the fitting.

Because an exact KEO was employed in the variational calculations, the refinement
showed very quick convergence. It can be expected that the valance coordinate
representation improved the convergence of the variationally computed ro-vibrational
energies of HyCS, especially at high Js, as discussed in Ref. [35]. The quality of the fit
is demonstrated in Figure 4.10, where the fitting residuals, i.e. the energy difference
(in cm™!) between the MarveL and computed TrRove H,CS values, are plotted for the
seven vibrational states used in the refinement. The fitting residuals are all below 1 cm™!
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Figure 4.10: The fitting residual errors (obs-calc), i.e. the energy difference (in cm™!)
between the empirically-derived MARVEL energies and computed TROVE values, as a
function of the total angular momentum quantum number J. Residual errors are shown
for seven vibrational bands and have been computed using the newly refined PES of
H,CS.

with the majority of bands possessing errors orders-of-magnitude smaller, notably for
the ground state which is to be expected since it corresponds to the lowest part of the
PES. The errors are substantially smaller than those of the original ab initio HoCS PES
of Ref. [105], which would be in the region of 1 cm™! to 5em™, demonstrating the
improvements in accuracy that can be achieved with a refined PES.

4.5.1 Dipole moment surfaces

A previously published ab initio DMS was utilised for intensity calculations. The DMS
of Ref. [104] was computed using coupled cluster theory CCSD(T) in conjunction with
the augmented correlation-consistent basis set aug-cc-pVQZ(+d for S) [106, 107]. The
three dipole components making up the DMS were represented analytically using a
sum-of-products expansion in terms of linear expansion variables for the six vibrational
coordinates (further details can be found in Ref. [104]).

4.6 The moTy line list of H,CS

The newly computed line list for H>CS, called mory, contains 43 561 116 660 transitions
between 52292 454 states and covers the 0cm™! to 8000 cm™! range for ro-vibrational
states with rotational excitation up to | = 120. The lower and upper state energy
thresholds were chosen to be 8000 cm™! and 18000 cm™, respectively.

As is standard now for ExoMol line lists, all molecular states possess an uncertainty.
The uncertainties were defined either as the MARVEL uncertainty if available, or estimated
via the expression:

unc = 0.4n1 + 0.2(ny + n3 + ng + ns + ng) + 0.002J(J + 1), (4.6.1)
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Figure 4.11: Temperature-dependence of the partition function Q(T) of H,CS computed
using the Moty line list and compared to the CDMS values [102].

where 11 to ¢ are the TRovE quantum numbers. These uncertainties are only approximate
and grow steadily with increasing rotational and vibrational excitation. States with
an estimated uncertainty may well be highly accurate, however, without experimental
verification it is difficult to verify.

The temperature-dependent partition function Q(T) of H,CS was been computed
on a 1K grid in the 1K to 2000 K range. Partition function values were computed by
summing over all the computed ro-vibrational states of the Moty line list and used
nuclear spin statistical weights of gns = 1,1, 3, and 3 for states of symmetry Ay, Ay, By,
and By, respectively. The dependence of Q(T) on temperature is illustrated in Figure 4.11,
which shows the partition function values from the CDMS [102] database. The latter
only sums over rotational states which explains the lower value at T = 500 K.

Following the ExoMolHD strategy [108], in order to improve the accuracy of the
Morty line list and tailor it to high-resolution applications, the calculated energy levels
are replaced with the empirically-derived MARVEL values if available.

4.7 Spectra simulations

All spectra simulations used the program ExoCross [109]. In Figure 4.12, a general
overview of the HyCS spectrum at three different temperatures (296 K, 1000 K, 2000 K) is
plotted. Absolute absorption cross-sections were computed at a resolution of 1 cm™
using a Gaussian line profile with a half width at half maximum (HWHM) of 1cm™.
As expected, the higher temperature spectra exhibit spectral flattening as the previously
weaker features gain intensity.

A more detailed band-by-band illustration of the room temperature spectrum of
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Figure 4.12: Absorption cross-sections of H,CS (at T = 296 K, 1000K, and 2000 K). A
Gaussian line profile with a half-width-half-maximum (HWHM) of 1 cm~! was used on

a grid of resolution 1ecm™1.

H>CS is shown in Figure 4.13. In Figure 4.14 (left panel), a comparison of a synthetic
microwave spectrum of HyCS between the mory ExoMol and the CDMS [102, 110] line
list is given. The good agreement of the intensities indicate that the equilibrium dipole
moments used in CDMS and the Moty line list agree well. The CDMS line list is based
on a dipole moment value of 1.6491 D by [92]. The ExoMol ab initio dipole moment gives
an expectation value of 1.648 72 D for the ground vibrational state. These values can
also be compared to an experimental laser-Stark value of 1.6483 D by [111].

The right-hand side panel of Figure 4.14 shows a comparison with a high-resolution
spectrum of HyCS by Ref. [89] for the v3, v4, and v region, although the experimental
data only gives relative intensities. The agreement is excellent. Further confirmation
of the reliability of the Moty line list intensities can be seen when comparing to recent
theoretical calculations by Ref. [112], which gave an intensity of 1.01x1072° cm/molecule
[112] (using coupled cluster theory, CCSD(T)/cc-pVTZ) for the v4 transition 3p3 « 313,
compared to our value of 1.02 x 1072Y cm/molecule at T = 296 K.

Figure 4.15 illustrates the impact of the marvELisation procedure for the mory line list
of HpCS. It shows a comparison between room-temperature spectra of HCS computed
using the entire “unmarverised” Moty line list and using the marveLised (upper and
lower) states only. The total number of H,CS transitions at T = 296K above the
HITRAN threshold (between 0 cm™ to 8000 cm™1) is 32 094 935. For example, the weak
transitions in the region of 2000 cm™! belongs to the hot bands (transitions between
excited vibrational states) formed from vy /vs (upper) to v4/ve (lower) states, which has
not been experimentally characterised. This figure can provide some indication of the
H,CS spectral regions that are suitable for high-resolution applications.
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Figure 4.13: Overview of the strongest bands of H,CS at T = 296 K.
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Figure 4.15: Room temperature (T = 296 K) spectra of H,CS showing the coverage of
the marvELised transitions (red points) compared to the total Moty spectrum.
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4.8 Chapter summary

This chapter described the comprehensive analysis of the published spectroscopic
literature of the main isotopologue of thioformaldehyde (*H,'2C32S). All meaningful
transitions from 11 literature sources were extracted and verified, resulting in 11 638
validated transitions using the marvEeL algorithm. The data covered the ground, vy, v3,
v3, Va, V5, V6, and 2v, vibrational bands and produced 4254 ro-vibrational energy levels
up to | = 54 below 3729 cm™.

Morever, a hot comprehensive ro-vibrational line list of H,CS was presented. The
mory line list contains over 43.5 billion transitions and covers the 0 cm™ to 8000 cm™!
range (wavelengths A > 1.3 um) for states with rotational excitation up to | = 120.
The calculations used a new empirically-refined PES and also utilised an exact KEO.
The Moty line list was also marveLised by replacing the calculated energy levels with
more accurate empirically-derived maRrRvVEL values, therefore tailoring the line list to
high-resolution applications in certain spectral windows.
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Chapter 5

Artificial Symmetry for Linear Molecules

5.1 Introduction

The description of the ro-vibrational motion of a molecule has so far been limited to
the “3N — 6” vibrational coordinate methodology. For triatomic molecules with a large,
non-accessible barrier to linearity, such as HpS (24423(75) cm™! [113]) a KEO can be
expressed in terms of two bonds, one angle, and three rotational coordinates [31]. For
convenience, the p angle used measures the deviation from linearity, i.e. p = m—a where
a is the inter-bond angle. The rotational part of an analytic KEO in these coordinates
contains terms with a 1/sin p factor. If the linear configuration is feasible, such as for
CO; or HO, then the KEO is singular at linearity.

The singularity is a result of the separation of the coordinates into vibrational and
rotational terms. For the latter, the Euler angles depend solely on the positions of the
nuclei. At linearity, one can specify the molecular orientation in terms of only two angles.
In particular, a rotation about the molecular axis is redundant. Typically, this is the x
rotation about the BF-frame z-axis, and therefore one observes the singular terms in the
Gi; elements of the G matrix (if non-zero). Moreover, if a non-Euclidean integration
volume is used, as is the case for the Serensen method, then the pseudo-potential may
contain singular terms also.

In the literature, there are two main approaches to resolve the singularity issue: the
“3N =5" or “3N — 6” methodologies, i.e. the number of vibrational coordinates involved.
Both essentially abandon solving the vibrational part of the Hamiltonian separately (and
first) from the rotational part of the Hamiltonian. Rather, the part of the rotational KEO
which gives rise to the singularity is treated simultaneously with the vibrational part.

The traditional textbook approach is to “transfer” one rotational coordinate to the
vibrational coordinates (hence 3N — 5) leaving only two rotational degrees of freedom.
This approach is usually associated with the normal modes as vibrational coordinates.
The KEO is not singular in such a representation, which is the main point of the 3N -5
methodology [114]. This approach was previously implemented in TrovE for CoHj [115].
The second approach was implemented more recently in TrRovE [7] and was utilised in
CO, [6]. This chapter will cover the symmetry aspects of this implementation based
on the work published in [3]. In this approach, the singularity is killed with specially
designed basis functions.
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5.2 3N —5and 3N - 6 basis functions

When the 3N — 5 normal mode approach is taken for triatomic molecules, the vibrational
basis is constructed as

V1,V2, V§3> = q)vl (Ql)CDVQ(QZ) (DV3,€3(Q3{Z/ Q3b)' (521)

where @,,(Q;) are Harmonic oscillator functions for the Q; normal modes describing the
two stretches and @, ¢,(Q3,4, Q3p) is a doubly-degenerate Harmonic oscillator function
for modes describing the bend. The bending coordinates are often represented by polar
coordinates (Q3,, Qsp) = (Q3 cos x, Q3 sin x) and we can identify x as the rotation about
the z-axis. The vibrational basis function is combined with the rotational function
Srkm(0, @) where

Sjkm(6, ) = V2me ™ X |J, k, m) (5.2.2)

or, in other words, the x independent part of |J, k, m). This recognises that ®,, 4, contains
the factor exp(if3 x), already associated with exp(ik ). To transform correctly under the
group Coy(M), only combinations ¢3 = k are allowed.
In the 3N — 6 framework applied to a linear molecule, a vibrational basis function is
given by
|01,02,05) = o, (R1) 9oy (R2) Pos (), (5.2.3)
where the stretching vibrations are parametrised by the bond lengths R; and R,. The
bending function ¢,, ¢(p) in Eq. (5.2.3) plays the central role in the 3N — 6 formalism by
being constructed to possess the correct dependence at p — 0 to resolve the singularity

of the KEO [7, 116]:
Pos,e(p) ~ /P2, (5.2.4)

Examples of functions used are the Laguerre and associated Legendre polynomials.

In this formalism, there is no analogous ¢ = k restriction when the vibrational
functions are combined with rotational basis functions. However, orthogonality of the
complete ro-vibrational basis set is still a desirable property. While ¢ can no longer be
interpreted as k, applying the condition for the 3N — 6 approach is a natural way to
maintain orthogonality. The resulting complete basis functions

01,02, v:(;?,’,]’ k= €3/ m> = Qo (:Rl) (Pvz(:RZ) (PU3,€3(p) U/ k= €31 ﬂ’l> (525)

are generally orthogonal, the orthogonality being manifested by the integration over x
for functions with different values of 3 and over p for functions with the same value of
{3 but different values of vs.

The remainder of this chapter will discuss on a practical level how this condition
was applied to the existing structure of TrRove. In particular, the symmetrisation scheme
is exploited by assigning the vibrational and rotational basis functions to irreps of
an “artificial” symmetry group (one not based on the molecular structure) which is
designed such that the {3 = k irreps can be straightforwardly selected. The group
will first be detailed and an illustrating example will then be provided. This relatively
unconventional approach is opposite to the usual practice, where the symmetry group
to a large extent is dictated by the physics of the molecule itself, which in turn defines
the computational approach.
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5.3 “Artificial” group D,»,(AEM)
The finite artificial extended MS group D,n,(AEM) is defined as follows

D,hn(AEM) = 7, ® ... ® Z; (5.3.1)
——

n-1

where Z; is the cyclic group of order 2 and therefore consists of the set {0,1} with
addition modulo 2. The integer n depends on the value of ¢nax. The vibrational
1,02, vé) and rigid-rotor |J, k, m) basis set functions of differing ¢ (or k) values are
assigned to different irreps of this group.

The group D,n(AEM) must fulfil certain conditions necessary for our purposes.
First, all irreps should be one-dimensional and real for simplicity. This is to ensure
the bending functions all transform independently under D,,(AEM). The irreps of
D,»(AEM) will be labelled as C,,(M) irreps with an extra superscript (see Table 5.1), e.g.
Af. The bending function 1, ¢(p) or rigid rotor function |/, k, m), if they transform as
irrep I in Cpy, would be assigned to I or I'¥, respectively. For example, a vibrational
function with ¢ = 4 and transforming as A in Coy(M) would be assigned the symmetry
Af in the D, (AEM).

Table 5.1: Character table for the MS group Cp,(M). The last four columns show the
group operations, with two labels for each operation.

T E (12) (12 E
A 11 1 1
Bi 1 -1 1 -1
Ay 1 1 -1 -1
B, 1 -1 -1 1

From D,,(AEM), four elements are selected and matched with a Cp,(M) element.
Then, the characters of those elements for each 0-superscripted irrep should be the same
as the corresponding Cyy irrep. When combining a bending function which transforms
F{ with a rigid rotor function which transforms as T%, their product should transform
as F{ ® F’z‘ = (I'1 ® I'2)™ for some m # 0if { # k. If ¢ = k, then they should transform as
l“{ ® Fg = (I' ® T)". For example, A§ ® B‘ll should be Bg.

These rules are illustrated with the group D4, (AEM) in Table 5.2 for the characters
and Table 5.3 for the multiplication table of the irreps.

As discussed above, these properties are intended to allow us to assign each
vibrational basis function to an irrep which depends on ¢. It will also combine k and ¢
basis set functions correctly so that the condition of k = ¢ can be imposed by giving an
irrep with superscript # 0 a statistical weight factor of 0.

To show that D,,;,(AEM) has the required properties, and is effectively the only group
that does, first note that since the irreps are one dimensional, the group is abelian, and
thus, by the fundamental theorem of finite abelian groups [117], can be expressed as a
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Table 5.2: Character table for the Dy,(AEM) group. Note that the characters of the
O-superscripted irreps for these operations are the same as those of the corresponding
irreps for the C,, (M) group.

Dyw(AEM) E° C) o° o) E' C} o' o E* C3 o* o2 E¥ C o o
AY 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
38 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
A& 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1
Ba 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1
A% 1 1 1 1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1
B% 1 -1 1 -1 -1 1 -1 1 1 -1 1 -1 -1 1 -1 1
A& 1 1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1 -1 1
B% 1 -1 -1 1 -1 1 1 -1 1 -1 -1 1 -1 1 1 -1
A% 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1
B% 1 -1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1
A} 1 1 -1 -1 1 1 -1 -1 -1 -1 1 1 -1 -1 1 1
B% 1 -1 -1 1 1 -1 -1 1 -1 -1 1 1 -1 1 1 -1
A% 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1
B% 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1
Aé 1 1 -1 -1 -1 -1 1 1 -1 -1 1 1 1 1 -1 -1
B% 1 -1 -1 1 -1 1 1 -1 -1 1 1 -1 1 -1 -1 1

Table 5.3: Multiplication table for the irreps of the D4, (AEM) group. The vertical and
horizontal lines demarcate the blocks of different superscript values. Note that the
diagonal blocks are all 0-superscripted, while off diagonal ones are non-0-superscripted.

| A B A) BY|Al Bl Al B[4 B AT B[] B A} B
Ag Ag Bg A% Bg AT Bl Al B Ai B? A3 B} Ai Bi Ag Bg
BiS BE) A6 B% A% Bi Ai Bl Al B5 Ai B A2 B% Ag B% Ag
A8 Aa B% AEj ng A, B, Al Bj | A, By A7 B A% B% A% Bé
B2 B2 A2 Bl Al B% A% B% A% B% A% B% A% B2 A2 Bl Al
Al | Al BT Al Bl | A0 BY A0 BO| A3 B3 A3 B3| A2 B2 AZ B2
1 2
B% Bi A% Bi Al B% A% Bg Ag Bi Ai Bg Ag B% Ai B§ A%
A% A, By Ai Bi A8 By A6 By A% B, Aé By A% By Ai Bi
Bl | B) Al Bl Al|BY A BY AY| By Ay By A} | B A; B A
A2 | A2 B2 A% B2 A3 B3 A3 B3| AY BY A9 BO| Al Bl Al Bl
Bl 2 B 4B 4 B B A B 4| sl al B oAl
A4 B o4 B A% B% Ai Bi A% B% Ag Bg AL Bl oAl B
B2 | B A2 B: A*| B, A5 By A}|B) A) BV AY| Bl Al Bl Al
A3 | A3 B3 A3 B3| A2 B2 A2 B2 | Al BY Al Bl | A9 BV A0 RO
2 2 2 2
Bi Bi Ai Bz Ag B% A% By A3 Bi A% B, A B% A% Bg Ag
Ag Ag B% Ag Bg A2 BS Ai Bi Al B! Ai Bi A5 B% Agj B6
B, | B, A, B Ay | B> A B} Aj{| By A, By A | By A, B A
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direct product of cyclic groups of prime order, i.e.
2y, ®...07Zy, (5.3.2)

where m; is prime and the Z,,, consists of the set {0, 1, ..., m; — 1} with addition modulo
m; fori € {0, ..., n}. However, the cyclic group Z,, has a representation where element
i is associated with e2™/™ which is only real for all i if m = 2, thus our group can only
be of the form

Dw(AEM) = Z,® ... ® Z). (5.3.3)
——
n-1

for some n. For a given ¢max (or the same kmax), we must have at least 4(fmax + 1)
representations (4 for each ¢ including ¢ = 0). D,,,(AEM) has 2" representations, hence

n = [log, 4(Imax + 1)1. (5.3.4)

where [] rounds up to the nearest integer. To show that the irrep product properties
hold, first consider Z,. It has character table shown in Table 5.4. In the following we

Table 5.4: Character table for the Z, group.

Z, 0 1
A1 1
B 1 -1

omit labelling the elements and the irreps and simply write the character table as a
matrix. Then Z, is written

1 1

(1 _1) : (5.3.5)

The character table of a direct product of two groups can then be found by taking an
outer product of a matrix. This is defined by

a1 ... Ain b11 ce bls
;e = (5.3.6)
aml .« amn br]_ PPN brs
a11b11 ce alnbll ce allbls NN a1nb15
amlbll e amnbll e amlbls . e amnbls
: : : : (5.37)
allbrl e a1nbr1 Ce allbrs Ce alnbrs
amlbrl PR amnbrl PR amlbrs oo amnbrs
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Now, Coy(M) = Z; ® Z;. So Dy, (AEM) works for kmax = 0 where we label the 0-
superscripted irreps of Dy, (AEM) in the same order as Table 5.2. We call the D,,(AEM)
character table matrix G, i.e.

1 1 1 1
1 -1 1 -1

G=|; 1 .1 (5.3.8)
1 -1 -1 1

and say that this has the property that G X G = G in that for any irreps of I'; and I'; of
D, (AEM), the result of I'y X I'; is another irrep in Dy, (AEM). If we now consider the
case {max = 3, we have the character matrix

G G G G

G -G G -G
o ¢ ¢ ol (53.9)
G -G -G G

This is a more succinct way to write Table 5.2. The first row containing four irreps is
O-superscript labelled as in Table 5.2. The next four are 1-superscripted, in the same
order as the corresponding 0-superscripted irreps, and so on. With this construction, for
any two irreps of I'; and I'; of D4, (AEM), if they have the same superscript, I'1 ® I'; will
cancel the minus signs of the Gs and the result will be an irrep of the O-superscripted
block. Moreover, this will be the same irrep as one would obtain had we used the C,, (M)
group. If the irreps do not have the same superscript, we will have a -G X G = -G
type multiplication whose result will be an irrep not in the 0-superscripted block. We
can see this easily generalises to any ¢max. This concludes the definition of D,,,(AEM).
Table 5.5 states how the characters for D,,(AEM) are defined for an arbitrary 7, though
in practice one would use the outer product formulation to build the character table.

Table 5.5: The character table for the D,,,(AEM) group for some n. The character for
the corresponding to the ith row and jth column is given by f (i, j) = f(j, i). Here, k is
given by k = 2”72 — 1. Starting the row and column number from zero, the output of
the function f is as follows: first i and j are converted into binary numbers and their
bitwise sum is calculated. If the number of 1s in the result is odd, character is —1; if it is
even, the character is 1. For example, 7 and 4 would be 111&100 = 100, so the number of
1sis 1 (odd) and thus the character is —1.

D.w(AEM) E° CY o of ... ok
Ag 1 1 1 1 f(4k +3,0)
B%) 1 -1 1 -1 f(4k +3,1)
A8 1 1 -1 -1 f(4k +3,2)
B 1 -1 -1 1 f(4k +3,3)
Bk f(4k + 3,4k + 3)
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The structure introduced is similar to that of Extended molecular symmetry groups
G(EM), which are used in the ro-vibrational problems of non-rigid molecules such as
hydrogen peroxide (H,O,) [48] and ethane (CoHp) [5].

In these cases, the group structure is

G(EM)=GM)®{E,E'} = GM) ® Z, (5.3.10)
while D,,(AEM) is given by

Zr,®.. 087, =Coy(M)®Z,®...07Z> (5.3.11)
—— ——
n-1 n-3

which clarifies how this sort of construction would work for any arbitrary group G:
GRZLHr®...02. (5.3.12)

The basis functions for these types of molecules also contain artificial, unphysical
irreps. For example, the rotational or vibrational wavefunctions of Gzs(EM), the MS
group of ethane C;Hg, can transform as odd or even under E’, labelled as s and 4,
respectively. Likewise, the full rotation-vibrational wavefunction can only be of s type
and the artificial d types must be eliminated [5]. Chapter 7 will discuss this further.

The artificial symmetry group introduced here has been implemented in the existing
structure of the TRoVE program, as illustrated below.

5.4 Example application of D,,(AEM)

Let us consider a ro-vibrational basis set of a centrosymmetric linear triatomic (CO,) in
a symmetry adapted form as (compare to Eq. (5.2.3)) and a bisector frame [7]:

rtot

q)r = {[¢i1 (iRlz :R2)]r1 [Qbiz,@(,o)]rz |]r K,m, 1—‘ro’c>} ’

where I's are the irreps, K = |k|, is are function labels, R; and R, are the equivalent
stretches, and p is the inter-bond angle. Assuming a small rotational problem with
Jmax = 4, we need knyax = 4, and hence n = [log, 20] = 5 (Eq. (5.3.4)). There are 25 =32
irreps in the group Ds,(AEM), but our basis functions can be only one of (for kmax = 4)
4(4 + 1) = 20 irreps, and the remainder is not utilised. However, they are still necessary
when combining basis functions as was illustrated in Table 5.3.

The procedure works as follows: initially the reduced Hamiltonian matrix for
the bending motion is manually made block diagonal in ¢ and the whole matrix is
diagonalized. In principle, TRoVE could treat these blocks separately and diagnolise each
individually. However, in practice, the dimension is small enough that diagnolizing the
entire matrix is computationally acceptable.

To obtain symmetrised (in Ds,(AEM)) eigenfunctions for both the bending and
stretching Hamiltonians, the standard TrRove symmetrisation procedure is applied. The
resulting irreps are the O-superscripted ones of Ds,(AEM) and they correspond to the
C>v(M) ones. To correctly symmetrise this way, the operation O™, using the notation of
Table 5.2, has the same behaviour on the coordinates as operation O°.
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Once 0-superscripted irreps are obtained, the rotational and bending wavefunctions
are reassigned to the appropriate k- or {-superscripted irrep.

Table 5.6 lists a few vibrational energies with their symmetry assignment in D5, (AEM).
The irreps generated by the bending basis functions can only be A1, and they are assigned
to Ai for a given {. In this case ¢ < 4. The stretching functions are all assigned as a
O-superscripted irrep. This ensures that when they are combined with the bending
function, the “base” irrep obtained (i.e. the letter and subscript of the irrep label) would
have been the same had we used the C,(M) group. The only O-superscripted irrep is
the one where ¢ = k, as expected, and only this would be retained from this set.

Table 5.7 shows the A) and A) states for the | = 2 case. Here we see that k ranges
from 0 to 2, and the rotational irreps are superscripted accordingly. The combined
stretching and bending irreps are the same as their corresponding rotational irrep, and
thus the full functions are of type A or A).

Table 5.6: The | = 0 vibrational states, including the symmetry I' in Ds,(AEM) of the
full state. v1, vy, £ and v3 are the linear molecule quantum numbers of CO».

I' Ektm™) v1 vy ¢ v3
AY 000 0 0 0 O
A% 66775 0 1 1 0
A6 128540 0 2 0 O
AE 1336.67 0 2 2 0
A6 138821 1 0 0 O
A% 193282 0 3 1 0
Aé 200673 0 3 3 O
A% 207723 1 1 1 O
ng 234917 0 0 0 1
A8 254834 1 2 0 O
AE 258655 0 4 2 O
A6 267114 2 0 0 O
AJI 267794 0 4 4 O
AE 276227 1 2 2 0
AEj 279716 1 2 0 O
B % 300445 0 1 1 1
A% 318179 1 3 1 O

5.5 Chapter Summary

The artificial symmetry group D,,(AEM) introduced in this chapter was designed so
that imposing a ¢ = k condition within the framework TrRove was straightforward. This
ensured that the ro-vibrational basis was orthogonal. The construction of D,;,(AEM)
is based on the cyclic group of order 2. D,,;,(AEM) is shown to have all the properties
required: basis functions with different ¢ or k functions (vibrational or rotational,
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Table 5.7: The | = 2 ro-vibrational states including the symmetry of the full state and the
symmetry of the rotational, stretching, and bending parts. The assignment of v1, v2, {, v3
and K is approximate and based on the largest contribution to the eigenfunction. Only
states with non-zero nuclear statistical weighs are shown.

Tiot E(Cm—l) [rot K rstretch l"bend V1 o / V3
A? 234 AY 0 A) A 0 00 O
Agj 669.71 A. 1 A6 Al 0 11 0
Agj 1287.75 A8 0 A6 AE) 0 20 0
A6 1337.46 A5 2 A6 A% 0 22 0
A6 1390.55 A5 0 A5 AE’ 1 00 O
A% 1934.78 Ai 1 A% A, 0 31 0
AV 207919 Al 1 A Al 1 11 0
A8 2550.69 A8 0 A5 A5 1 20 0
A6 2587.33 A% 2 A6 A5 0 42 0
A6 2673.48 A6 0 A6 AE’ 2 00 O
Agj 2763.06 A5 2 A6 A% 1 22 0
Ai 2799.50 Aé 0 Aéj A§ 1 20 0
A6 300639 B, 1 B% Ai 0 11 1
AY 318376 Al 1 A A 1 31 0

respectively) can be assigned to different irreducible representations of D,,(AEM). As
opposed to the ordinary method of using MS groups dictated by the physics of the
molecule, here the group was defined with the practical application of being able to
exploit TROVE's symmetrisation procedure such that a k = { constraint could be applied
to the basis set.
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Chapter 6

Molecular Frames for Symmetry
Adaptation

6.1 Introduction

The bisector frame was used both for the H,CS and CO, ro-vibrational calculations
described in this thesis. This is fairly atypical of TRove. When TrovE Taylor expands a
KEO, instead of using an analytic one, the default choice is the Eckart or Sayvetz frame.
Crucially, they allow for the classification of the rotational functions as irreps of the
MS group. To do so, one needs to know how the Euler angles transform under the
MS operations, or, in other words, how the BF-frames rotate under these operations.
There are so-called equivalent rotations [31] of the BF-frames which occur during an MS
operation.

For general frames, however, the rotation associated with an MS operation depends
on the vibrational coordinates. In particular, the y Euler angle transforms as [31]

X =xx+v@q, ..., q0) (6.1.1)

Because the rotational and vibrational coordinates are no longer separable, such a
dependency will lead to a breakdown of the rotational basis set symmetrisation and
prevent the construction of a symmetry-adapted rotational basis set [67].

For H,CS and CO;, it was quite obvious how to choose a frame which “respects the
symmetry,” a vague way to say that the y angle above is constant for all MS operations.
Not all molecules will be this obvious. One could stick to the Eckart and Sayvetz frames,
but these can only be solved analytically for triatomics [118] and planar molecules [119].
These are also suboptimal for molecules without a well-defined equilibrium. Our goal
is to find geometric frames—ones that can be expressed as an analytic function of the
vibrational coordinates—for other molecules where the frame’s rotations are constants
under symmetry operations.

This Chapter attempts to develop a systematic procedure find these alternative
frames and is based on the publication [4]. Its results will be used in the next Chapter
for the ethane molecule. The structure of the remainder of this Chapter is as follows:
Section 6.2 describes the action of the MS operations on the rotational and vibrational
coordinates. The example of an ABA molecule illustrates frames where the rotation
under MS operations depends on the vibrational coordinates. The transformation and
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invariance of the kinetic energy operator is stated and proved in Section 6.3. With
the same ABA illustrative example, Section 6.4 demonstrates why rotational basis set
symmetrisation is not possible for certain frames. Section 6.5 shows that the correct
transformation of the kinetic energy operator was derived for an ABA molecule for
both a bisector frame and a bond vector frame. It further proves that the rotations
are constant under symmetry operations when using the Eckart frames. Section 6.6
largely follows the pattern of Section 6.5, but for the CH3Cl molecule. It also provides
a geometric frame for which the rotations are constant under symmetry operations.
Section 6.7 shows how one can find this frame. Finally, Section 6.8 mentions the possible
avenues for further work.

6.2 Coordinate transformations

The relation between the SF and BF coordinates is
R, = Mr,. (6.2.1)

Under MS operations, the BF-frame rotation is found by ensuring that the transformation
of the left hand side is equal to the transformed Euler matrix times the transformed BF
coordinates. The latter is found by replacing the vibrational coordinates in r,(q) with
their transformed counterparts 7,(q") = 7,(q).

As an example, consider a triatomic molecule of type ABA and let the A-type atoms
(called A; and Aj) have coordinates Ra,(q1, 92,93, ¢, 0, x) and Ra,(91, 2, 93, ¢, 0, Xx).
In this representation, 1 and g, are the AB bonds while g3 is the ABA angle.

L,

B A

Aj

Figure 6.1: The bond vector BF-frame for the ABA molecule with the x-axis parallel to
the A1-B bond and the y-axis in the plane of the three atoms. The axes are offset for
clarity.

For the BF-frame, one possible choice is with the x-axis parallel to the bond from
atom B to A1 (i.e. parallel to the Ra, — Rp vector) and the z-axis perpendicular to the
plane of ABA. With this choice, the BF coordinates for the ABA molecule are

ra; =(q1,0,0),
ra, = (20843, q25in g3, 0), (6.2.2)
rg = (0,0,0).
The operation (12) permutes g1 and g, resulting in new BF coordinates given by
Fa; =(q2,0,0),

7a, = (g1 cos g3, 41 sing3,0), (6.2.3)
78 =1(0,0,0)
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where 7, is the result after transforming the vibrational coordinates in the expression
for r,. In general, the Euler angles also change, and we call the Euler matrix with the
transformed angles as M. As we have R, = M7, and M now defines a rotated BF-fame,
we see that the transformed 7, are the BF coordinates of r, in the rotated BF-frame and
after the transformation. The BF-frame is rotated in such a way so as to ensure that
Ra,” = Ra, and vice versa. In this case, the new SF coordinates are

Ry’ = My(¢p + )My(n — O)M, (21 — x — q3)Fa = Ry = MF,. (6.2.4)

In performing this operation, we now have 3 frames: the SF-frame and the two
BF-frames. Denoting the new BF-frame unit vectors as é;, i.e. with an asterisk, the
components of R, are then

Ra * éig = Fa’g. (6.2.5)

It is of interest to note what the transformed Cartesian coordinates in the original
BF-frame are (denoted by r,’). Since the Euler matrix of this frame is unchanged, if
R, = Ry, we have

R, = Mr,' =Ry = Mry = M#, (6.2.6)

and so r,” = r,. We also have
ra' = MTM#, = N7, (6.2.7)

where N = MTM is the rotation matrix relating the coordinates of R, in the new
BF-frame to that of the old BF-frame. In this case, it is

cosqz singz 0
Nap) =|sings —cosqs 0 |. (6.2.8)
0 0 -1

For completeness, the MS transformation properties of the s- and t-vectors are stated
in Section 6.3, with the proofs in Appendix 6.A.

6.3 KEO transformation

6.3.1 s-and t-vector and operator transformations

For the transformation R, — R, and gx — gi, the definition and transformation of the
vectors and operators are summarised in Table 6.1. Table 6.2 shows the transformation
for the vibrational s-vectors and vibrational momentum operators for more complex
vibrational transformations. The transformation of the rotational s-vectors and angular
momentum operators is unchanged.

In Appendix 6.A it is shown that the transformed vibrational s-vectors can also be
expressed in the new BF-frame by performing the vibrational coordinate transformation
(which we shall denote as 5 »4) on the original BF components si . The same procedure
also applies to the other vectors.
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Table 6.1: The transformation of the t- and s-vectors. This assumes that R,” = R, and
that qx” = q. The matrix is N is that of Eq. (6.2.7). The term y, = dxy where y is the
angle in the x transformation y’ = +x + y of Table 6.3. The sign in front yx corresponds
to the left and right transformations of Table 6.3. Summation over repeated indices is
assumed.

Object Equation = Transformation

Sk,a erdar g Sk

Sg,a Eq. (2.3.21) Nhgsh,a’ F VkSk,aNzg
tk,oz akRoc tk’,a’ + 7k’tz,a’

Eg,a é\g X Ry Nhgfh,a’

Je Eq. (23.9)  Nug/n [31]

ud —ih d/dqr T £ Yrl;
a?+b2=1

Table 6.2: The transformation of gy in the left column and the corresponding transformed
vibrational s-vector and vibrational momentum operator. The transformations of the
Cartesian coordinates, the rotational s-vectors, and the angular momentum operators
remain the same as Table 6.1.

Coordinate s-vector Momentum operator

qr — —qx —Sk a0 —(ftgr ?lgfz) R
gk — aqx +bqr  asky +bsp o a(fy = )'/k]Z) + b(ftyr £ )'/kffz)

Table 6.3: The change in the Euler angles for a given rotation of the BF-frame. R} and
Rg are rotations of the BF-frame. R, is a rotation of  radians about an axis in the xy
plane making an angle a about with the x-axis (« is measured in the right handed sense

about the z-axis) and le is a rotation of § radians about the z-axis (f measured in the
right handed sense about the z-axis) [31].

RT R
0 n—0 0
¢ P+ ¢
X 2n—-2a-x x+P
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6.3.2 G-matrix transformation

From the transformation properties of the s-vectors, we can obtain the transformation
of the G-matrix. Assuming the vibrational coordinates q; and g transform to g; and
q;7, respectively, the vibrational, rotational, and Coriolis components of the G-matrix
transform as

Gii' = Gjjr,
Ggg'' = NigNig'Guir + ViV GrkN2gNzgr = VkGin(Npg'Nzg + NpgNzgr),  (6.3.1)
Ggi' = NigGnj — ykGkjNzg

where the rotation matrix N is that of Eq. (6.2.7) and relates the directions of the original
and rotated BF-frames and yx = dx)y defined in Table 6.1. The left hand side of the
above equations are of the form G,j, o P(q1, ..., qx), where P is the MS operation which
transforms the coordinates first, after which the G matrix element G, is applied to the
transformed coordinates. The right hand side is in terms of G4;(q1, - . ., 4,) which is the
matrix element G, applied to the un-transformed coordinates.

From the definition of the G matrix, we have

1 1 1
Gap = Z —Sa,aFSa,bF = Z —Sa,agSa,bg = Z —Sa,ag'Sa,bg’ (632)
a Ma O My =~ mey

where the s-vector components are in the SF-, old BF-, and new BF-frame, respectively.
Since the new BF-frame components of the transformed s-vectors are given by 3, 4, to
transform the G matrix, one can also perform the vibrational coordinate transformation
on the original G matrix.

Action of the full Hamiltonian on a function (41, ..., g, ¢, 0, x) is of the form

Hy = 1,Gupfpp + UY + Vi = LGty + 3(RGri) (R ) + 3GonfoIntp
+ %ngfgﬁkgb + (ﬁkag)fggD + %Gkgﬁkfggb + Uy + V.
(6.3.3)

where implicit summation of repeated indices is assumed. In Appendix 6.B it is shown
that the Hamiltonian is invariant under the transformations of Table 6.1.

6.4 Rotational symmetrisation

TROVE eigenfunctions have the form

D a1k 9u(q1, -, 4): (64.1)

ab

If one applies the full Hamiltonian to the function ¢y(q1, . . ., g,), then the rotational and
Coriolis parts drop out, and we can find the transformation of H¢ under MS operations.
The vibrational operators then transform as ﬁ;{ = Ttyr, i.e. without the second term, and
the Hamiltonian is invariant, showing the vibrational eigenfunctions also are irreps of
the same group [31].
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To symmetrise the rotational part, however, one uses the transformation properties
of the rigid rotors under BF-frame rotations. These are defined in Table 6.3 and given by

REVJ, k,m) = e |], k, m) (6.4.2)

and .
RE|J, k,m) = (=1 e 2% |, —k, m) . (6.4.3)

y

B

Figure 6.2: The principal axis system for the ABA molecule in vibrational equilibrium
with the z-axis pointing out of the plane and the y-axis bisecting the Aj-B—A, bond.
The axes are offset for clarity.

If we refer back to our ABA example and instead use the principal axis system at the
vibrational equilibrium, shown in Figure 6.2, with the z-axis pointing out of the plane
and the y-axis bisecting the ABA angle, then one can follow the prescription of Section.
12.1 of [31] and find the “equivalent rotations” of the axes during an MS operation.
There are four symmetry operations for the MS group Co,(M): {E, E*, (12), (12)*}, and

they have the equivalent rotations of Rg, RT, Rg 127 R, respectively. This results in the

transformation properties of (|], k, m) ,|], —k, m)) being

RO U/krm) :(1 0)(”/k1m>)
0, —k,my| = o 1) \iJ, =k, m))’
af [ k,m)y ) _ 1 O\ (I, k,m)
RISy = G (o 1) (|],—k,m))’
(6.4.4)
RT™ |],k,m> :(_1)]+k (0 1)(|],k,m>)
n2\|], ~k, m) 1 0)\J, -k, my|’
af [ k,m)y ) _ 0 1\ (I, k m)
Ro\, =k, my) =V (1 o) (|],—k,m))

which is a representation of the MS group C»,(M) of the ABA molecule. Irreducible rep-
resentations can be formed with projection operators. The result is that the symmetrised
functions |J, |k|, m, p) have the form

1, 1kl m, p) = %w, k,m) +p(, kD) |, =k, m)) (645)

where p(J, |k|) = £1. The values of p and the symmetry are summarised in Table 6.4.
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Table 6.4: The irrep of the function |], |k|, m, p) for the MS group C,,(M) depending on
the values of J, |k|, and p.

J kKl pU,lk) T

even even 1 Aq
even even -1 Aj
odd even -1 Aq
odd even 1 As
even odd -1 B
even odd 1 B>
odd odd 1 B4
odd odd -1 B>

The key aspect of these transformations that enable this is that the rotation matrices
are constant (up to | and k) which allow standard combinations of the rigid rotors
(dependant on | and k) that transform irreducibly under the MS group transformations
[67].

In our original example, however, we saw that the rotations associated with the MS
group were not the equivalent rotations, nor were they constant. The operation (12), for
example, included the rotations RgRZ3 whose effect on the rigid rotors is

npas [ 1k, ) 0 e\ (], k m)
RIR? (l],—k,m)):(_l)](eik% 0 )(I],—k,m>)' (6.4.6)

With this transformation, the representation of the group now depends on the angle
g3, and one can no longer form g3 independent combinations of the rigid rotors that
transform as the irreps of the group. For example, if | and k are both even, the Ay irrep
has the form

1

\5(|], k,m) + e %5 |], -k, m)). (6.4.7)

1], [k|y™ =

Thus, one cannot have separate symmetry-adapted rotational functions used in Eq. (6.4.1)
using this choice of BF-frame. A separate rotational basis set can still be used, but it
cannot be assigned a symmetry label of the group in question. To do this, a different
BF-frame is required.

The upshot of this result is that to keep the rotational and vibrational coordinates
separate, and thus for the rotational functions to transform with matrices that do not
depend on the vibrational coordinates, the rotation angle must be constant and its axis
of rotation relative to the BF-frame must also be constant. This will ensure N is constant
and ), = 0. Whatever the rotation axis is, the angle must be 27t /n where 7 is the order
of the MS operation.
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6.5 ABA example

6.5.1 Bond vector frame

To demonstrate the MS transformation of the KEO and its invariance, we return to the
ABA molecule in more detail. For our original BF-frame we know that matrix N for
the operation (12) is Eq. (6.2.8). The components of the G matrix are as follows [7]: the
rotational part is

cot q% csc q§ 2cotgzcscgs cotgs CsC (3

0
UABGT  UABYS MBq192  papq;  MBA192
Guoy = cotgs  cscqs 1 0 (65.1)
rot — Je
HABGE  MBA142 LABYS
0 0 5
HABY
where g is the reduced mass
1 1 1

— = —+ — (6.5.2)

UAB  ™mMaA  MB

and ma and mp are the masses of A and B, respectively; the Coriolis part is

00 0
sin g3
00
Geor = 1 mBd1 (6.5.3)
00 - Mt C

HABGS  MBA192

where the rows correspond to the vibrational coordinates and the columns to the axes;
the vibrational part of the G matrix

1 COS (3 sin g3
UAB np - mBq2
cos g3 1 sin g3
Gvib = | mp UAB “msq : (6.5.4)
_sinq3 _sinq3 1 (i+l B 2cos g3
mgq2  MBG1  HUAB q% q3] Mpqiqo

If we list the vibrational momentum and angular momentum operators as

. s R z X
=72, |= Iy (6.5.5)
i3 IE
then the full kinetic energy operator (besides the pseudo-potential) is given by

1~ ~ 14 ~ 14 A 1A o
EHTGVin + EHTGCOI'] + E]TGT I+ E]TGrot]~

cor
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During the MS operation, we transform g4; <> ¢ in each of the G matrix elements.
The operator 11 transforms to

IT = CI1- Dj (6.5.6)
where C and D are given by
010 000
C=(1 00|, D=|00O0 (6.5.7)
001 0 01

The rotational operators transform as J' = N (le)f = NTJ. The transformed kinetic energy
operator is then

14 - .
EHT (CTGyipC) 11
N—————
Gvib

1~ ~ ~ n
+ EHT (CTGcorNT - CTGVibD)]

Gcor

1. . B ) (6.5.8)
+5 JE(NGL,C - DTG, O)I1

T
Gcor

1. - . . - .
+5 JE(NGotNT + D'GyyD — DTGooe NT = NGI .D)]

Grot

where the expressions in brackets can be confirmed to be the original G matrix elements.
The other generator for the MS group of the ABA molecule is E*. For this operation, the
vibrational coordinates are unchanged so that 7, = r,. For R,” = =R, to be satisfied,
the BF-frame rotates by 7t about the z-axis. The rotation N is then

-1 0 O
Np-=M,(m)={ 0 -1 0 (6.5.9)
0 0 1
and we have R,” = MNEg:7y = —R,, as required. The corresponding operation RY

changes the rigid rotors by the second line of Eq. (6.4.4) and thus an irreducible
representation for the subgroup {E, E*} can be formed. In other words, we can use a
product basis set with this BF-frame to symmetrise the rotation basis functions by parity
(the subgroup {E, E*}), but not of the full MS group Ca,(M).

6.5.2 Bisector frame

Another obvious BF-frame choice for the ABA molecule is the y-axis bisecting the angle
and the z-axis pointing out of the plane. The equivalent rotations for this frame were
given in Eq. (6.4.4). There is a subtle difference, however. In that frame, the y-axis
bisects ABA ang]le as this is the orientation of the principal axis system at vibrational
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equilibrium. In this case, the y-axis bisects the ABA angle for all geometries. The BF
coordinates in this frame are given by

ra, = (g1sin(q3/2), g1 cos(q3/2),0),
ra, = (—g2sin(g3/2), g2 cos(q3/2),0), (6.5.10)
rg =(0,0,0).

This time, when we apply the (12) operation, the matrix N, given by

-1

0
0 0
0

-1

N(12) = My(T() = (6511)

S = O

has exactly the property that R;" = M N2)71 = Ry, and likewise for R;. In this case we
can build a symmetry adapted rotational basis set because the rotation angle is 7w = 27/2
and the axis of rotation is constant relative to the BF-frame for this operation.

For this frame, the vibrational G matrix is [7] Eq. (6.5.4).

The rotational G matrix is

sec?(q3/2) 1.1 +SeCZ(Q3/2) cscqz (1 1
4uas  \q3 q2]  2mBqig2 2uas \q53 q3
Grot = cscqz (11 csc®(q3/2) (1 1) csc(q3/2)
2 2 g2 " duns |\ a2 2| T 2mmgias
HaB \q; 4] HAB 95 1 mpq14q2
0 0
0
0
1 1 N 1 N cos g (6.5.12)
4[JAB q% q% 4me]1Q2
The Coriolis G matrix is
00 _sings
2mpq2
s g3
Ger =10 0 Dmnan (6.5.13)
1 1 1
00 pr i
2uas \q5 43

In this BF-frame, D = 0 for operation (12). One can again use Eq. (6.5.8) to confirm the
invariance of the G matrix.

6.5.3 Transformation through the frame condition

A more qualitative way to understand these results, which will prove important when
studying the Eckart frames, is to examine the three conditions which define the BF-frame

114 of 166



6.5. ABA example 6. Molecular Frames for Symmetry Adaptation

in the Serensen approach. In the case of the bisector frame of the ABA molecule

Cl=za,-25=0,
CZ=1zp,-23=0, (6.5.14)
C3 = (xAl - xB)(yAz - ]/B) + (xAz - xB)(yAl - ]/B) =0

where the subscript refers to the atom the coordinate refers to. It should be pointed out
that these do not totally define the BF-frame orientation, as we can rotate the BF-frame
by 1t about any of the BF-frame axes and the conditions would still hold. In general the
conditions also do not define the handedness of the axes as one can change all the BF
coordinates r, to —r, (i.e. make the axes left handed) and the conditions would still
hold.

An MS operation applied to each condition relabels the BF coordinates. The result
is the transformed BF coordinates in the original BF-frame. For example, for the (12)
operation, they become

Cl/ =ZA, —ZB = O,
C? =25, —23=0, (6.5.15)
C¥ = (xa, — xB)(ya, — yB) + (xa, — xB)(ya, — yB) = 0

which are actually still zero, a manifestation of the possible choice we had in the BE-frame
that satisfies these conditions. We know that we must apply a 7 rotation about the
z-axis, after which they become

Cl/ =ZA, —ZB = 0,
C? =zp,—-25=0, (6.5.16)
C¥ = (xa, — XB)(ya, — yB) + (xa, — xB)(ya, — yB) =0

which are the original conditions and thus zero.
In the bond vector frame choice for the molecule, the conditions were

1
C =ZA2—ZB=0,

2
C =ZA1—ZB=0,

(6.5.17)
C’=ya ~ys=0
which after a transformation of (12) and a rotation by m are
Cll =ZA, —ZB = 0,
C? =zp,-28 =0, (6.5.18)

CS/ =—=Ya, T YB.

The last condition is in general not zero.
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6.5.4 Eckart frame

Approaching the problem from this point of view provides us with an alternative way
to check if the BF-frame undergoes a constant rotation under MS operations. This is
especially useful when the BF coordinates as functions of the vibrational coordinates are
not available analytically. In particular, we can check that the Eckart frame also satisfies
the aforementioned rotation condition.

The conditions for the Eckart frame are defined as [120]

C= Z Mply X Ty (6.5.19)
23

where the equilibrium frame is defined to be the principal axis system (PAS). The a,,
are the BF Cartesian components of the nuclei at equilibrium and enter the condition as
constants. As stated above, the PAS for the ABA molecule in vibrational equilibrium is
the bisector. We thus have

(mA[aAl X71a; Haa, X T’AZ] + mpap X T’B) =0 (6.5.20)

where ap,, aa,, and ap are of the form

b -b 0
ap, =|c|, aa,=|c |, ap=|d]. (6.5.21)
0 0 0

In particular, if Nag =N = My(n), then aa, = NTElAl and ag = NTag. Once the
operation (12) is applied, we have

(WlA[ElA1 XTA, Taa, X VAl] + mpagp X T’B) (6.5.22)

where it should be reiterated that the components r, are in the original BF-frame. If we
then rotate the frame the new conditions are

C’ = (malaa, X Nra, + aa, X Nra,| + mpag X Nrp)

:NNT(mA[aAlerA2+aA2><NrA1]+mBaB><NrB) (65.23)
:N(mA[NTaAlxrAz+NTaA2><rA1]+mBNTaB><rB) o

= N(mA[aA2 X7Ta, taa; X I’Al] + mpagp X 1’]3) =0

where in the second line we applied I = NN to the conditions and in the third line
used the property that, if N is a rotation, N(a x b) = Na X Nb. The last line is N applied
to the original conditions and therefore zero.

The operation E* is even easier and can be trivially shown to work as the operation
changes the r; to —r; while M, (m)Ta = NTa = —a. We have therefore shown that the
Eckart frames are applicable for ABA molecules if one desires a symmetry-adapted
rotational basis set.
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6.6 CH3Cl example

6.6.1 Eckart frame

For ABA molecules, it was relatively straightforward to choose alternative (to Eckart) axes
with which one could symmetrise the rotational basis functions. For other molecules
the choice is not so simple. The example of CH3Cl (shown in Figure 6.3) is used to
demonstrate that the Eckart frame (whose equilibrium orientation is shown in Figure 6.4)
can be employed to build a symmetry-adapted rotational basis set. An alternative and
geometric frame is then stated which can also be used for rotational symmetrisation.

Cl

C"'IIIIIH
H/ \H

Figure 6.3: The structure of the CH3Cl molecule.

The Eckart conditions for CH3Cl are
([mcac Xrc+mcacy X rCl] + mH[aHl X TH, + aH, X 'H, + dH; X 1’H3]) =0 (6.6.1)

where the PAS frame for the equilibrium geometry is shown in Figure 6.4. Because of
this, both ac) and ac only have a z component.
The MS group of CH3Cl is C3y(M) and can be constructed from two generating

T
/2’

For the operation (123), we can relate the equilibrium coordinates as ap, = A%ayy,
and ay, = Aay, where A = M;(27t/3) from Eq. (2.3.3). The Eckart conditions can thus

be can be expressed as

operations (123) and (23)* with equivalent rotations of R¥7 and R respectively.

([mcac X rc + mciacy X rcy] + mulap, X ra, + AzaH1 X 1, + Aap, X ra,]) = 0. (6.6.2)
Applying the operation (123), the Eckart conditions become
(Imcac X rc + maiacy X ral] + mulan, X ru, + A2aw, X ra, + Aag, X r,]). - (6.6.3)

As usual, we rotate the frame, in this case by Rﬁn/ 3. This transforms rito ATr;. Using
the same procedure as for the ABA case we can rewrite this as

AT([mcac x rc + mciacy X rey] + mylAaw, X ra, + ag, X ry, + AzaH1 X re,]) =0 (6.6.4)

where we used that A applied to the equilibrium coordinates of Cl or C does not change
them. The final result is precisely the same as in the case of ABA.

For the operation (23)*, the rotation matrix is N = My(n). We can again relate
the equilibrium coordinates by Nay, = —ap, and vice versa. Also, Nay, = —ay, and
likewise for C and Cl. The Eckart conditions can thus be written

([—WZCNHC Xrc— mClNaCl X VC]] —my [I\IIZH1 X7TH; —Z\/'ElH3 XTH, —]\]EIH2 X I’H3]) =0. (6.6.5)
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H»

Figure 6.4: The equilibrium Eckart frame for CH3Cl. The z-axis is along the C—Cl bond
and the x-axis in the plane formed by Cl-C-H;.

The result after applying (23)" is
([ImcNac X rc + mgiNacy X rcy] + ma[Nan, X ra, + Nap, X ra, + Napg, X rm,]). (6.6.6)

Rotating the frame by N, multiplying the conditions by NN, and using the same steps
as before, we have

N([mcac X rc + mciacy X rc1] + mulap, X ry, + ag; X ry; + apgy X rg,]) = 0. (6.6.7)

The technique used in this proof can be applied to many different molecules where
the Eckart frame is used as it relied on relations between the equilibrium Cartesian
coordinates of the molecule. In vibrational equilibrium, the Cartesian coordinates
of the nuclei are related to each other by constant rotations. These rotations can be
found, for example, through graphical means, which is the technique used to find the
equivalent rotations explained in Ref. [31]. Alternatively, although the form of the BF
coordinates as a function of vibrational coordinates for all geometries is not known, their
equilibrium “structure” (a la Eq. (6.5.21)) is. The required rotation for an MS operation
can then by found by satisfying a,» = Nid, = Na,, where a, are the equilibrium BF
coordinates. These do not change under the vibrational coordinate transformation
because the vibrational coordinates are effectively frozen. Since the matrix N should
be the same regardless of the geometry;, if it is found in vibrational equilibrium, it is
found in general. As demonstrated above, if one uses the PAS system at the vibrational
equilibrium to define the reference geometry, then the equivalent rotations are the
correct rotations of the BF-frame undergoing MS operations.

6.6.2 Geometric CH3Cl frame

The following introduces a frame definition which can be solved analytically. In this
case, the z-axis always points parallel the C—Cl bond and the direction of the x-axis is
defined by ¢, given by

p1 = %(921 — 0O13) (6.6.8)

where 0y is the dihedral angle from the plane formed by CI-C-H; to the plane CI-C-H;
and likewise for 013. This is illustrated in Figure 6.5. Had we decided to start from Hj,
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Figure 6.5: The dihedrals that determine the value of ¢1 = 1/3(021 — 013).

the choice of x-axis direction (x;) would be determined by

P2 = %(932 - 021) (6.6.9)

where Figure 6.6 displays this choice. A feature of these choices is the angle between

Hj

) 032 e@ H;

021
H;
Figure 6.6: The dihedrals that determine the value of ¢ = 1/3(032 — 021).

the x-axes, as shown in Figure 6.7, can be found as follows:

Figure 6.7: All the angles relevant angles to determine the angle between x; and x,.

1 1
021 — P1 + P2 = O21 — 3 (021 — O13) + 3 (032 — 021)

1 27
= 5(921 + 013 + O32) = 3

(6.6.10)
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Thus the angle between them is always 271 /3, irrespective of the coordinates of the atoms.
It is this property that allows the frame to be used when symmetrising the rotational
basis set.

To demonstrate that, with this frame, the Cartesian coordinates transform correctly
under MS operations if the BF-frame rotates by constant angles, let us first parametrise
the vibrational coordinates by the Cl-C stretch (g1), the 3 C—H stretches (g to g4), the
three CI-C-H bends (g5 to q7), and the symmetrised coordinates defined by

1
gs = — (2032 — 021 — O13),
\C (6.6.11)

1
g9 = $(921 — O13).

Note that g9 is the angle 3/¥2¢1. The BF coordinates in the bond vector frame are
given by (with the origin at the C atom)

rc =(0,0,0),
ra1 =(0,0,41),
rm, = (q28ings,0, 42 cos gs), (6.6.12)
H, = (g3 cos 021 sin g, —q3 sin 01 sin g, 43 COS G6) ,
= (g4 cos 013 sin g7, g4 sin 013 sin g7, 44 cos q7) .

Solving Eq. (6.6.11) for the angles 0>1 and 013 by using the substitution 03, = 2—0,1—013,
we obtain

O = B, D
6
V6 V2 (6.6.13)
ot _ 95 _ @
6 Vo 2
which can be substituted into Eq. (6.6.12). Applying the rotation matrix M. (V249/3) (the
matrix S of Eq. (6.7.1)) to the BF coordinates and using the relations cos(x + t/2) = —sin x
and sin(x + 11/2) = cos x, the final result is
rC = (OI OI O)I
ra1 = (0,0, 1),
(\/qu) . . (\/qu) . )
rH, = | g2 cos sin g5, g2 sin sings, q2cosgs |,
rH, = [—g3 sin (E LI L ) sin g¢, —g3 COs (E S LI ) sin ge, 43 COS q6)
: el TG V6" )
'H; = (—g4sin (E L ) sin g7, 44 cos (z B ) sin 47, 44 cos q7)
’ 6 Vo 3v2 ' 6 V6 3V2 '
(6.6.14)
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The operation (123) changes the stretches and angles in the usual manner and changes
the dihedrals according to

1
g’ = —=(2621 — 613 — O32),
L3

1

qg_\/z

(6.6.15)
(013 — 032)

or

g8’\ _ ( -1/2 3/2) (gs
(qg,)_(_ Y /2) (qg). (6.6.16)

The transformed coordinates are then

7c =(0,0,0),
7c1=1(0,0,q1),

H; = | g4 o8 (—ﬁ - ﬂ) sin g7, 44 sin (—ﬁ - ﬁ) sin g7, 44 cos q7)
! V6 32 ’ V6  3V2 ' '
- ) Tt \/56]9 . T \5079 .
g, = |g2sin|—— + sings, —(q2Cos | —— + Sings, g2 cosqgs|,
6 3 6 3
TH, = [g3sin (—E _ a8 + ﬂ) sin ge, 43 COs (—E -1 + ﬁ) sin g, 43 Cos %)
’ 6 V6 3v2/ 6 Vo 3v2/

(6.6.17)

These are in the new BF-frame. If we now consider them in the old BF-frame via the
rotation matrix

—sin(nt/6) —cos(1t/6) 0O —cos(nt/3) —sin(t/3) 0
N123) = =
0 0 1 0 0 1

cos(rt/6) —sin(t/6) 0O sin(rt/3) —cos(1t/3) O) (6.6.18)

and apply the first form to 7y, and 7, and the second form to 7, we obtain the original
coordinates but permuted by (123).

For the operation (23)*, the stretches and angles transform in an obvious way while

the dihedrals transform as
L]g’ _ 1 0 qs
| = . 6.6.19
)=o) (2) 6619

Performing this transformation and also applying the matrix M, (m) to the Cartesian
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coordinates, we obtain
My(n)?C = (OI O/ O)/
M]/(T()FCI = (O/ O/ _Cll),

2 2
My ()7, = [ g2 cos (\/—qg) sin g5, =42 sin (\/—qg) sin g5, =42 oS qs) ,
M, (m)7g, = |g3sin (E _ s ) sin ge, —(3 COS (E L ) sin ge, —(3 COS q6)
Y 2 6 \/6 3\/— ’ 6 \/g 3\/_ ’ ’
5 . [t g8 9 \ . m_ s .
M, (11)7y, = |gasin (— - —+ —) sin gy, g4 cos (— - — )sm 7, —(4 COS 7)

(6.6.20)

which are the original Cartesian coordinates with 2 and 3 permuted and then inverted.

6.7 Finding the geometric BF-frames

This section explains how to find the angle ¢ in the case of CH3Cl and more generally
introduces the methodology for any molecule.

For a general symmetry operation, if R, — Ry, we required that r,» = N7, or
NTr, = 7,. We then stipulate that N is a constant matrix, for example N, (123) = M:(27t/3)
for CH3Cl. The Cartesian coordinates r, are in the old BF-frame. In the new BF-frame,
they will be of the form S(q1, . .., gu)rs for some rotation matrix S which is a function of
the vibrational coordinates. We thus want

NTSr. = S7, 6.7.1)

for every operation. In the case of CH3Cl we see that the z-axis along the CI-C bond
should be maintained. Only a rotation about the z-axis is required. Since motion of the
atoms in this plane is parametrised by the dihedral angles, we will assume the simplest
rotation of the form M;(ags + bqg) where a and b are constants. The position of H; in
this, yet, undetermined frame is given by

rH, = (g2 cos(ags + bqe) sin gs, g2 sin(ags + bqo) sin gs, g2 oS g5) (6.7.2)

while NTry, is given by

NTrH3 = (q4 cos (——j/gg - —395 +aqs + bqg) sin g7,
. qs
g4 sin (—— - —+ags+ bqg) , 04 COS q7) . (6.7.3)
\/_ \/_
q8 99
Thus we want to equate the transformed agg + bqg to —— — — + agg + bqo, or
6 V2

3
qs + \/_‘79 _bﬁqS_b@ — _ﬁ_q_+aq8+bq9 (674)

2 Ty T 2" Ve 2
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from which we obtain

V2 N (=3gs + \/§Q9)ﬂ.

b=— (6.7.5)
3 V345 + 399
For the operation (23)*, ry, in this frame is given by
4 g8 q9 ) .
ra, = |g3cos| — — — + — —agg — bgy | singg,
. [4mt g8 g9 ) . )
—g3sin|— — — + —= —agg — bgg | singg, gz cos gg| (6.7.6)
q ( 6 Ve 2 q q de, 4 q
and —~Nry, = —M, (11)ry, is
TH, = (q3 cos (4_71 LI L aqgs + bqg) sin ge
’ 6 Vo V2 '
. (47 g8 g9 ) . )
—g3sin|— — — + — +ags + bgg | singe, gz cosgg|. (6.7.7)
q ( 6 V6 2 q q d6, 49 q
Equating the transformed Eq. (6.7.6) to Eq. (6.7.7), we have
4T g8 9 4T 48 Q9
—_————— — = a 3+b 9 =——-———-——++a 8+b 9. (6.7.8)

From these we obtain a = 0 and b = V2/3 as stated previously.

6.8 Further applications

In the above sections, the focus was on valence coordinates as these are the simplest to
define and use to determine the appropriate frames. However, this does not preclude
the use of other coordinates. For example, the Jacobi [121] and Radau [122] coordinates
offer alternative parametrisations. These have advantages due to the simplification of
the Hamiltonian.

It is feasible that a similar procedure could be applied for these coordinates for
rotational basis symmetrisation. Indeed, the s-vector approach stipulates that the
vibrational coordinates are independent of the translation and rotation of the molecule.
It does not specify the form of the coordinates. For CH3F, for example, the kinetic
energy operator was derived in [123] where the canonical point was the centre of mass
of CH3 group and the vectors were the distances from that point to the hydrogen and
fluorine nuclei. The frame chosen was the bond vector using vectors from the canonical
point to two of the hydrogens. Using vibrational coordinates analogous to the valence
ones for CH3Cl of Section 6.6.2, it is clear that the structure of the Cartesian coordinates
as a function of the vibrational is identical, and hence the same process should work.

The size of the Coriolis coupling was not considered, but it is arguably the most
important factor when comparing these frames. Previously research into this has been
undertaken; see, for example, Ref. [124] who compared the Radau bisector, the valence
bisector, and the Eckart frame for symmetric triatomics and found that the Radau
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bisector is superior in reducing this coupling and should lead to better ro-vibrational
separation. Comparing the BF frames of this chapter is a possible avenue for further
research.

Moving beyond the molecules chosen, the question of the possibility of finding
non-Eckart frames where rotational symmetrisation is possible still remains. For certain
molecules, such as ammonia, a trisector can define the z-axis. Then, once again, two
symmetrised coordinates based on the dihedrals could be used to rotate about this
z-axis as the structure is the same as the CH3Cl molecule. For other molecules, such
as CHy, it is remarkably more challenging. For Eq. (6.7.1) one can replace r, with B7,,
where B is the rotation matrix relating the old and rotated bond vector frame (i.e. it
is the matrix N of Eq. (6.2.7) for the bond vector frame rather than the desired frame).
Then, the equation that must be solved is

NS =SB (6.8.1)

for each generator. For CHy, the matrix S would be parametrised by five symmetrised
angles and the coefficient values could only be found numerically, if they could be found
at all. In general, finding the frame for a given molecular structure and coordinate
choice would have to be done on a case-by-case basis.

6.9 Chapter summary

The main result in this chapter was the determination of geometric BF-frames for a
certain class of molecules — with the CH3Cl molecule used as a defining example —
where rotational symmetrisation is possible. The Eckart frame was also shown to be
suitable for this molecule, with the form of the proofs extendable to other molecules as
it relied on the correspondence between the MS group of the molecule and the point
group of the molecule when in vibrational equilibrium.

Furthermore, one approach to find such frames is described for CH3Cl, and a method
to check frames is also given, provided one has the BF coordinates as a function of the
vibrational coordinates.

Appendix 6.A Derivation of the transformations

6.A.1 Vibrational s-vector transformation

We want to determine transformation of the vibrational s-vectors due to an MS transfor-
mation. As before, we first differentiate, then evaluate the s-vector at the transformed
coordinates. Suppose R, is transformed to Ry. Then, if g is transformed to q;, we have

aaq:(qk o P)(Rl, ey Rn) = Z 8a/pPﬁG(R1, ey Rn)&ﬁch(P(Rl, ey Rn))
B (6.A.1)

aa’F‘]k’(Rlz cee /Rn) = aank(P(Rll s /Rn))

or
Sk = SKa- (6.A.2)
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In short, the first index transforms like the vibrational coordinates and the second like
the Cartesian coordinates.
If gx and gy transformed as in Eq. (6.B.6), then the transformation of si , would be

Sk o = Sk + bk 0 (6.A.3)

and similarly for the other vibrational s-vectors.
From a computational standpoint, the BF s-vector components are typically used.
We have

St = alfk(P(R1, ..., Ry))é;
= a1 qk(Rpy, -+ -, Rp,))e1
= aaqu(T(Rpl)/ SRR T(an ))ég
= dagqk(F1, ..., Tn)ég

(6.A.4)

as T(Ryp,) are the coordinates of atom « after the MS operation is performed and in
the new BF-frame. As we’ve seen, this is given by 7,, so that to transform the BF
components sy ,; we simply perform the vibrational coordinate transformation (which
we shall denote as 3 4¢). This will give us the transformed s-vector components in the
new BF-frame.

6.A.2 Rotational f-vector transformation
The second set of vectors to consider are the rotational t-vectors as
ton =8¢ X Ry
= MgTGéG X R, (6.A.5)
= MggéerrRare)
where MT is the inverse Euler matrix. The SF components are therefore given by
te,ar = MggéercrRar and the BF components are given by tg o = engfray-

An MS transformation changes R, to R, and M to the new matrix relating compo-
nents in the new BF-frame to the SF-frame, denoted by M. We can thus write

teo’ = McgeicrRuwre
= MggMoiMpieinpRapé; (6.A.6)
= ngtl,a’

where N is the rotation matrix relating the coordinates in the new BF-frame to the old
BF-frame and is Eq. (6.2.7). We also have

tea =&, X Ry (6.A.7)

and thus has components in the new BF-frame given by fg,ah = &pgfFaf Which can
be obtained by performing the vibrational coordinate transformation on the old t¢ 4
components.

125 of 166



6.A. Derivation of the transformations 6. Molecular Frames for Symmetry Adaptation

6.A.3 Vibrational t-vector transformation

The third set of vectors are the vibrational {-vectors, defined by

tro = JkR,
= drR,rér (6.A.8)

where now the position vectors are wholly defined by the vibrational and rotational
coordinates. The SF components thus transform as

IRar(P(q1,--.,qn,$,0, x)). (6.A.9)

We use the standard procedure to write this in terms of the original components

tk',a’F = ak’(RaF © P)(q1/ ceerqn, (P/ 91 X)
= 9uP™(q1, .. )InRar(P(g1, .. ))

g=n+3
= OkRar(P(q1,...)) + Z O PE(q1, .. )R ar(P(q1, .. .) (6.A.10)
g=n+1
g=n+3
= tkar + Z dP3(q1,...)0gRar(P(q1, .. .)).
g=n+l1

To simplify the last term, we turn to the expressions for the change in the Euler angles
when the BF-frame is rotated (see Table 6.3). We can immediately see that, in general,
only the transformation of y might contain a vibrational coordinate dependence, due to
the angles f and a. The combined effect will be in the form

X' =x+y@q1,...,q2) or

6.A.11
X' ==x+y@qi,...,q91) ( )

for some function y. Therefore, g = n + 3 in the last line of Eq. (6.A.10). We thus have

te ok = tar + e V(q1, -+, Gn)9n+3Rar(P(q1, .. .))
= tkar + Y (qu, - )(@n+3MEg)rag(P(q1, - - )

, 6.A.12
= tiar’ + Iy, - - )(@ni3Mrg)MugMpntan(P(q1, - - ) ( )
= tr,af + Qu,raRau(P(q1, .. .))
where Q) is the antisymmetric matrix
0 —cos 0 sin 0 sin ¢
Qr =y(q1,...) cos O 0 —cos¢sin0 |. (6.A.13)
—sinOsin¢g cos @ sinO 0
We also call dpy(q1, . . .) as yp for brevity.
One can rewrite Qp ryR 1 as ergH@K cRoag Where wy is defined as
Wy = Y (cos ¢ sin O, sin O sin ¢, cos O) (6.A.14)
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Actually, wi,c = Mg, and @y, = Fwi,c with the sign change corresponding to the
left and right columns of Table 6.3, respectively. Assuming a change of the form of the
left column, we have

te,aF = tkar’ + wr,geFGaRaH(P(q1, - . .))
= tiar + @p,ceFGHRwH
= tk,af + Or 1MigMcgercHRwH
_ e (6.A.15)
= tk,aF + Op [ Migte o'F
= tk,aF/ - )./k’(sgztg,a’F
= tk,aF/ - ')'/k’tz,a/F

where the penultimate line is due to the fact that @&y My = =y Mz Mjg = =Y 0gz. In
vector form, then, the final transformation of the vibrational t-vectors is given by

tia' =tpa + Vit (6.A.16)

As before, since t , = ditq ¢€g, in the new BF-frame the components of the transformed
ti o can be obtained by performing the vibrational coordinate transformation on the old
BF components of # ,.

6.A.4 Rotational s-vector transformation

Collecting the other transformations, we thus have so far

Sk,a/ =Sk o
tg’a, = ngtl’a/ (6.A.17)
tk,a/ = tk/,oc’ + 7./k’tz,a’~

From these we can find the transformation property of the rotational s-vectors. They
transform as

Sg,a/ = ngsl,a’ — VkSk,a'Nzg. (6.A.18)

One can show that the transformed s- and t-vectors are then inverses. The components
of the transformed vector in the new BF-frame are again the components in the old
BF-frame with the vibrational coordinate transformation applied, which are denoted as

§g,ah.

6.A.5 Momentum and angular momentum operator transformation

First, the angular momentum operator is defined as [65]

R . _cos x 5
lx | sin x sn 0 cot O cos x @
Iy|= =il cos X A _ ot Osin x|l 2¢ (6.A.19)
I sin O d
0 0 1 Ix
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If we apply the symmetry operation P on (Jy 1, fytp, J.1), we have

Jyp(P(q1, - ..))

(Ewmmwdj
J-p(P(q1,...))

sin(—x + ) —% cot(mt — 0) cos(—x + ) In10(P(q1, .. )
- _ih sin(—x +y : In2p(P(q1, - -.))
cos(—x +7v) =0 cot(rt — 0) sin(—x + ) (%éw(l’(qi, - .)))
0 0 1
sin(=x +7) _% —cotOeos(=x + )\ [ ~9,1( o P)(q1,...)
T Mesray EEEE crsnixey (_§::§<($ St .))

0 0 1

. _cos x ‘o
(COSV —siny 0) SIA Toing V84 (8n+1(¢01’)(q1,.--))
=— i
)

—siny —cosy 0 Cos X s%n)( _cotOsin y In+2( o P)(q1,...)
R Sin 0 dnsa(® o PYP(q, ...

0 1
(6.A.20)

where the left hand side is the N matrix of Eq. (6.A.6). The operation P was assumed to
cause a rotation of the form of the left column of Table 6.3. In the second line, we used
the chain rule as

i1 0 PYq1, - .) = Dus1P" (1, .- DI (P(q1, .. ) = =01 (P(q1, .. ). (6.A21)

Thus, fé = ngfl.
For the vibrational momentum operators, we have, assuming gx transforms to gy,

(Yo P)q1,...) = P"(q1,.. )0 P(P(q1,...)

= dyY(P(q1,...)) + Vi dn+3(P(q1, .. .)). (6-A.22)
Using (dy+3Y) o P = —dy43(1 o P) we thus have
Db(P(qu,--)) = Dio + Todss) W 0 P)qu, . ). (6.A.23)

If we apply the right hand side operator on the G-matrix elements, only the first term is
non-zero. Thus, we can use the right hand side operator in general. The momentum
operators are defined as 7ty = —ifi d/dqy and transform as

= fte + Vi) (6.A.24)
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Appendix 6.B KEO invariance

If g/ = qj and gq;/' = q;» then the KEO (without the pseudo-potential) transforms as
G 1t = (1 + 7i]2)Gjjr (R + Yy )z)
= RiGjj Ry + 17y Gjjrlz + ViJGjj Ry + V7] Gjy ]z,
ﬁ;Gigljé = (ﬁj + 7j]z)(Nthjh - 7ijszg)ngfl
= #jGiJi + V-Gl — %7 GirJz — Vk7iJ:GjJ

[

JeGgi' 7 = NigJi(NngGnj — 7k GrjNzg)(# + 7))
= iGij#j + ViliGijJz = ¥uJ-Grjftj — 747Gl

~————

féGgg’/féf = Nig/i[NngNwg G + Y7k Gik'Nzg'Nzg = 7kGin(Nig'Nazg + NigNz o) [Ny fir
= InGuJw + Yk J2Gri Jz = V= GrnJn — ViJnGnJz -

© @ ®

(6.B.1)

Terms under-braced with the same number cancel. What remains when all is summed
together is the original Hamiltonian, showing invariance.

This derivation assumed that the change in Euler angles was of the form of the left
column of Table 6.3. If the transformation was as of the right column, then the rotational
s-vectors change as

Sg,a/ = ngsl/a’ + )./ksk,a/Nzg (6.B.2)
and the vibrational momentum operators change as
79(;{ =iy — Vi) (6.B.3)
so only the sign in front of ), changes and can be absorbed into its definition, meaning
invariance is maintained. Likewise, if, during an MS operation, q; = —qy, then the
rotational s-vector change is the same, the vibrational s-vectors change as
Ska = —Sk,a (6.B.4)

and the vibrational momentum operators change as
7t = —(ftgr + Vi J2) (6.B.5)

so that, in any Hamiltonian term 7t Gy, 74, the two minus signs cancel out and again the
invariance is maintained. Finally, if the transformation of g, and gy is of the form

=5 2 ) 620
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where a2 + b% = 1, then the vibrational s-vectors transform as
Ska = aSku +bsp o, (6.B.7)

and likewise for sy ,, the rotational operators and rotational s-vectors change in the
same way as previously, and the vibrational operators transform as

= a(f + YiJz) + b(Fie + Yiefz) (6.B.8)

and similarly for the other operator. To show invariance, we express the kinetic energy

operator as
1 .
E E — RS, Sd,aTld- (6.B.9)
My
cd «a

Let us show only the relevant terms in the ¢ summation:
L 5 .
Z Z m—(leSk,a + At Sk,a) - Sd,afld (6.B.10)
d «a a

Then, when the kinetic energy is transformed and the relevant terms simplified, we have

1 A A/ A/
E E (ﬂisk,a' + T(krsk',a,) : Sd,a,nd
d «a Mo

—1 (6.B.11)
) Z Z My (Tt + YiJz)s k0 + (Tt + YiJ2)Sk0,0) - Sd,a/ﬁ;l
d «a

so the expression in brackets is the same as that of the prior transformed s-vectors and
operations and thus the result is an invariant Hamiltonian. More complicated examples
work the same way. The proof the the invariance of the pseudo-potential is given in Ref.

[4].
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Chapter 7
G34(EM) MS Group for C,Hg

7.1 Introduction

The final core chapter of this thesis combines the knowledge of previous chapters,
namely group theory, analytic KEOs, and geometric frames, to the study of the ethane
molecule (H3'2C!'2CHj3;), shown in Figure 7.1. The bulk of it is based on the publication
Ref. [5]. Unfortunately, while some progress has been made to the ultimate goal of a
line list calculation, there are no adequate numerical results to speak of, yet. Due to the
molecule’s size and the complexity of the symmetry group, significant challenge is to be
expected. The next chapter briefly describes the current (as of writing this thesis) issues.

The remainder of this chapter primarily discusses the MS group of G3z¢ and its
extension for ro-vibrational calculations G3s(EM). As explained in Section 2.6, TROVE
requires, for each irrep of the symmetry group in question [31], a group of matrices
constituting that irrep. However, for Gz or G3s(EM), these matrices have not been
available in the literature thus far. This chapter aims at describing fully the groups Gs¢
and G3¢(EM) and, in particular, determining matrix groups that define the irreps. The
matrix groups obtained are used for symmetrising the PES and the ro-vibrational basis
functions for ethane.

H SH H
N
c—=c

H\A \,

Figure 7.1: The structure of ethane in the staggered configuration.

7.2 The structure of the G35 group

Longuet-Higgins [30] showed that the group Gz can be written as a direct product of
two smaller groups Cé;) and Cg:)

Gy = Cy) @ C; (7.2.1)
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both of these subgroups are of order 6 and isomorphic to the Cs, point group. The
top row and leftmost column of Table 7.1 define the elements of these two groups. For

convenience, we label the elements of Céi\;) as g](.i), j=1,2,...,6; this notation is also
defined in Table 7.1. The nuclei are labelled as in Figure 7.2.

1

\

a

\\\‘ \

2 3 4

.”””U‘I

(a

Figure 7.2: The labelling of the ethane nuclei.

(+) (+)

In Table 7.1, the products g](_) S =8 g](._), where g](._) € Cé;) and g(+)

k
listed. Since Gz = Cg;) ® Cg;), the 36 possible products g](._) g](:) = g](:) g](._) constitute the
complete group G3e. Due to the product group structure, we may also label elements in
G36 by the ordered pair ( g](._), g,(:)).

(+)
€ C3V are

Each of the groups C(; and Cg:) has three conjugacy classes, Ggi) ={E} ={ gii)}, G(Zi)
={ géi), géi)}, and Ggi) ={ g(i), géi), géi)}. With the direct product structure of Gz, it is
clear that the conjugacy clases of G3¢ are obtained as GE_) X C“Z;.Jr), that is, a conjugacy class
of G34 contains all elements RS where R € @E_) and S € G§.+). The top row and leftmost
column of Table 7.1 indicates the conjugacy class structures of C(;;) and Cé;), respectively.
A conjugacy class GEJF) of C(;,) is simultaneously, in the form C?g_) X GEH, a conjugacy class
of G36. Similarly, the conjugacy classes of Cg;) are simultaneously conjugacy classes of
G36. In Table 7.1 indicates the complete set of Gz¢ conjugacy classes GE_) X (‘3;.+).
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Table 7.1: The conjugacy class structure of Gz4”.

. 2 g 2 8 3

! < < 5 3 &
o & g &) g o)

S - ~ ~ ~ -

I Il 1] Il Il Il
op To To Ts T Te
&t = (123)(456) (465) (132) (153426)(ab)  (143625)(ab)  (163524)(ab)
g\ = (132)(465) (123) (456) (162435)(ab)  (152634)(ab)  (142536)(ab)
g™ = (14)(26)(35)(ab)* | (152436)(ab)*  (163425)(ab)* | (23)(56)" (12)(46)" (13)(45)"
gt = (16)(25)(34)(ab)* | (142635)(ab)*  (153624)(ab)* | (13)(46)° (23)(45)" (12)(56)"
gt = (15)(24)(36)(ab)* | (162534)(ab)*  (143526)(ab)* | (12)(45)° (13)(56)" (23)(46)"

# The top row and leftmost column contain the Gz elements that also belong to the Cé;)

or Cgf,) group, respectively. The remaining entries are the products g](,_) gl(:) = g](:) g;_),

](:) € Cgf/) is at the left end of the row.

The horizontal and vertical lines denote the separation of the conjugacy classes.

where g](,_) € Cé;) is at the top of the column and g

7.3 Irreducible representations of Gs

The sum over group elements of the square of the trace of the representation ma-
trix MTTT[(¢0), ¢®)], defined by direct product irrep matrices MI''[¢(7)] and
Mr(+) [g(+)]/ is

1 (=) 7+ ) THY,
D T @ T gy =

), (o TO), (—)w
o™ > I (g [x
g€G36

(+)
|C3v | g(‘)ecg;)

1
|C3V(_)|
8

DI gy =1

Mecy)
(7.3.1)

so that the product representation is an irreducible representation. Since there are nine
conjugacy classes for G3¢ and nine such irreps, every irrep is of this form. The G3¢ irreps

could therefore in principle be labelled as (T, T*)), where I'*) is an irrep of Cg;) and

I'*) is an irrep of Cg:]). C(S;) and C(SJ‘:) both have the one-dimensional irreps A1 and A»
together with the two-dimensional irrep E (Table 7.7 in Appendix 7.A). Customarily,
the irreps of G3¢ are labelled as in Table 12 of Longuet-Higgins [30]. Table 7.2 is
the character table for Gz, obtained from Table 12 of Longuet-Higgins [30], with the
irreducible representations labelled by their customary labels I'ss and the combination

labels (I'~), T™). The bottom row of the table indicates the (35_) X G;“L) label of each class.
For each conjugacy class of Gz , Table 7.2 gives a representative element together with
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the number of group elements in the conjugacy class. The complete conjugacy classes
are obtained from Table 7.1.

Of particular concern are the doubly-degenerate irreducible representations E; =
(E, A1), Ep =(E, A2), E3 = (A1,E), and E4 = (A3, E) together with the four-dimensional
irreducible representation G = (E, E).

Table 7.2: Character table of Gsg.

= =

< = &

— = — =

S 8 B = &8 =
= N} ™ = S .
S8 2 _ g 8 g 9
(2] —~ on on (o] ~ o 4
(qV] <H N (qV] Al <t <t [q\l
I3 O+ E © =2 © Z© < © o <Z
1 2 3 2 4 6 3 6 9
A1 (A1, A) 1 1 1 1 1 1 1 1 1
Ay (Ay,AY) 1 1 1 1 1 1 -1 -1 -1
Az (A1, A)) 1 1 -1 1 1 -1 1 1 -1
Ay (A, A) 17 1 -1 1 1 -1 -1 -1 1
Ei  (E,A) 2 2 2 -1 -1 -1 0 0 0
E» (E,A)) 2 2 -2 -1 -1 1 0 0 0
Es (A1, E) 2 -1 0 2 -1 0 2 -1 0
Es (A E) 2 -1 0 2 -1 0 -2 1 0
G (E,E) 4 -2 0 -2 1 0 0 0 O
To T T Ea ey T o Ea Ee
D] B} B} D] <D} D] D] B} B}
X X X X X X X X X
3@\—< 3‘—‘ 3\—< 3(\1 ic\l 3(\! im im 3«)

In Section 12.4 of Ref. [31], and in Section 3.1 of Ref. [115], it is discussed how
the point group Cs, and any group isomorphic to it can be defined in terms of two

generating operations, one of which belongs to the two-member class G(zi) of C3y and
the other to the three-member class Ggi) . For the group Cg;), the generating operations
selected are gé_) = (123)(465) and gfl_) = (14)(25)(36)(ab), whereas for C(J\:), the operations

g;+) = (123)(456) and g(+) = (14)(26)(35)(ab)* are chosen. We then have géi) = (ggi))z,

4
g =87 and g = gg,”.

7.4 Gg3g irrep matrices

The representation matrices for the non-degenerate irreps A1, Ay, A3, and A4 of G3¢
are uniquely defined as equal to the representation characters; these can be found in
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Table 7.2. The 2 X 2 representation matrices of the irreps Eq, E;, E3, and E4 are, however,
are defined up to equivalent representation. Having found one such set of matrices
MFEi[g], where g, € Gag, we can generate infinitely many equivalent representations
with representation matrices UME, [¢]U~!, where U is an arbitrary and invertible 2 X 2
matrix. In practice, representation matrices in TRovE are real and orthogonal, and that
drastically limits the possible choices. One particular set of representation matrices is

selected here for E; by initially choosing the representation matrix for gg_) = (123)(465),
one of the generating operations of C(S;). It is set to

CcOos

T : T \/—
ME[(123)(465)] = n(%ﬂ) _51“(27?) ): ( _v% _?3 ) (7.4.1)
3

The 2 x 2 orthogonal matrix ME[(123)(465)] satisfies the relation MF[(123)(465)]® = I,
the 2 X 2 unit matrix, imposed by the fact that [(123)(465)]® = E. An alternative choice
would be the matrix with the signs of the sin(27/3) terms reversed. The other generating

operation of Cg;), gfl_) = (14)(25)(36)(ab), is self-inverse: (81(;_))2 = [(14)(25)(36)(ab)]?> = E.

The 2 x 2 orthogonal matrix representing gfl_) is also self-inverse and we can choose it as

sinf —cosB (7.4.2)

ME[(14)(25)(36>(ab)]=(C"SQ sin 0 )

where 0 is arbitrary. All such matrices satisfy ME[(14)(25)(36)(ab)]> = I. O = 0 is chosen,
so that

ME[(14)(25)(36)(ab)] = ( (1) _01 ) . (7.4.3)

The two matrices ME[(123)(465)] and MF[(14)(25)(36)(ab)] have traces of —1 and 0,

respectively, and it is seen in Table 7.7 that they generate the irrep E of Cg;). We can now
use the relations in Section 12.4 of Ref. [31] or, equivalently, in Section 3.1 of Ref. [115] to
determine, by matrix multiplication involving ME[(123)(465)] and ME[(14)(25)(36)(ab)],

the representation matrices for all operations in Cg;) .

It was discussed above how the irrep E1 of Gz can be classified as T, TH) =
(E, A1), where I'™) and T™) are irreps of Cg;) and Cg:]), respectively. We have already
determined a group of representation matrices belonging to the E irrep of Cg;), and to
obtain one for the A; (totally symmetric) irrep of Cé;), the 1 X 1 representation matrices

MA1[(123)(456)] = MA1[(14)(26)(35)(ab)*] = 1 (7.4.4)

are introduced for its generating operations g£+) = (123)(456) and gr) = (14)(26)(35)(ab)".
Again, we can use the relations in Section 12.4 of Ref. [31] or in Section 3.1 of Ref. [115]

to determine the representation matrices for all operations on Cg:). It is rather trivial
here since these representation matrices all are the 1 X 1 matrix 1.

We now have E representation matrices for the six operations in Cé;) and A

. . . . . + .
representation matrices for the six operations in C! V), and we can form Eq representation
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matrices for the 36 operations in Gs4 by forming the 36 products of ME[¢(7)], ¢) € Cg;),

with the constant (=1 always in this case) M41[¢*)], ¢+ € Cé:).
For E; = (E, A2), we can obtain the representation matrices in the same vein as for E;.
The only difference is that we replace the C(;;) representation matrices by

MA2[(123)(456)] =1 and M%2[(14)(26)(35)(ab)*] = —1. (7.4.5)

For E3 = (A1, E) and E4 = (A, E), the representation matrices are determined by

interchanging the Cg;) and Cg\:) representation matrices in the determination made for
Eq and E», respectively.

Finally, the direct product of the representation matrices of the two E representations
gives the G = (E, E) representation.

7.5 Ro-vibrational coordinates used for ethane

For ethane, there are 3 X 8 — 7 = 17 small-amplitude vibrational coordinates. These
will be referred to as the rigid coordinates as they have an equilibrium value. The
torsional coordinate (describing the independent rotations of the CH3 groups) does not
have an equilibrium. Instead, it has three. Figure 7.3 shows representative members of
three of the vibrational coordinate classes: the C—C bond length denoted by R, one
of six C—Hj bonds denoted by R, and one of six bond angles (Hx—C—C) denoted by «.
The small-amplitude vibrational coordinates RE, Ry, and ay (k =1...6) measure the
displacements of the respective internal coordinates from their equilibrium values, that
is the coordinates actually used are R¢ — RS, R; =R (i =0...6) and ay —ae (k = 1...6).
The Ry /aj coordinates are equivalent and so they have a common equilibrium value
Re/ tte.

Figure 7.3: Representative members of three of the vibrational coordinate classes. Here,
RE is the C-C bond length, R is one of the six C-Hy bond lengths r¢, and « is one of
the six (Hx-C-C) bond angles a.

The last vibrational class is obtained from six dihedral angles 012, 023, 031, 045, Os6,
Os4, one of which is labelled 6 in Figure 7.4. 0;; is the angle between the H;—~C-C and
H; -C-C planes, where protons i and j belong to the same CH3 group. Only four of the
six angles are linearly independent due to the constraints 012 + 023 + 031 = O45 + Os56 + Opa
= 27. The positive directions of rotation for the 6;; angles are from proton1 —2 — 3
for the one CH3 group, and from proton 4 — 5 — 6 for the other. The independent
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coordinates constructed from the six 0ij angles are

1
1=—=(2023 — 031 — O12),
"
1
Vo = 6(631 - 612),
4 (7.5.1)

01 = —=(2056 — O — Os5),

V6

1
02 = —(0Ops — Os5),
V2

which transform as the G representation of Gz.

Figure 7.4: A projection of ethane, with the CH3 group containing protons 1, 2, and 3,
indicated by solid C—H bonds, being closest to the viewer. One of the dihedral angles
used in the vibrational classes is labelled by 0 and the torsional angle is labelled by 7
and is measured in the counterclockwise direction. The x-axis halves the dihedral angle
between the H; —C-C and H4-C-C planes.

To describe the orientation of the BF-frame when the rigid coordinates are in
equilibrium, one approach is to attach coordinate axes on each CHj group. Here, the
z-axis is the same for both and points from C; to C,, while the x,- and x;-axes point in
the direction of C,—H; and C, —Hy, respectively, when the molecule is viewed in the
projection of Figure 7.5. The y-axes ensure that the Cartesian axes are right handed.
With this construction, the 6 and ¢ Euler angles describing the direction of the z-axis
for CHj3 group are the same while the x angles describing the rotation about the z-axis
are different and are denoted by x, and x;. These increase in the counterclockwise
direction due to the right hand rule.

As explained in Ref. [31], to achieve maximum separation of the torsional, and
rotational motion, it is expedient to define two new coordinates from x, and x;. The
rotational coordinate y is set to to

X = %(Xa + Xv) (7.5.2)

and hence the x-axis shown in Figure 7.4 halves the angle between H;-C-C and
H4—-C-C and increases in the counterclockwise direction. The torsional angle 7 could
be defined as

T=Xa— Xb (7.5.3)
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and hence, as indicated in Figure 7.4, is the angle from Hy—-C-C to H;—C-C in the
counterclockwise direction. TRoVE uses a different choice and defines 7 as the average of
three dihedral angles. To define these, three pairs of protons (4, 1), (6,2), and (5, 3) are
formed with the two members belonging to different CH3z groups. The pairs are chosen
such that the protons i and j in each (i, j) pair form a dihedral angle 7;; of 7 in the
staggered equilibrium geometry of Figure 7.1 and 7;; = 0 for the eclipsed geometry (see
Figure 7.6), using the labelling of Figure 7.2. In a general instantaneous geometry, each
(i,]) pair defines a dihedral angle 7;; (where the positive direction of rotation for the 7;;
angles is from proton 1 — 2 — 3) and the torsional angle is then given by a symmetric
combination

1
T= §(T41 + Tep + T53). (7.5.4)

With this definition, © = 0, 2n/3, and 47/3 correspond to eclipsed configurations,
while, at T = ©/3, m, and 57t/3, the molecule is in one of its three rigid coordinate
equilibrium geometries. The torsional angle 7 has definite transformation properties
under the operations of G3¢ (see also Appendix 7.B). As discussed in Section 7.5.2, the
two coordinate-pair values (7, x) and (7 + 27, x + 1) describe the same physical situation.
However, the coordinate which 7 is based on, x, — xp, has a range of 4n. Although a
given geometry can be specified by a value of 7 in the interval [0, 271], we must allow 7
to range over [0, 47t] to obtain a correct correlation with x,; — x; (see Section 7.5.2 below).

Figure 7.5: A projection of ethane, with the CH3 group containing protons 1, 2, and 3,
indicated by solid C—H bonds, being closest to the viewer. The x and y components of
the coordinate axes attached to each CHs group is shown, the subscript a4 signifying
that the coordinate axes are for the C,H3 group. To ensure the coordinate system is
right handed, the z-axis (the same for both groups) points from C;, to C,. With this
construction, the 0 and ¢ Euler angles describing the direction of the z-axis are the
same for each CH3 group while the x angle describing the rotation about the z-axis
are different and are denoted by x, and x;. These increase in the counterclockwise
direction due to the right hand rule.

In conclusion, the coordinate classes, used to diagonalise the reduced Hamiltoni-
ans, are

1. the C-C bond length RS;
2. six C-H bond lengths Ry, k=1,2,...,6;
3. six bond angles (H-C-C) =ay, k=1,2,...,6;
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1 4
N/
g

Figure 7.6: Ethane in the eclipsed configuration.

4. four dihedral-angle coordinates y1, )2, 61, and 0»;
5. the torsional angle 7; and
6. the three rotational angles (0, ¢, x).

The primitive basis functions for classes 1, 2, and 3 are obtained using the Numerov—
Cooley approach [34, 125, 126], while, harmonic-oscillator eigenfunctions [31] are used
for class 4. The primative basis set for class 5 is constructed from the normalised,
4n-periodic Fourier series functions 4/1/2m cos(k7/2) and +/1/2msin(kt/2). Both the
KEO and PES must be functions of 7 in the extended interval [0, 47t] (see Section 7.5.2).

7.5.1 Transformation of the vibrational coordinates under G3¢

As detailed in Section 7.3, one can construct every operation of Gzs with only four
generating operations. In the TrOVE calculations, the generators g;_) = (132)(456),

gt = (123)(456), g\ = (14)(26)(35)(ab)* and g\ = (14)(25)(36)(ab) are used. Then,
to describe the transformation properties of a coordinate for all elements in G36, one
only needs to determine these properties for the four generating operations. In TrROVE, a
procedure to generate the irreducible representations of Gz based on these four group
generators and the multiplication rules in Table 7.1 was implemented. The latter can be
conveniently represented as the following recursive rule:

T, = T Ty, (7.5.5)

where the operations T;, T; and T (i, j, k = 1, ..., 36) are as organised in Table 7.3.

Each of the vibrational coordinates and the torsional coordinate can be expressed as
a function of the nuclear Cartesian coordinates. The procedure of Appendix 2.A was
used to determine the transformation of these coordinates under the Gz operations in a
systematic way, although in the majority of cases the result is intuitive.

The C-C bond length R is invariant under all Gs4 operations. The six C—Hj bond
lengths R, and the six bond angles H-C-C = ay are given the generic labels f, as
the two classes transform identically. (81, 2, f3) have the following transformation
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Table 7.3: The recursive rules to generate the elements of Gz using the four generators

T = &) = (123)(465), Ty = g, = (14)(25)(36)(ab), Ty = g} = (132)(456), and Tio = g,"

= (14)(26)(35)(ab)*. See also Table 7.1 for the class structure of Gz and Figure 7.7 for an
illustration of the effects of the generators.

T = E Tig= (14)(25)36)(ab) =g}’

T, = (123)(456) =gl Tp= (16)24)34)ab) =TTy
T3 = (132)(465) = Ty? Tr1 = (15)(26)(34)(ab) = T;Tig
T, = (14)26)35)ab) =g\7  Tn= (153426)ab) =Twh
T5 = (16)(25)(34)(&117)* =T T6 T23 = (162435)(ab) = T19 T3
T6 = (15)(24)(36)([1%))yr = Tz T4 T24 = (143624)(ab) = Tzo Tz
1; = (132)(456) = gé_) T25 = (152634)(ab) = T20 T3
Ty = (123)(465) —T? = (163524)ab) =TuTD
To = (465) “TT, Ty= (142536)ab) =TuTs
Tio= (123) =T;T;  Ts= (23)(56) =TT}
Ti1 = (132) =TsT, To= (13)(46) =Ti9Ts
Tio = (456) =TgT3 T30 = (12)(45) =T Tg
Tis= (152436)(ab)* =TTy Ty = (12)(46) =TTy
Ty = (142635)(ab) =T Ts Tp= (23)(45) = Ty Ts
Tis= (162534)ab)’  =TTs  Ty= (13)(56)" =TTy
T16 = (163425)([1[9)yr = Tg T4 T34 = (13)(45)* = T21 T4
Ty = (153624)(ab)’ =TTy Ts= (12)(56) — Ty Ts
Tis = (143526)(ab)*  =TeTs T = (23)(46)" — Ty Ty
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properties under the generating operations:

1 0 0 1\ /(B
:2 =(1 0 0](pB2] for (123)(456),
3 0 1 0/\B3
1 1 0 0)(Ba
51=10 0 1|{Bs| for (14)(26)(35)(ab)",
; 010
; e (7.5.6)
1 0 1 0\/p1
:2 =10 0 1||B2] for (132)(456),
3 1 0 0/\B3
1 1 0 0)(Ba
:2 ={0 1 Of|ps| for (14)(25)(36)(ab)
3 0 0 1/\Be
while for (B4, Bs, Be6) they are given by
f 0 0 1\/Ba
/=11 0 0]Bs| for (123)(456),
5 0 1 0/\Be
f 1 0 0)\(p:
5]={0 0 1]|p2| for (14)(26)(35)(ab)",
f 010
’ s (7.5.7)
4 0 0 1\/Ba
é =(1 0 0]ps| for (132)(456),
6 0 1 0/\Be
f 1 0 0)\/(B1
z|=(0 1 0]fp2]| for (14)(25)(36)(ab).
p 0 0 1/\B3

The dihedral angle coordinates ()1, y2, 61, 62) are mixed by the Gz¢ operations. The
transformation properties are most easily determined by using the correspondence with
the transformation of the rx and a coordinates. For ()1, y2), we write

71 012
V2 |=2Z |0 (7.5.8)
27 031

with
-1 2 _1
£ %
1 1 1

where the third row of Z takes into account the constraint 61> + 6,3 + 631 = 2.
After the operation (123)(456), protons 1, 2, and 3 are found at the positions initially
occupied by protons 3, 1, and 2, respectively, and so the angles 012, 023, 031 are permuted
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01, 031 012 %!
0 | =|612|=S[03]|=5Z7" | 12 (7.5.10)
Gél 923 931 27

001
s=[1 00 (7.5.11)
010

” 01, 7
vhl=z2 6;3 =ZSZ| v (7.5.12)
2n 0% 27

as follows

with

where
_1 _N\3 0
2 2
A VA vzé -1 ol (7.5.13)
0 0 1

With the upper 2 X 2 corner of this matrix, we can express the transformed values
(y1,75) in terms of (y1, y2). The transformation matrix for ()1, y2) for (123)(456), and
the ones for the other generating operations, obtained in a similar manner, are

’ 1 \/_

ni=|"z2 2 (71) for (123)(456),

9)-( 30

e o )(g;) for (14)(26)(35)(ab)’,

2 (7.5.14)

V! _1 3

7/} = é 21) for (132)(456),

2 2 2

;} - )( )for (14)(25)(36)(ab),

2

and those for (01, 02) are given by

Y _1 _ﬁ

(i = £§ _i for (123)(456),
2 2

g; _ é )(;ﬁ) for (14)(26)(35)(ab)",

2 (7.5.15)
_1 _¥3

211 ={ _?) for (132)(456),
2; = (5 (1)) (;;) for (14)(25)(36)(ab).

The transformation of the torsional angle T due to G3 operations is detailed in Ap-
pendix 7.B. The results are listed in Table 7.4, which also provides the equivalent rotation
of the BF-frame which will be used in the next section.
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7.5.2 The extended molecular symmetry group Gsc(EM)

As described in Section 15.4.4 of [31], the separation of the rotational and torsional
degrees of freedom has led to y and 7 being double-valued. That is, there are two sets of
(x, 7) values associated with the same physical situation. This is most straightforwardly
seen by considering Eq. (7.5.2) and the three angles x,, xp, and x appearing in it. The
angle x, is determined entirely by the positions in space of protons 1, 2, 3 and their
carbon nucleus C,; xp is determined by the positions of protons 4, 5, 6 and their carbon
nucleus Cy; and yx is the average of the two. Due to the 27t periodicity of x,, increasing
it by 21t does not change the positions in space of the nuclei in C;H3, however, in this
case, Y — x +mand T — 7 + 2m. Thus, the two coordinate pairs (x,7) and (x + 7,7 +2m)
describe identical physical situations.

One way of avoiding this ambiguity would be to use a BF-frame system with, for
example, x = xp. This BF-frame is attached to the CH3 group with protons 4, 5, and
6, and not influenced by the other CHj3 group. A x coordinate chosen in this manner
has no ambiguity. However, this choice precludes the separate symmetrisation of the
rotational basis set, a requirement of TrRove and thoroughly explained in Chapter 6.

For non-rigid molecules, the Eckart conditions are amended by the Sayvetz condition
[127]

Z maal (1) (rg —aq) =0 (7.5.16)

where now the reference Cartesian coordinates a(7) are functions of a non-rigid vibra-
tional coordinate 7 and the BF-frame is set to the PAS frame for every value of T while all
other coordinates are in equilibrium. The prime on a’(7) signifies that it is a derivative.
The frame in this case is the bisector of Section 7.5. If a reference frame based on x = xp
was chosen with the z-axis parallel to the C—C bond and the origin in the middle of the
C—C bond, the reference coordinates would be

c cos(T1) c
ap,(t) =|csin(t) |, ap,(r)=| O (7.5.17)
d —d

for some ¢ and d. The coordinates of the other atoms would be
ay, = Aap,, ap; = AzaHl, ay, = Aap,, ags = AzaH4, ac, = —ac, (7.5.18)

where A = M;(21/3). The carbons would only have a z-component and would be
constants. The Eckart conditions would be

C= mc(aca Xrc, —ac, X rcb)
+ mH(aHl XTH, + AaH1 XTH, t AZZZH1 X TH,4
+ap, X 1y, + A%ay, X rag + Aag, X rg,) = 0. (7.5.19)
The operation (123)(456) changes the hydrogen labels in the usual way. However, due

to the change in the 7 angle, the PAS equilibrium coordinates would change according
toa — Aa for hydrogens 1, 2, and 3. The hydrogens 4, 5, and 6 and the carbons would
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be unchanged. We would have

C' = mc(uca Xrc, —ac, X ch)
+ mH(AaHl XTH; + AZIZH1 X TH, + AdH; X TH,
+ay, X TH, + A2QH4 XTH, + AaH4 X 7’H5)- (7.5.20)

It is not possible to apply a rotation of 27t/3 or 47/3 about the z-axis for C’ = 0. Thus,
we cannot symmetrise the rotational basis set with this frame.

On the other hand, the bisector reference frame for the Eckart-Sayvetz conditions
can be used for this purpose, and in the process of proving this we will determine the
equivalent rotations of the BF-frame for the G3¢ operations. Later, a geometric frame
will also be introduced.

For the transformation of the torsional angle t due to Gz operations, we use the
results of Section 7.B. The results are listed in Table 7.4, which also provides the
equivalent rotation of the BF-frame.

For the bisector PAS, the coordinates of H; and Hy are given by

ccos(7/2) c cos(t/2)
am, (t) = csin(z/2) |, ap,(t) =| —csin(7/2) (7.5.21)
d —d

for some c and d. The coordinates of the other atoms are Eq. (7.5.18) for the new ay;
and ap, where A = M;(2nt/3). The carbons only have a z-component and are constants.
The Eckart conditions are the same as Eq. (7.5.19) (except the as depend on 7) and the
Sayvetz condition is given by

— / . — / . — 4 . j— 4 .
S =mclac, - rc, —ac, - re,) —mclag, - ac, — ac, - ac,)
+my(ag, - ray, + Aagy -, + Azaf{1 CTH, T Ag,  TH, Aza’H4 $THs + Ay, TH)

’ ’ 2 7 ’ 2.7 ’ _
- mH(aH1 - ap, + AaH1 cap, + A Ay, - H, + 4y, - 4H, + A Ay, - AHs + Ay, - ap,) = 0.
(7.5.22)

Table 7.4: The generators of the extended group Gzs of CoHg and their effect on the
torsional angle (7) and the equivalent rotation of the generator.

Transformed T Equivalent rotation Gz generator

T —41/3 E (123)(456)
T R/ (132)(456)
-1 E (14)(26)(35)(ab)*
T R (14)(25)(36)(ab)

The operation (123)(456) changes the PAS equilibrium coordinates according to
a — A%a for hydrogens 1, 2, and 3 and 4 — Aa for hydrogens 4, 5, and 6. The carbons
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are unchanged. We thus have

C' = mc(aca Xrc, —ac, X T’Cb)
+ mH(A2aH1 XTH; + Ay, X Ty, + ALIH1 X TH,
+ AIZH4 XTHy T aH, X TH, + AleH4 X 7H5) =0. (7.5.23)
which is the original equation and therefore there is no equivalent rotation. The

derivatives of the PAS equilibrium coordinates transform the same way under a change
in 7 and thus the Sayvetz condition is trivially satisfied.

For the operation (132)(456), the angle T does not change, but the rotation Rﬁ”/ 3 is
applied and thus the instantaneous Cartesian coordinates change by r — ATr = A?r.
We thus have

C'= mc(acu X Azi’ca —ac, X Azrcb)
+ my(ap, X Aerz + Aay, X Aer3 + AzaH1 X Aerl
+ap, X A%rp, + A%ap, X A%rp, + Aap, X A’ry,). (7.5.24)
We apply AT A to the conditions and using the same technique as before, the result is
AT applied to the original conditions, and this is zero. For the Sayvetz condition, we
use that Aa - Ab = a - b and pre-apply A to both terms of all dot products. The original
condition is re-obtained.

The operation (14)(26)(35)(ab)* has no rotation and changes ap, — —ap, and vice
versa. The result is

C’' = —mc(acﬂ Xrc, —ac, X ng)
+ mH(aHl XTH, + AaH4 X TH, T AzﬂH4 X THs
+ayg, Xy, + AZaHl XTH; + AlZH1 X er))- (7.5.25)
which is the original set of conditions and thus is zero. The Sayvetz condition is satisfied
in the same way.
The element (14)(25)(36)(ab) does not transform 7 but has the equivalent rotation Rf.

Thus it transforms the instantaneous coordinates to r — Nr, where N = M,(7), and
changes the conditions to

C’' = mc(ac, X Nrc, —ac, X Nrc,)
+ mH(aHl X N?’H4 + AaHl X I\]T’H5 + AzaHl X I\]T’H6
+ap, X Nryg, + A%ay, X Nrg, + Aap, X Nrg,).  (7.5.26)
The matrix N changes the equilibrium Cartesian coordinates of the carbons by Na = —a
and Hy’s by Nay, = ap,. Also, NA = A’2N and NA? = AN. Thus, in applying [ = NN
to the transformed condition, we have
C' = N(Tnc(—aca Xrc, +ac, X VCH)
+ mH(aH4 X Ty + AzaH4 X THs + AaH4 X THg

+ a4y, Xy, + A[lH1 X TH, + AZLZH1 X THl)) =0. (7.5.27)
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which is zero. The Sayvetz condition works the same way as in the previous operations.

Before completing this proof, we must deal with the double-valuedness of (7, ).
This involves extending Gss to the extended molucular symmetry group G3¢(EM) in the
manner first introduced by Hougen [128], as detailed in Section 15.4.4 of Ref. [31]. This
extension involves the introduction of a fictitious operation E’ (taken to be different from
the identity E) which, for ethane, we can think of as letting the C,H3 do a full torsional
revolution relative to the CyH3. That is, E” has the effect of transforming y — x + 7 and
T — T + 27. After the application of (E’)? the BF-frame is back where it started, and so
we take (E’)?> = E. E’ does not affect the rigid coordinates; it has the same effect as the
identity operation on the complete rotation-torsion-vibration wavefunction of ethane.

Table 7.5 shows the transformations of the Gz¢ operations on x using the equivalent
rotations of Table 7.4, as well as repeating the effect on 7. It also includes the effect
of E’ to show all generators of G3s(EM). As E’ does not effect any other coordinate, it
commutes (for those coordinates) with G3¢ operations. Actually, E” also commutes with
the Gsg operations for T and x. This can be checked with Table 7.5. Therefore, G3s(EM)
has the structure of a direct product

G36(EM) = G3g X {E, E'}. (7.5.28)

The two-element group {E, E’} is cyclic of order 2 and has two irreps A’ and A”, both
one-dimensional, with the representation matrices 1 or —1, respectively, under E’. The
irreps of G3¢(EM) are straightforwardly constructed from those of Gz¢. Each irrep I of
G36 in Table 7.2 gives rise to two irreps of G36(EM), I's = (I, A’) and I'y = (I, A”) as given
in Table A-33 of [31]. An irrep I's has identical characters for the operations E and E’,
Xs[E'] = xs[E], whereas for the irrep 'y, x4[E’] = —xa[E]. Aslong as we pretend that E’
# E, we must also pretend that the coordinate values (7, x) and E’ (7, x) = (7 + 27, x + 7)
describe different physical situations. As a consequence, we must allow 7 to be periodic
with a period of 47 as already mentioned in connection with Eq. (7.5.4). The torsional
potential energy function V'P(7) is periodic with period 27, VIP(1) = VIP(1 + 27) for 7
€ [0, 2m], and this symmetry causes the torsional wavefunctions to be either symmetric
(of I's symmetry) or antisymmetric (of I'; symmetry) under E’.

Table 7.5: Transformation of the torsion angle 7 and the rotation angle x under the
generators of G3¢(EM).

Transformed v Transformed x G3zs(EM) generator

T—4m/3 X (123)(456)

T X +2m/3 (132)(456)

2 — 1T X+T (14)(26)(35)(ab)*
T X (14)(25)(36)(ab)
T+271 X+ E’

We know that, in reality, E’ = E, and so only functions and coordinates with I’
symmetries occur in nature. Since we can form, for example, basis functions of an
allowed I's symmetry as products of an even number of factors, each with a forbidden
symmetry I”,, say, we need to consider also the I'; symmetries initially for the torsional
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and rotational basis functions. The final wavefunctions resulting from our theoretical
calculations should be subjected to a “reality check”: they must necessarily have a I's
symmetry in G3¢(EM). In particular, torsional basis functions of d symmetry must be
combined with rotational basis functions of d symmetry to produce a torsion-rotation
basis function of an allowed s symmetry:.

(B) (D)

Figure 7.7: Projections of ethane showing the effects of the G3¢(EM) generators (and
their Gz¢ partners; see Table 7.5) on 7 and y; the change of 7 is represented by the
curved arrow encircling the C—C axis and the change of y is illustrated by the change in
x-axis orientation. (A) Starting configuration with 7 = 47t/9 and the x-axis forming the
clockwise angle 87 /9 with the horizontal. (B) The effect of (123)(465) which causes 7 to
decrease by 47/3 (equivalent to an increase of 871/3 ) and x to remain constant. (C) The
effect of (132)(456) with 7 remaining constant and x changing by +27/3. (D) The effect
of (14)(26)(35)(ab)* with 1 — 2t — 7 and xy — x + 7. (E) The effect of (14)(25)(36)(ab)
under which 7 and x are both invariant. (F) The effect of E’ which has no Gz partner,
E't=1t+2nand E'y = x + 7.

We may now return to the rotational basis symmetrisation with a Sayvetz frame. Once
again, E’ only changes 7 by T — 7 + 27t. The Euler angle x changes by y — x + © with
an associated equivalent rotation R7. Due to the 7 change, the equilibrium as transform
as a — M;(m)a; the frame rotation changes the r,s by r, = M. (n)r,. ApplyingI = NN,
where N = M;(n), to the transformed condition then results in M, () applied to the
original condition and is thus zero. The Sayvetz condition again works the same way.
Therefore we may use the Sayvetz frame with a PES bisector to symmetrise the rotational
basis set.

As for the geometric frame, it has the x-axis pointing at an angle

(y2 + 62)
3V2

from the bisector between Hi-Hj. See Figure 7.8. The proof that this frame can be used
to symmetrise a rotational basis set is given in Appendix 3 of [4].

¢ = (7.5.29)
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[ ]
Hs

Figure 7.8: The geometric frame for C;Hg. The z-axis is parallel to the C—C bond. The

x-axis is at an angle ¢ = (y15+017)/ (3V2) from the bisector of the dihedral angle between
the planes formed by C-C-H; and C—C-Hj4 which is denoted by the red line.

7.5.3 Rigid-symmetric-rotor function representations

As explained in Section 2.6.4, TROVE uses rigid-symmetric-rotor eigenfunctions |J, k, m) [31]
as primitive rotational basis functions. For K # 0 (where K = |k|), the corresponding
symmetrised functions are defined as

in(-1)°
V2

[JKmn) = (], k,m) + (=1)*511], ~k, m)) (7.5.30)

where

(7.5.31)
=0 n=0,

{0 =Kmod3 n=1
while for K = 0 it is |[J00n) = i"7|],0,0) where n = | mod 2. With the rigid rotor
transformation properties given in Equations (12-46) and (12-47) of [31], along with
Tables 12-1 and 15-6 of [31], we can determine the irreps of the rigid rotor basis
functions by using the characters of the transformation; the results are summarised in
Table 7.6. While these are the correct irreps up to equivalence, the functions as defined
in Eq. (7.5.30) do not have the correct transformation properties using the choice made
in Eq. (7.4.3). In particular, for K = 3n + 1 and K odd the transformation for operation

g = (14)(25)(36)(ab) is
JKmO)\ _ (0 1\ (|JKmO)
Og(UKmD)_(l 0)(|]Km1)) (7.5.32)

which is an equivalent representation of the operation.
The function combinations in Eq. (7.5.30) are desirable because their associated
Hamiltonian matrix elements are real; TROVE assumes real rotational matrix elements.

To continue using these combinations, the representation of Eq. (7.5.32) is used in C(S;),

that is, the irreps of Cg;) are (A1, Ay, E) where the matrix for the E representation of

6)(ab) is the reflection matrix o .(7.5.32). e representations o are as
(14)(25)(36)(ab) is the refl f Eq. (7.5.32). The rep fc
provided in Section 7.3.
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Table 7.6: The irreps of the rigid rotor wavefunctions. For K > 0, the two functions with
n =0, 1 generate a two-dimensional irrep or the direct sum of two one-dimensional
irreps. For a given K value, we list first the 7 = 0 function and then the 7 = 1 one. nisa
positive integer.

K r

0 (] even) Ass

0 (J odd) Ang

K = 3n (K even) A1s ® Ags
K =3n (K odd) Aygg D Aszg

K=3n+1(Keven) Eq;
K=3n+1(Kodd) Ey
K=3n+2(Keven) Eq;
K=3n+2(Kodd) Ey

7.6 PES coordinates

Originally, the PES was represented in the coordinates
& =1-exp (—a(fRC - azg?)) (7.6.1)

Ei=1—exp(-b(Ri—Re)); j=2,3,456,7, i=j—1, (7.6.2)

(a is used for the C—C internal coordinate RCE, and b is used for the six C—H internal
coordinates R1, Ry, Rz, Ry, R5 and Re) the bending angular coordinates

&k =(ai—ae); £K=8,9,10,11,12,13, i=k -7, (7.6.3)
the dihedral coordinates from Equation (7.5.1)

(&14, €15, €16, E17) = (Y1, 72, 01, 02) (7.6.4)

and, finally, the torsional term
18 =1+ cos3t (7.6.5)

where 7is defined in Eq. (7.5.4). The quantities ge, 7e, and a. are the equilibrium structural
parameter values of CoHg. Unfortunately, a PES expanded in these coordinates does not
correctly fit the ab initio points. As of writing this thesis, this is an ongoing problem and
is discussed in the next chapter.

7.7 Class 5 numerical example

This section applies the symmetrisation procedure on a small test basis set for the
torsional coordinate. For ethane, I modified the sampling procedure in TROVE by
applying it to the five group generators only (out of 72). This simple modification led to
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a significant speedup of the sampling part of the code and is now the standard part of
TROVE.

Figure 7.9 shows the torsional potential energy as a function of 7. To solve this
Schrodinger equation in a Fourier-series basis, 7 is let to vary from 0 to 47 so that the
potential energy curve in Figure 7.9 has six minima. The figure indicates the lowest
allowed torsional energies. Some of these energies are degenerate, i.e., associated with
more than one eigenfunction of a given irreducible representation. In the limit of an
infinite barrier height, the energies should be six-fold degenerate. With the actual, finite
height of the barrier, the energies form near-degenerate clusters with a total multiplicity
of 6 as shown in Figure 7.10. However, since the description of the torsional angle 7 €
[0, 4] is unphysical, only three of the states in the cluster (of s symmetry) exist in nature
if they are combined with rigid-rotor basis functions of s symmetry. The other three
states (of d symmetry) must be combined with rigid-rotor basis functions of d symmetry
in order that the total rotation-torsion state can exist in nature. For | = 0, only the s-type
torsional states will exist since only s-type rigid-rotor basis functions are available. The
d-type ro-vibrational functions are disregarded in TROVE as they are assigned a nuclear
spin statistical weight of zero. The s-type nuclear spin statistical weights are 6, 10, 6, 10,
4,4,2,6,and 12 for the G3¢(EM) symmetries A1, Aas, Ass, Ass, E1s, Es, E3s, Eas, and Gg,
respectively.
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Figure 7.9: The torsional potential energy as a function of the torsion angle 7. The
allowed energy values are marked by blue horizontal lines. Each energy may correspond
to more than one eigenfunction of a given irreducible representation. Dashed lines
indicate states of d-type symmetry.
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Figure 7.10: A enlarged detail of Figure 7.9, showing the lowest energy cluster with the
G36(EM) symmetry labels indicated.

7.8 Chapter summary

This chapter has presented a detailed description of the G35 and G35(EM) molecular
symmetry groups. A full set of irreducible representation matrices have been derived and
tested for constructing symmetry-adapted potential energy functions and basis functions
of ethane C,Hg. Both the construction of the transformation matrices and the symmetry
adaption can be implemented as numerical procedures as part of computational
approaches to the solution of the ro-vibrational Schrodinger equation. A self-consistent
choice of the vibrational, torsional and rotational coordinates for ethane, satisfying the
G36(EM) symmetry requirements, has been introduced and analysed in full detail. The
irreducible representation matrices as well as the coordinate choice made for ethane in
this chapter have been implemented in Trove. These results will be important in the
future line-list calculation of ethane.

Appendix 7.A  Character Table of Cg:,) and Céi;).

G3p is the direct product of Cé;) and Cg:), Gsg = Cg;) X Cg:), and so the irreps of Gz are
obtained from those of Cé;) and C;). These latter irreps are given in Table 7.7.
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Table 7.7: Common character tables of Cg;) and Cg;).

) o® e
r e e ¢

1 2 3
Aq 1 1 1
A 1 1 -1
E 2 -1 0

We label the elements of Cgfl) as g](.i), j=1,2,...,6 (see Table 7.1). The nuclei are
labelled as in Figure 7. 2) C(i) has three classes, Ggi) ={E} =/{ ggi)}, Gg") = { gé““), g3+)}
ande( ) = {g4 1g5 /gé }

Appendix 7.B Transformation of 7

The torsional coordinate 7 is defined by Equation (7.5.4):

1
T= §(T41 + T2 + T53), (7.B.1)

and we investigate how this coordinate transforms under the generating operations of Gz,
et = (123)(456), g7 = (132)(456), g\ = (14)(26)(35)(ab)*, and g\~ = (14)(25)(36)(ab)
used in the TrOVE calculations. The transformation properties of the dihedral angles 7;;
are derived as outlined in Appendix 2.A.
The operation (123)(456) permutes the protons 1, 2, 3, 4, 5, and 6 to the positions
previously occupied by the protons labelled 3, 1, 2, 6, 4, and 5, and the transformed
value of 7 is given by

, 1
T = §(T63 + 751 + T42) (7.B.2)
where
Te3 = T2 + 023, (7.B.3)
Ts1 = Ts3 + 031, (7.B.4)
Tgp = T41 + O12. (7.B.5)

For example, 751 = 753 + 031, the plus sign coming about because the positive direction
of rotation for the 7;; dihedral angles (proton 1 — 2 — 3) is the same as that of 612, 023,
and 631. Hence

, 1
T = 5 (T41 + Tgp + T53 + [612 + 623 + 931]) (7.B.6)

1
=-(tn+Te2+T53+2M) =71 +27Z/3 (7.B.7)
3

or, equivalently, 7’ = T — 47/3 as given in Table 7.5, to ensure that (123)3(456)% = E
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After carrying out the operation (132)(456), the protons 1, 2, 3, 4, 5, and 6 are found at
the positions previously occupied by the protons labelled 2, 3, 1, 6, 4, and 5, respectively.
Consequently, the transformed value of 7 is given by

T = §(T62 + T53 + T41) =T. (7.B.8)
For (14)(26)(35)(ab)*,
, 1
T = 5(1’14 + Tog + T35) (7.B.9)
1
= 5(—’541 —Te2 — T53) = =T (7.B.10)

or, equivalently, 21t — 7 as given in Table 7.5.
Finally, for (14)(25)(36)(ab),

, 1
T = 3(—T14 — To6 = T35) (7.B.11)

1
= §(T41 + Teo + T53) = T. (7.B.12)

The transformation properties derived here are summarised in Table 7.5.
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Chapter 8

Summary and Future Work

8.1 Summary

The two main focal points in this thesis were an analytic KEO approach and the
exploitation of symmetry groups, both of which facilitated ro-vibrational line list
calculations in TROVE.

Chapter 3 explored an analytic representation of the KEO, with a focus on valence
coordinates. On the theoretical side, I found the fundamental functions present in the s-
vectors expressed in valence coordinates. This also established the necessary conditions
for the KEO to maintain a sum-of-product form, a prerequisite for TrRove calculations
and a highly desirable property in general. Moreover, I derived the relationship between
s-vector components in different BF-frames. This is a generalisation of a previous result
of Ref. [66] which applied to the G-matrix. The advantage in relating the s-vector
components is that they have a more compact structure than the G matrix and therefore
are easier to transform. Finally, the flexibility of the Serensen method was demonstrated
from the derivation of the s-vectors expressed in polyspherical coordinates. Here again,
the more compact s-vector representation is more favourable to work with.

On the practical side, I wrote a general Mathematica script that generates analytic
KEOs. With it, relatively few input changes are needed for each molecule. I also
modified TrovE such that it could read the Mathematica output in multiple formats
and perform the calculations. The first (and worst) approach was hard-coding the 1D
functions present in the KEO. I also developed an on-the-fly procedure to read the 1D
functions in the TrRovE input. In both formats, the numbering of the functions was based
on and exploited TROVE's bijection between a 3N — 6 dimensional index and a single
index. For larger molecules this was no longer tenable and I modified TrRovE so that it
would read the full 3N — 6 dimensional index.

Utilising the results of the previous chapter, Chapter 4 detailed the line list calculation
of H>CS. This built upon the previous work of Ref. [104] by using the ab initio PES of
Ref. [105]. The H,CS Hamiltonian was expressed in valence coordinates and employed
an analytic KEO derived with the aforementioned Mathematica script. The accuracy
of the PES was insufficient so this was refined by Sergey Yurchenko. The refinement
parameters taken from the results of the HyCS MarvEL project. Here, I collated all
experimentally available transitions and used the MARVEL program to convert it to a set
of 4254 experimental energy levels. The very close band centres between the v4 and vg
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modes meant a large proportion of transitions involving those states had to be relabelled
to ensure consistency. Using a refined PES and analytic KEO proved worthwhile as
the resulting line list was of high quality. The line list covered the 0 cm™! to 8000 cm™*
range for states up to | = 120 was calculated. By marveLising this line list, the calculated
ro-vibrational energy levels were replaced with MARVEL energy levels where possible.

Chapter 5 was a change of pace where I described a group whose motivation was
divorced from physical reality but nevertheless still proved useful for TrRove’s 3N — 6
implementation for linear molecules. Here, I created (and programmed in TROVE) an
artificial group in such a way to set the condition k = ¢ neatly within TrRove’s pre-existing
infrastructure. It is an unconventional way to use groups, not being motivated by the
physics but rather for as a convenient solution to a practical issue.

For C,Hg, I eventually realised that a bisector frame could not be used to symmertrise
arotational basis set. In Chapter 6 I provided a systematic approach to the transformation
of the coordinates and the frame under different BF-frames. This resulted in a condition
which dictated whether rotational-symmetrisation is possible. Using the method
described to find symmetrisable frames, I defined geometric frames for the CH3CI and
C,Hg that were not Eckart and Sayvetz frames. This knowledge may hopefully prove
useful for related molecules and be expanded for others. It also suggests a possible link
between symmetry-separated rotational and vibrational coordinates and the magnitude
of the coupling between them. This would have to be studied further.

The final chapter, and the work for C,Hg in general, combines much of the knowledge
from the previous chapters. Being a much larger molecule, the disadvantage of Taylor
expanding a KEO begins to rear its head. Practically, it is only possible to expand
the KEO up to second order. The value in using an analytic KEO then becomes clear,
both due to its accuracy but also because it is much more compact. A KEO in valence
coordinates is also ideally suited for a non-rigid molecule such as CoHs. The requirement
of a (non-bisector) geometric frame for rotational-symmetrisation also makes use of
the s-vector relations between frames of Chapter 3 as calculating the KEO in the final
frame by using the (complicated) rotational conditions is far more difficult than using
a bond-vector frame and applying a subsequent frame rotation and transforming the
s-vectors accordingly.

Chapter 7 also made substantial use of the group theory of Chapter 2. Previously it
was found that Gz can be written as a direct product of two Cs, groups and there are
only four generators. This heavily reduced the workload required in the implementation
of Gagand its manifestation in CoHg in TROVE. I used this structure for the generation of
the irreps and the transformation of the coordinates: only the transformations for the
generator operations were programmed. I also exploited it in TROVE’s symmetrisation
step where the sampling procedure, used to determine the representation matrices, was
only applied to the generators. In all cases, the remaining transformations/matrices
were derived from the Gz product table.

The extension to the Gzs(EM) group and the use of the 7 dihedral angle had a few
subtleties that stalled progress. First, I did not immediately understand that there is
an ambiguity in the transformation of 7 using the method of Appendix 7.B . For all
transformations, there are two possible choices. Transformations with an order of 3
only had one choice which respected the group properties, and must be used. For
transformations with an order of two, there is freedom, but either choice locks in a
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specific transformation of the rotational coordinates. They must be internally consistent
and satisfy the rules laid out in Section 6.2. Section 7.5.2 debunks the notation that
one may use a bond-vector frame attached to one of the CH3 groups in equilibrium,
even for the Sayvetz frame. Finally, the particularly-defined rigid-rotor functions of
Section 7.5.3 did not transform as the irreps programmed in TrROVE but rather by an
equivalent representation. The irreps for the Cz, groups needed to be modified to
respect this.

In summary, while there is much work to do with the line list calculation of C,Hg, a
lot of groundwork has already been laid.

8.2 Future work

Looking further, there are currently two issues. The first relates to the analytic rep-
resentation, and the second more general. For the former, the externally calculated
analytic KEO is not presently compatible with the PES internally expanded in TROVE.
Specifically, for basis sets beyond the minimal size, Eq. (2.4.1) is non-zero between
certain symmetries. The magnitude of the error is of the order of 1cm™' and does not
appear to grow with the size of the basis set. The number of non-zero terms also is
much smaller than the number of basis functions. The final vibrational energies are
comparable to those calculated with the Taylor expanded KEO, but of course the final
calculations should not have these errors.

The source of the error is not clear. Itis fairly difficult to match precisely the coordinate
definition in TROVE to those in Mathematica, specifically the dihedral coordinates, owning
to the slightly different way they are defined in both. In TROVE, a Z-matrix is used to
define the initial vibrational coordinates of each atom, which does use the equation
for the dihedrals in terms of the Cartesian coordinates. The equation for the dihedrals
has a “sign” attached to it in that the angle from a first plane to a second plane is
negative the angle from the second to the first. The symmetry adapted coordinates
in TROVE, which are linear combinations of dihedrals, are just algebraic expressions of
the coordinate variables. In fact, the Z-matrix dihedrals (of which there are five) are
not the un-symmetrised dihedrals, of which there are nine. The latter are also linear
combinations of the former.

The analytic KEO must have the symmertised dihedrals expressed as equations
of the Cartesian coordinates. The symmetrised variables must also be expressed
in terms of the un-symmetrised. The two must be internally compatible but they
must also be compatible with TrRove. There are many correct ways for compatibility
within Mathematica, but they will not necessarily be compatible with Trove. These
incompatibilities boil down to sign differences and are hard to pinpoint, although this
may not be the cause at all.

The KEO which worked the furthest was tested by equating the KEO at a random
point and then comparing the transformed KEO under MS operations, using the
transformation properties of the coordinates programmed in TrovE, and then was
equated at the same point. The result was an invariant Hamiltonian. Nevertheless, the
issue remains.

The other more general problem concerns fitting of the KEO. As explained in
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Section 2.6.6, the functional form of the ab initio PES must be invariant under MS
operations. The highly symmetric nature of C,Hg invariably means that many of the
expansion parameters are identical. In general, the more symmetric (and therefore
fewer expansion parameters for a given expansion order), the higher the expansion
order must be to fully fit the ab initio energies while maintaining the symmetry. Related
to this is the torsional coordinate. It was mentioned that the coordinate expansions of
Eq. (7.6) are not sufficient. One example of this is the second order bend expansion,
modulated by a function of the torsional coordinate. The torsional function cos 3t does
not respect the symmetry. Instead terms of the form

cos T(a1ay + arag + azas)
+ cos(t — 471t/3)(azag + aras5 + apay) (8.2.1)
+ cos(t + 471t/3) (a5 + azay + aqas)

are needed. In general, combinations of cos 7, sin 7, cos 37, and sin 37 will be present.
An adequate model is a work in progress.

For the experimental side of CoHg, a MARVEL project has started, with help from
Mikhail Semenov and Jaya Chand, but this has paused after the data was compiled
as the states are assigned in the D3}, group. There is no one-to-one correlation from
D3y, to G3e. Accurate calculated energies in the G3¢ group are required to match to the
experimental energies and thus reassign the latter.

We hope that in surmounting the PES fitting problem, and, ideally, in ensuring the
analytic KEO is compatible with TrovE, that proper ro-vibrational calculations for CoHg
can commence. In reality, other obstacles probably remain. For example, because of the
sheer number of vibrational modes and subsequent basis set size, more effective basis
set pruning techniques will likely be required.
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